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Application of Optimal Policies for a Two-stage
Product Supply Chain Management Inventory
System
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Abstract—The study examines extended two-echelon
newsvendor problem for single product manufacturer, who is
also the supplier, and having multiple distributors for the
product in a supply chain system under specific (or not) service
level requirements optimisation problems. This paper studies
two specific supply chain management systems of a single
product: a decentralised or restricted supply chain management
system; where the product supplier keeps separate stocks for
each distributor; and centralised or combined inventory system
where the product supplier holds one central warehouse of
stocks shared by the distributors. The product supplier makes
the inventory decisions based on the random demand of the
distributors and the retailers. The distributors, who in turn
make inventory policies sell directly to the retailers. We found
that regardless of whether the distributors impose service level
requirement or not, the profits of the supplier and the
distributors always increase after combining inventory when
product wholesale price is fixed and random demands of the
distributors and the retailers are assumed normally distributed.
The results of the findings opened other areas for more complete
simulation study in order to capture full understanding of
relative performance of supply chain management system.

Index Terms— combined inventory, customer service level,
restricted inventory, supply chain

I. BACKGROUND TO THE STUDY

HIS paper studies two different supply chain

management systems for a single manufacturer who is
also the supplier. These are the traditional or the restricted
supply chain management system; where the supplier holds,
separately, restricted inventories for the distributors and
combined inventory system where the supplier holds one
central inventory or single distribution centres which is
shared by the distributors. The paper examines a supply chain
system in which an upstream supplier maintained N
physically separated inventories of cements products for N
competing distributors. Since product demands is highly
uncertain coupled with its shortened product life cycles, the
procurement trend in this factory is to delay ownership until
after the demand for the product is known. The focus of this
paper is on the advantage, value and benefits of combined
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inventory supply chain management system on the optimal
profit and optimal order quantity for the supplier and the
distributors when compared to the traditional supply chain
management system. It is assumed that the distributors’ and
retailers’ random demands are independently normally
distributed.

The paper therefore considers a Cement Producing Factory
(CPF), which holds inventory of cement for N cement
distributors. The current existing inventory decision by the
company is to keep each company’s inventory physically
separate in their warehouses and distribution centres for their
various distributors. This paper determines the most
profitable inventory policy for both the supplier and the
distributors by examining the value of combined versus the
restricted inventory policies. The study also determines
which of the inventory policies will give maximum profit to
both the supplier and the competing distributors.
Additionally, how about when the cement factory agreed to
maintain its reputational cost by accepting the distributors
service level agreements? The study explores these
statements and question above for a dual-echelon supply
chain management system using descriptive design to address
the question and the statement raised above with a cement
producing company who is also the supplier with N
distributors. In this work, it will be assumed that N > 2.

The aim of this paper therefore concentrates on the value
and advantage of combining inventory system as against the
traditional restricted or dedicated inventory system.
Therefore, the objectives of this work are to prove, discuss
and compare the benefits of combined inventory system over
the restricted inventory policy for product supply chain
management system when random demands are normally
distributed.

Il. LITERATURE REVIEW

The single-item single period newsvendor problem is a
classical problem in operations management literature used in
handling optimization problems involving supply chain
management systems. The newsvendor model, which starts
as newsboy and Christmas tree problems can be traced back
to [7]. Eppen [8] pioneered the benefits of inventory pooling
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for profit maximization and the effects of risk pooling on
safety stocks due to shortened product life cycles,
procurement trend and demand uncertainty.

Literature on inventory pooling encompasses a wide range
of supply chain management system involving product
component commonality (PCC), inventory transshipment in
single echelon supply chain and pricing decisions in single-
period models and so on. Product Component Commonality
(PCC) for instance encourages the use of a common
component to replace several distinguishable components of
the same products so that safety stock costs can be
significantly reduced by pooling together inventories of
various distributors to a single warehouse while still
maintaining service level requirements. Product component
commonality (PCC) is one common chain strategies used in
handling inventory challenges. Among the significant
amount of literature on PCC are the works in [3], [6], [1], [9]
and [5] which show that by introducing component
commonality the total number of units in stock is reduced.
However, a major drawback of component commonality is
that it centred heavily on changes in safety stocks to the
neglect on the value and gains of inventory pooling both to
the supplier and the distributors in a supply chain
management system.

Inventory transshipment in Single Echelon Supply Chains
system on the other hand involves transferring stocks from
one distributor who has surplus stocks as left over to another
distributor of the same echelon of a supply chain who is
stocked-out provided the associated cost of transferring the
stocks is not too high. A significant amount of literature in
inventory transshipments assumed that complete pooling
policy is to be applied. In the works of [17], [2] and [15], they
suggested lateral transshipments among warehouses by
centralizing the warehouses in an echelon in the same
echelon. However, there is no inventory pooling and their
results only apply to determining the transshipment rate
among warehouses.

A significant amount of literatures investigates the benefits
of inventory pooling in product supply chain system with
more than one echelon. Netessine and Rudi [11], in their work
concentrated on the gains and the values of inventory pooling
problem for substitutable products. Substitutable products
occur when full substitution without stock-out is allowed. The
authors consider cases when the distributors hold inventory
purchased from the supplier when the supplier holds
inventory. However, they do not give any result on the total
inventory level of the items being combined but submits that
optimal inventory levels of the substituted items increase for
some items after pooling. In Sukun et al [14], they considered
two echelon supply chain system with two retailers and one
common supplier who bears the inventory risk. Their focus is
particularly essential because of the benefits of pooling on the
ability to find optimal inventory levels. However, they only
considered cases in which the wholesale price is fixed without
service level requirement. In [6], they assumed multivariate
normal demands and based their findings on the benefits of
inventory pooling over reserved inventory system, by using
copulas to model dependence structure between demands.
However, Xiaoli et al [16] considered a two-echelon supply
chain policy with single product single period supplier and
two retailers where the supplier takes all the supply and
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inventory management decisions. Our work extends the
single supplier and two retailers’ model proposed in Xiaoli et
al [16] to single supplier and N distributors with and without
service level constraints.

In Ozsen et al [12], they analyzed a centralized
coordination system in which a single company owns the
production facility and the set of distributors with established
warehouses and distribution centres that will replenish the
retailers’ inventories. Their model is formulated with an
objective function that is neither concave nor nonconvex.

Sukun et al [14] considered a supply chain system
consisting of suppliers, distribution centres and retailers.
Their objective is to minimize the location cost,
transportation and routing costs and inventory costs through
allocation and assignment process. Kumar and Tiwari [10]
considered inventory location, production, distribution
centres and inventory systems and design a model for a
supply chain to determine facility locations and their capacity
to minimize total network cost for profit maximization.
Because demands are stochastic, the model considers risk
pooling effect for both safety stock and inventory running
costs. In their work, Patel and Gor [13] considered a lost sale
recapture model in a newsvendor framework where they
assume the lost sales to be lost finally. However, there may
be an opportunity to backlog the lost sales. This is done by
offering some rebate that will maximize its expected profit.
However, the objective of this study is to determine the most
profitable inventory policy for both the supplier and the
distributors by examining different inventory systems. This
work therefore, proves, discusses, and compared the
advantage of combined inventory system over the restricted
inventory system for product supply chain management
system using cement producing company as our case study
when the wholesale price is fixed.

I11. MODEL ASSUMPTIONS AND FORMULATION

In this paper, it is assumed that the supplier bears the
inventory risk. It is also assumed that the supplier, which is
the cement factory, has only one chance to produce before the
selling season and that sales are lost when stock-out occurs at
the supplier’s end. Furthermore, sales of produced products
occur during or at the end of the single selling period. We
assume that each distributor has its own customers’ domain.
The objective of the supplier is to maximize her single-
product single-period profit. Profits of the distributors are
maximized when they receive their full order. However, the
distributors’ profits depend only on expected sales since they
do not have control over inventory decisions.

A. Model Formulation for the Inventory Systems without

Service Level Agreement

In this section, we consider a situation where wholesale
price is fixed for restricted inventory system when the factory
stocks x;, (i = 1,2, ..., N) units of cement products for the
distributors at production unit cost c. Let D; be the random
demands of the distributors or the retailers. The distributors
buy from the supplier after they receive orders from retailers
or the consumers and pay a unit wholesale price w; > ¢ > 0
for each unit received. The distributors sell directly to the
retailers or the consumers at a unit retail price p; = w; + m;
with a unit mark-up price m; at distributor i. For each stock
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x; of the supplier, if x; = D;, then x; — D; are the left over at
the end of the selling season. The left over is the units
remaining at the end of the selling season which can be
salvaged at per unit cost v;. It isassumed that v; < ;. In this
study, we assume that v; is the holding cost. Similarly, if x; <
D;, then D; — x; units represent lost sales which will be
assumed to be lost finally. Note that i, (i =1, ...,N)

In a similar manner, for the combined inventory case, the
supplier stocks x;, units of the products for the distributors at
manufacturing cost ¢ per unit. Let D, be the joint random
demands of the retailers or the consumers for combined
inventory case. The joint distributors buy from the supplier
after they receive orders from their customers and pay a unit
wholesale price w, >c¢ >0 for each unit received. The
distributors sell directly to the retailers or the consumers who
in turn pay a unit retail price of p, = w, + m,, with a unit
mark-up price m,,. For each stock x, from the combined
inventory, if x, > D, then x,, — D,, are the left over at the
end of the selling season. The left over represents units
remaining at the end of the selling season and salvaged at per
unit cost v, where for the purpose of this paper, it is assumed
that v, < c,. We further assume that v, is the unit holding
cost for the combined inventory system. Similarly, if x, <
D, then D,, — x,, units represent lost sales which we assumed
to be lost finally.

For mathematical simplicity, continuity of demand will be
assumed; simplify the analysis since in practice demand is
discrete. At the beginning of the one selling season, the single
supplier is interested in determining optimal profit and a
stocking policy of inventory x; to satisfy each distributor’s
demand. For each distributor, the retailer or customer’s
demand D; is assumed to be stochastic and characterized by a
random demand with probability density function (PDF)
f:(.) and cumulative density function (CDF) F;(.).

In order to make the distributor happy the supplier commits
a reputational cost. The supplier tries to maximize his
expected profit while satisfying a minimum service level
agreement for each distributor. However, the distributors
determine the reputational cost for the supplier in this study.
Throughout this paper, we assume the minimum service level
agreement is measured by the probability of no stock-out. We
shall denote by T; the minimum acceptable probability of no
stock-out for the distributors in the restricted inventory case
and T, for the combined inventory system.

In examining the advantage of combined inventory system
over restricted system when wholesale prices are fixed, we
further assume that the customers’ demands are independent,
nonnegative, and continuous random variables with CDF
F;(.) and PDF f;(.) respectively. We let D, be the demand
for the joint distributors with PDF f£,,(.) and CDF E,(.). Let
the joint continuous random demand be D, = D; + D, +
-+ Dy and the joint cumulative density function is
Fo(\) =F()+F(0)+ -+ Fy().

With these assumptions, we analyse the decisions of the
supplier for both restricted and combined inventory policies.
We also compare the effect of the two policies on the
expected profits of the supplier and their total expected sales
and profit of the distributors when demands are normally
distributed random variables. For each of the policies, we
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consider cases when distributors have and does not have
service level constraint.

For the restricted inventory case, when the distributors do
not impose service level agreements on the supplier, the
supplier keeps separate inventories for each distributor. The
objective of the supplier is to maximize his expected profit,
which is defined as the expected revenue less the expected
holding and the production (or manufacturing) costs.

Let I (xy, X5, ..., Xy ) denote supplier’s expected profit for
any chosen inventory levels x;, x,, ..., xy for the restricted
inventory system defined as:

N7 (xy, ..., xy) = E[w;min(x;, D;) — v (x; — D))*
—cx;],i=12,..,N) (D
where E is the expectation operator taken over the random
variables, D;. The first term min(x;, D;) represents units sold
at supplier wholesale price w;, the second term (x; — D;)* =
max(x; — D;; 0) corresponds to units salvaged at unit holding
cost v , and the third term is the unit manufacturing cost.
Because of continuity of demand, the expected sale volume
is defined as

Jy minCx;, D) f (Wdu = [ uf (Wdu +

Jo fwdu (2)
and the expected units salvaged is given by
fgci min (x; — D;)*f(u)du = f;i x;f(u)du —

Jo ' Dif(u)du 3)
Since D;,(i=1,2,..,N) are independent random
variables, TI"(x,, x,, ..., x5) can be decomposed as
HT’I: = (xl, xZ, ...,XN) = Hrl(xl) + -+ HrN(XN)
Where
7 (x;) = E[w;min(x;, D;) — v (x; — D)™ —
cx;], i=1,2,..,N) 4
Equation (4) can be expressed as
M (x;) = wy fy min(a;, Dp) f;(uw)du —
vfoxi min(x; — D;)f;(w)du — cx; (5)
since D; are continuous random variables. On substituting
(2) and (3) in (5), we have:
nr =w; (foxi uf;(w)du + x; f:ﬁ-(u)du) -
vfoxixifi(u)du+vf:iD,-]”,-(u)du—cx,- (6)
But [ f,(Wdu = Fy(0) — F;(x) = 1~ F,(x))
From Equation (6) and the definition of CDF above, we
have the following profit function upon simplification:
M (x) = w f, ufi)du + wix; — wix Fy(x;) —
vx; Fy(x;) — vDi Fi(x) — cx; (7)
Thus, the optimization problem for the cement factory
becomes

max N7 (xy, ., xy), (i=1,...,N) (8)
x120, ..., xN=0

By the Fundamental Theorem of Calculus, equation (7)
becomes

0 (x;) = w; — ¢ = (w; + V)F;(x;) 9

By first order necessary condition (FONC) of (9), we have

I = Ft (25 = i (e, tir = o (10)

wi+v wi+v
Since v<cand w>c>0, then0 <¢; <1which
indicates that F;"*(t;) is well-defined.
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Since I (x;) is continuous, and twice differentiable in
x;, then from second order sufficiency condition (SOSC) of
" (x;) in x;, and by the concavity of 1" (x;) we have

07" (x) = —(w; + ) fi(x) < 0 (11)

Since for every x; = 0 the supplier’s profit function is a
real bounded random variable, by Wierestrass Theorem, the
continuous function I (x;) attain its own extremum point.
Hence the supplier’s objective function given by I"(x;) is a
non-increasing concave function in x; since F is non-
decreasing.

The optimization problem for the supplier in equation (8)
can be separated into N separate problems, one for each
distributor, since the D; are independent random variables.
From the above analysis, we see that for distributor i, the
supplier sets the inventory level to maximize his profit by
solving the following optimisation problem:
max ni(x), (i =1,..,N)

Xiz

(12)

Let T be the optimal solution of problem (12) Since the
random demand is assumed continuous and there is no service
level agreement, the analysis of the inventory decisions and
the profit of the supplier are like a single location single
period newsvendor problem. Hence the optimal profits levels
for the supplier are given as:

nm =F(t),G=1,..,N) (13)

Since distributors do not hold inventory, their expected
profits are equivalent to the mark-up price times the expected
sales.

Let mi(x;) be the profit of distributors when supplier
keeps inventory level x; i.e.

" (x;) = mE[min(x;, D)), (i =
1,..,N) (14)

For combined inventory system, we let T (x,,) to be the
supplier’s expected profit when inventory level is x,. We
have

Hp(xp)
=E [wpmin(xp,Dp) —v(x, — Dp)+

— cxl-] (15a)
*p
l'[p(xp) = Wpf ufp,(Wdu + wyx, prpr(xp)
0
- v, Fy (%)
- vaFp(xp), (15b)

Applying the fundamental theorem of calculus on (15b),
we have

xP = F;(t,); where t, = -2

Wp+‘l]

—C

(16)

In similar manner, thus given the profit function TP (x;, ),
the order quantity is given in (16) above.

Thus, for every x,, > 0, the profit functions TP (x, ) is real
bounded random variable. To maximize his profit, the
supplier sets the optimal inventory level to x, by solving the
unconstrained optimization problem given by
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and ¢(.) be the CDF and PDF of N(0,1)respectively. Since
the optimal solutions of (6) and (17) can be reduced to the
standard normal demand, we set

X;i = W + O'iq)i_l(ti), (l =1, ,N) (19)
and the optimal total base-stock level is given by
Xy = Nieq i + X 0, @7 () (20)

for restricted inventory case.

Similarly, for the combined inventory case, the optimal
base-stock level is given by

Xy = pi+ OO (L), 1)

and the total optimal base-stock level for the combined is
given by

xp =X g+ EL, 0f D7D (22)

Since D; are independent and normally distributed random
variables with means y; and standard deviations a;, let ®(.)
and ¢ (.) denote the CDF and the PDF of the standard normal
distribution. In addition, we denote by L(z) the general
standard lost sale function when inventory level is
represented by z, that is

L(2) = [ (wz) pWdu (23)

where ¢(u) is the standardized normal density function
and Z = ? is the standardized variate. From definition,

L(z) = j (u—2z) p(uw)du

= [ upeodu—z [ "o

= [T up@du — z[1 — ¢(2)]
=¢(2) —z+z¢(2) (24)
But ¢(z) = J%_ne“’f’zzis nonnegative and non-increasing
function in z. On applying first derivative on (23), we have
L(2) = ——e705%" — 1 4 B(2) + —= 057"
V2r

V2m
=d(z)-1<0 (25)
Since L(z) is nonnegative and non-increasing function of
z, then

L(z) + z = 0 for any real z (26)

B. Comparison of Inventory Systems without Service
Level Agreement

From the basic assumptions and definitions above, we
characterize the benefits of combined inventory over
restricted inventory to both the supplier and the distributors
below by stating the following theorems:

Theorem 1 Given unpredictable independently and
normally distributed distributors’ demands D; assuming the
distributor’s wholesale prices for both restricted and
combined inventory policies are identical then 17" > e,

Proof

From optimal base levels for restricted inventory system of

(20), we have
N N
P = Z M+ Z o; ®71(t)
i=1 i=1

14
gcr;%l'[ (xp) a7n
The optimal stocking policy of (17) is given by Similarly, the optimal inventory level for combined
P = F(¢,). (18) inventory system given in (22) is
Since demand follows normal distribution , we standardize
N (u, 0?) with mean p and the standard deviation o. Let ®(.)
ISBN: 978-988-14047-7-0 IMECS 2017
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However, the excess stock is given by

(x{ =D)* = x{ —min(x{, D;) (27)

For the optimal base level for restricted inventory system,
the profit function is given by

" = Elw(min(x}, D;) — v (x; — D;))* — cx)] .

On substituting (27) into the profit function above, we have

n =k [(W min(x{, D;) — v (x; — min(x;, Dl-))+ -

cxi*)],
= E[(w +v) I}, min(x{, D)) — (v + ¢) TN, x;]
For normally distributed random demands, we have
= E|[w+v)Ziu -

CLiodl(e7'®)- W+
O (Slom + Elia)(@7 )]

Similarly, for the combined inventory system we have
P* = E [w min(x;,D,) — v(x; — Dp)+ — cx;]

P =E [(W min(x;,Dp) —v (xp* -

min(xp*,Dp))Jr — cxp*)]
7" = E[(w + v)min(x;,D,) — (v + ©)x;]
Since the random variables are normally distributed, then
= E [w + v)(Z’-Liui —VEL o )L(e () -
W +0) (T +VEL 2 071 (0))]

. II"" — 1P becomes
Z ai> L(®71(8))

(w+v)<zul
i=1

-(v+ C)(Zl 1M t Zl 10)P71(E)

~(w + v)(zi=1ui —VEL o )L(e7H () + (v +
(s i + VI, 0Z )01 (8)

<+ v)(VEL 07 — 2y 0)) L(@7H(®) + (v +
AVEL 02 - 2y o) (@71(®)

= (c+v)(VI, 07 - Zy o) [ L(@7H(®) +
(@'@®)] <0

Sincew > ¢ and L(®~%(t)) > 0 from the definition of
loss function, the first inequality /Y, 07 < XL, 0; holds
for any positive o;. Since L(®71(¢)) + (®71(¢)) > 0, the
second inequality from (26) holds. Hence I?* > i

Theorem 2 Given unpredictable independently and
normally  distributed  distributors”  demands D;, (i =
1,2,...,N), if the distributors’ wholesale and mark-up prices
for both restricted inventory and combined inventory systems
are identical, then " > w"®".

Proof

For the distributors’,
case is given by

" = mE[min(x™, D;)],

their optimal profit in the restricted
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While total distributors’ optimal profit for the combined
inventory system is given by
mw* = mE[min(xp*,Dp)]
Since the unpredictable variables are normally distributed,
the restricted inventory system becomes

" =m(u — o L(@71(t i=1,2,..
(11— aiL(®71(®)), (= 1,2, ..,

it = m(i i — §:q> L(®71(t))

i=1 i=1
Similarly, for normally distributed demands for the
combined inventory case, we have

N). Thus

ai2> L(®7(D)

= m(Z{-":l o; — \/H)L(dfl(t))smce
L(®7(t))is a nonnegative and L(®~1(¢)) > 0from
definition of loss function, the first inequality I, 0?2 <
iL, g; holds for any positive o;, (i = 1, ..., N). Thus ?* >

m"". Hence the distributors’ total expected profit is increased
after combining inventory.

Theorem 3 Given unpredictable independently and
normally  distributed  distributors’  demands D;, (i =
1,2,..,N) and the critical ratio t = 0.5, if the distributors’
wholesale and mark-up prices in restricted and combined
inventory cases are identical, then x,, < >N x5 Otherwise

Xp > Zl 1 xrl

Proof

For the restricted inventory system, the optimal total base
inventory level |s given by

Zx” Zul +ZGL ).

The comblned optlmal total base inventory level is
similarly given by

Since ®~1(0.5) = 0 and the fact that &~ is monotone
nondecreasing function then ®~1(t) > 0 provided the
critical ratio t > 0.5. Hence x;, < Xi_; x;; follows from the

inequality Y:I_, 0; = /2N, 0. Otherwise when t < 0.5 we
have Y\, x5 < x;.
Since F~1(¢) is a normal distribution where = % , the

number of standard deviation depends on the relationship
between w and v. As v is increasing F~1(¢) is decreasing thus
x); is decreasing. As w is increasing then F~1(t)
increasing whereby x;; is increasing. Thus, for normally
distributed random variable, the trade-off is generally
between the holding and the stock-out costs. Thus, for both
combined and restricted inventory systems, the number of
standard deviation depends on the relationship between w
and v.
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C. Model Formulation for Inventory Systems with Service

Level Agreement

Since customers’ demands D;, D,, ..., Dy are independent
random variables with CDF, F;(.), we further assume that
that the N distributors impose a minimum service level
requirements donated by t;, (i =1,2,...,N) respectively.
The service level requirement is given by the probability of
no stock-out. Thus, given the inventory levels x;, the
probability of no-stock out at distributor i is given by

P(D; <x;) =F,(x), (i=1,..,N) (28)

Since the objective of the supplier is to maximise his
expected profit while keeping the minimum service level
agreements at the distributors’ region using as in (5) above,
the suppliers’ maximisation problem becomes

maximize I (x;)
x;20

subject to
x)=z1,(i=12,..,N)
where t; is the minimum acceptable probability of no-
stock-out for distributor i. Since distributors do not hold any
inventory, their expected profit denoted by =™(x;) is
equivalent to mark-up price times expected sales.

" (x;) = E[min(x;, D)),

(i=12..,N) (30)

Let z™* denote the total optimal profit of distributor i
when the supplier holds x; product for distributor i. For the
problem with service level constraints, the profit function is
given by

E[wymin(x;, D;) — v (x; — D)* — cx;]

From (29), F;(x;)is nondecreasing in x;. The profit
function is a convex function of inventory x;. Thus the
optimal inventory level x; is given by
x; = F7 Y (max(zy, t;)) (31)

Let the optimal stocking level be represented by
F;*(max(t;, t;)) when service level constraints are present
and the total safety stock level the supplier must hold is given
as

(29)

X, it (max(z;, t)) (32)
The service level constraints t;,(i=1,2,..,N) is
necessary and binding on the distributors whenever t; > t;
since the distributors are assumed to set the reputational cost
for the supplier. The supplier maximizes total expected profit
by satisfying the distributors’ minimum service level
agreement. For t; € (0, t;), the supplier provides more than
needed service level to the distributors. However, for 7; >
t;, the distributors are well off to the detriment of the supplier
and this does not necessarily imply higher stock. Therefore,
for increasing holding cost v the supplier is forced to provide
higher than required service to the distributors. Hence for ; €
(0, t;), the distributors expected sales are more than or equal
to what their service level guarantees them.

With service level requirement, we next consider supply
chain system when supplier pools inventory but must satisfy
a joint service level requirement of the distributors. We will
keep the same notation as in previous section. In this case the
objective of the supplier is to maximize his profit, subject to
satisfying all the distributors’ demand including probability
of no-stock out. The supplier sets his inventory level by
solving the following optimisation problem
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maﬁg&ize Hp (xp)

subject to (33)

B (%) 2 7p
where the supplier expected profit is given by
Hp =F [wpmin(xp,Dp) -V (xp — Dp)+ — cxp.]
The optional inventory level is F,(t;) for the combined
inventory case in the absence of a service level constraint.
The convexity of E[wpmin(xp, Dp) -V (xp - Dp) t—
cxy |
being a linear function and the fact that the joint CDF Fp(.)
is non-decreasing implies the optimal inventory level given
by
Xy = Fp‘l(max(‘[i, ti)) (34)
Given the supplier inventory level x,,, the total expected
profit of the retailer is given by
T, = mpmin(xp, Dp) (35)
We use P” to denote the optimal total expected profit of
the retailer when the supplier inventory level is xP*.

D. Comparison of the Inventory Systems with Service
Level Agreement

We now examine the benefits of inventory pooling policy
on restricted inventory system with regards to the profits of
the supplier and the distributors. For normally distributed
random demands with higher inventory levels, the expected
service level provided to the distributors and their expected
sales will also increase. If the required service level exceeds
the critical ratio, the supplier loses money by providing a
higher service level. We therefore show the results for the
case when the distributors have same service level
requirements. For the case of normally distributed demands,
we provide a detailed comparison of restricted and combined
inventory cases. We assume that D; are independently and
normally distributed random variable with means y; and the
standard deviations o; respectively. In addition, if assume
that all the service level requirements by the distributors to
the supplier are the same, i.e. 7, =1, = =Ty =7, =T,
then we have the following theorems.

Theorem 4 Given an unpredictable independently and
normally  distributed  distributors’  demands D;, (i =
1,2,...,N), assuming the distributor’s wholesale prices and
no stock-out constraints for each distributor in both restricted
and combined inventory cases are the same, then I1?* > I1"".

Proof

Under the restricted inventory scenario, the optimal
inventory levels are given by

" = p; + 0;® " (max(t, 7)), (i = 1, ...,N)
N

N
' Z Wi + Z 0;®~(max(t, 7))
i=1 i=1

For the scenario,

combined

inventory

Similarly, the optimal base inventory level for the
combined system gives
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N
= Zﬂi +
i=1

The excess stock is given by
" = E[(w min(x{, D) — v (x{ — D)* — cx})]

n =g [(w min(x;*, D;) — v (x;" — min(x;", Dl-))+
cxi*)] i=1,2..,N

" = (w+ v)E[EL, min(x}, D) — (v + o) T, x;

Since the random variables are normally distributed, we
have

I = (w+ v)E [T, -
(B8 o)L (®7 (max(, D)) = @ + ) (s +
(L, 00 (07 (max(z, 1)) )|

and for the combined, we have
[P* = wk [min(x;,Dp) —v (x; - Dp)Jr - cx;]

n?" =E [(W min(x;,D,) — v (x; — min(x?", Dp))+ -

cxp)]

=Ww+ v)E[mm(xp, p)] v+ o)xy
For the normally distributed random demands, we have

= |w+v)Z ki -
(B, 0L (@7 (max(,)) = v+ ©) (T +
N, 02 (fb‘l(max(t, T))))]

Now IM"" — TP* becomes

w + v)(Z?’zl,ui - \/m)L (d>‘1(max(t, T))) -

v+ c)(Zf’zl,ui +2N, al-)CD‘l(max(t 7))
~w + v) (T 1y — VI, 07 )L (@ (max(e,1) ) +

(v+ c)(Zl i+ X o7 ) ~}(max(t, 1))

<(c+ v)(m -y, al-) L (d>‘1(max(t, T))) +
v+ C)(\/ N o2 -YNL, Ui) (Cb_l(max(t, r)))

=(c+ v)(m -yN, al-) [ L (@'1(max(ti, ‘r))) -
@~ (max(t, T))] <0

Sincew > ¢, L (@'1(max(ti, ‘r))) > 0 from the general

definition of loss function, the inequality /YN, 07 <
>N . a; holds for any positive g;.

Since L(x) + x = 0, for any x, the second inequality from
(26) holds. Hence, the supplier’s profit is increased after
pooling the inventory, i.e., I?* > "".

Theorem 5 Given unpredictable independently and
normally  distributed  distributors”  demands D;, (i =
1,2, ...,N), assuming the distributor’s wholesale and mark up
prices and no stock-out constraints for each distributor under
restricted inventory and combined inventory cases are the
same, then m?* > 1"~

Proof

The expected profits of the N distributors in the restricted
inventory system are given by

N

Z 0;2 fb‘l(max(t, ‘L'))

i=1
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it = mE[min(n”*,Di)], (i=12..,N)
The distributors’ total expected profit for combined
inventory system is given by
" =mE| min(n”*,Dp)]
Since the random variables are normally distributed, we
have for the restricted system as:

T =m (.ui — oL (cb—l(max(ti, T)))) (=

1,2,..,N)

- (Z i — Z o*i> L (@7} (max(t, 7))

and for the normaIIy distributed demands for the combined
inventory case, we have

" = (0T o) (0 e, )
Therefore, mp— """ =, — XL, ",

* ri* _ N
-t = m(Zz=1 o; —

N aiZ)L (Cb‘l(max(ti,‘[)))
Since, L(x¢_1(max(ti,r)))>0 from the general

definition of loss function and the inequality\/YN , 0/ <
>N | o; holds for any positive a;, (i = 1, ..., N).

Thus tP* = n™. Hence the distributors’ total expected
profit is increased after combining inventory of the
distributors for restricted inventory case and joint service
level constraint for combined inventory case.

Theorem 6 Given unpredictable independently and
normally  distributed  distributors’ demands D;, (i =
1,2,...,N)and critical ratio t = 0.5, if the wholesale price
and no stock-out constraints of each distributor under
restricted and combined inventory cases are identical, then
nP* < yN . x;. Otherwise, IP* > YN | x/.

Proof

For the restricted inventory system, optimal base total
inventory level, we have

The combined inventory system optimal base total
inventory level is given by

i=1 i=1

Since ®~1(0.5) = 0, and the fact that ®~*(.) is monotone
non-decreasing function then ®~*(max(¢, 7)) > 0, provided
the critical ratio max(t,t) = 0.5 .

Hence x, < My x; follows from the

inequalities\/ YN, 0:2 < ¥¥ . a;. Otherwise, when
max(t,7) < 0.5 wehave ¥X, x; < Xp.

In the absence of service level requirement, the total
optimal inventory level and the mean value of the demands is
decreased when the inventory is combined and increased
when inventory is restricted. Because of the advantages of
inventory pooling over the restricted inventory, the
distributors and the supplier will prefer combined inventory

policy.
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IV. NUMERICAL APPLICATION OF THE MODEL TO
A PRODUCTION COMPANY

We now examine the benefits of combining inventory as
this section gives practical application of the entire work. The
primary data used in the study represents daily demand of
cement products by three major distributors in a cement
factory who buy from the factory directly and sell to the
retailers and the consumers on weekly basis for one year. The
choice of the three distributors was informed by the fact that
the cement factory has only three “gold” distributors. The
data obtained from each distributor covers a period of 52
weeks (one year). The total production capacity as at the time
of the study is 600 bag of cements products per truck with
expected trucks of 500 per day. Thus, the expected production
capacity is 300, 000 bags per day. We use the parameter set
listed below as the base parameters.

Table 1: The Base Parameter Decision Variables

Total stock of inventory level of cements X
Random demand of cements D
Manufacturing cost price per bag of c
cement

Distributor wholesale price per bag of w
cement

Distributor retail price per bag of cement p
Distributor holding cost per bag of cement v

In analysing the data, we let R, (i=1,2and3)
represents the three major distributors in the cement factory
for the restricted inventory. R, represents combined
inventory case for the joint distributors. From the collected
and collated data, we obtain the following classifications
through MATLAB 2010a programme.

Table 2: Parameters and Decisions Variables

Var. R, R, R, R,

N 52 52 52 R

x 101000 151000 51000 300000

D 80038 120057 40019 240115
Min. 70200 105300 35100 210600
Max. 89800 134700 44900 269400

u 80038.46 | 120057.69 | 40019.23 | 240115.38
o 5879.447 | 8819.17 2939.72 17638.34
Profit | 7756360 12079540 3433180 25940300
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V. DISCUSSION OF RESULTS

The unit of measurement used in this study are naira and
kobo. Since 25940300.00 < 23269080.00, we conclude that
the total profit for the combined inventory is higher than the
profit of the joint restricted inventory case. Also, from the
Table 2 above, we obtain the following probability density
functions for the various distributors based on the
assumptions of the model applied to collected and collated
data. From Table 2 above, we have:

The Normal Function for R,

R ' FANGELTR JHET ARITCL AR HERETA_ZA 1 DaEA

e —

1 = ® &
PR [T

Fig. 1: Graph of the probability distribution function for R;

The Normal Function for R,

<’ FRIBA5UTY L3S FUNCTER FOR T2 RETAL SR 30452 )
T T

2 2 2

FEIERE 4TS o
.

Fig. 2: Graph of the probability distribution function for R,

The Normal Function for R,

0
o PROBABLITY DEASITY FUNCTION FOR THE RETALER 3 CASE IR
T T T

1 4 I
FETMLER 3 DATA ot
.

Fig. 3: Graph of the probability distribution function for R;.
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Graph of Normal Function for R,,
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Fig. 4: Graph of the probability distribution function for sl & |
3
R,. -
The graph above is the probability distribution function ISR S S - N | SO [ R—
When inventory iS Combined “T200 1250 1300 1350 1400 1450 1500 1550 1600
. ) holesale pri
Based on the displayed data on Table (2) above, we i
discussed and compared the profits of the suppliers against Fig. 6: Profit and wholesale plot

other decision variables and parameters.

Fig. 6 above shows the graph of profit function plotted
against distributors’ wholesale price when the wholesale
o O S S W — price was varied from 1200 to 1600, as observed from the
N same graph above, the distributors’ wholesale price is directly
proportional to the profit of the supplier when other decision
variables (manufacturing cost, holding cost, etc.) are being

held constant.

328 . r ' . .
4+
] 3B .
35t g
32f ") _
ﬁnn J,;n me m:.n Jflm aﬁn 4,;.0 4:10 Afl.ﬂ 4ﬁn A00 3.22¢ .\4-'\-., T
manufacturing cost & S,
L Wy ]
Fig. 5: The Profit Function versus the Manufacturing Cost. :
318f N 3
Fig. 5 above shows the graph of the profit function against "‘\_\
manufacturing cost. Manufacturing cost was varied from 300 316F T
to 500 and as observed from the graph, manufacturing cost is
inversely proportional to profit of the manufacturer (supplier) 3 % 0 3 0 = &0
while other variables (wholesale price, holding cost, etc.) are holding cost

being held constant.
g Fig. 7: The Profit Function versus the Suppliers’ Holding

Cost.

The graph above is the graph of the profit function against
the supplier’s holding cost. The holding cost is ranging from
30 to 60 and as observed from the graph above, the profit
function is inversely proportional to the holding cost when
other decision variables are being held constant.
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Fig. 8: Graph of Profit Function for Inventory Systems
versus Manufacturing Cost.

Fig. 8 above shows the relationship between the profit
function and manufacturing cost for the two-inventory
system. From the graph above, the profit from combined
inventory of the distributors is slightly higher than the profit
function from the restricted inventory. This is observed since
total safety stock for the distributors in the restricted
inventory case is higher than total safety stock for the
combined inventory case. Hence it is beneficial and of high
advantage for the supplier (cement factory) to operate
combined inventory system rather than restricted inventory
system.

z.a“d .

27k reserved

261

25+

profit

241 TS

23t T

22} T

2. 1 1 1 1 1 1
50 & B0 65 70 75 80 8 S 95 100

holding cost
Fig. 9: The profit Function for the Inventory Systems
versus the Holding Cost.

The graph above indicates a situation where the profit
function is plotted against the supplier holding cost. The
profit from the combined inventories of the distributors is
much higher than the profit function from separate
distributors when profit is compared with supplier holding
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cost. Because of pooling, the supplier (cement factory) does
not need to keep as much stock as in the restricted inventory
case. For equal distributors’ wholesale price, the distributors
will prefer combined rather than restricted inventory case.

x fdp

‘pooled
reserved |

12¢

profit
(=2}

1300 1400 1500
wholesale price
Fig.10: Graph of Function of the Inventory Systems versus

the Wholesale Price.

2 1 L
1000 1100 1200

The graph above shows the relationship between the profit
function and the wholesale price for combined versus
restricted inventory systems. As observed from the graph
above, the profit function is slightly higher in the case of
combined inventory than in the case of restricted distributors.
For equal distributors’ wholesale price, the distributors prefer
combined rather than restricted (restricted) inventory case.
Hence it is beneficial and of high advantage for the cement
factory which is the supplier and the distributors to operate
combined inventory system rather than restricted inventory
system.

VI. CONCLUSION AND RECOMMENDATIONS

The graphs above showed the relationship between the
profit of the supplier when the other decision variables and
other parameter sets like manufacturing costs, holding cost
and wholesale price are being held constant for normally
distributed random demands. For example, the graph of fig. 8
above shows the relationship between the profit functions
when the manufacturing cost for both the combined and
restricted inventory systems are varied from 500 to 700. As
can be observed from the graphs, the profit function for
combined inventory is higher than the profit function for
restricted inventory. This applies to the graph of fig.9 and fig.
10 where the supplier’s holding cost and the distributors’
wholesale prices are varied for both combined and the
restricted inventory systems. It is observed that the total stock
for all the distributors operating restricted inventory policy is
higher than the total stock for combined inventory system
because\/Y V., 62 < YV, g; for any positive a;.

Thus, for both combined and restricted inventory systems,
the number of standard deviation depends on the relationship
between w and v. For equal distributors” wholesale prices,
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the distributors prefer combined rather than restricted
inventory system. Therefore, as a result of inventory pooling,
the supplier (cement factory) does not need to keep as much
stock as observed in the restricted inventory case. Hence, in
all cases, the graphs of the analysis showed that the single
product supplier, the cement factory, and the multiple
distributors will always prefer combined inventory system
rather than restricted inventory system. However, for
identically and normally distributed random variables, with
same service level requirement the supplier gets more benefit
from combining inventory than the distributors. In the
absence of service level requirement, the total optimal
inventory level and the mean value of the demands is
decreased when the inventory is combined and increased
when inventory is restricted. Due to the benefits of inventory
pooling, the distributors and the supplier will always prefer
combined inventory policy.

From the analyses and graphs of the functions above, a lot
of results were encountered in establishing the superiority and
benefits of combined inventory policy over the restricted
inventory policy. A more complete simulation study of the
two supply chain systems is required in the future to capture
full understanding of the relative performance of supply chain
management policies.
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