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Abstract—For complete bipartite graphs Ks,s, Kt,t, the bi-
partite Ramsey number br(s, t) is the least positive integer b
such that if the edges of Kb,b are colored with red and blue,
then there always exists a red Ks,s or a blue Kt,t. We obtain
new lower bounds of br(2, 7) and br(2, 8).

Index Terms—bipartite Ramsey numbers, lower bounds,
graphs.

I. INTRODUCTION

FOR any graphs G1, G2, the bipartite Ramsey number
br(G1; G2) is the smallest integer b such that any

subgraph G of the complete bipartite graph Kb,b, either G
contains a copy of G1 or its complement relative to Kb,b

contains a copy of G2. For any graphs G1, G2, the bipartite
Ramsey number br(G1; G2) is the smallest integer b such
that any subgraph G of the complete bipartite graph Kb,b,
either G contains a copy of G1 or its complement relative
to Kb,b contains a copy of G2. The determination of exact
values of bipartite Ramsey numbers to be very difficult.

In this paper, we consider only finite undirected simple
graphs. For a graph G with vertex set V (G) and edge set
E(G). Let A(G) be a adjacency matrix of graph G and Km,n

be a complete bipartite graph with order m+n and size mn
whose vertices can be partitioned to V1 and V2, |V1| = m
and |V2| = n, respectively. For convenience, let V (Km,n) =
V1 ∪ V2 where V1 = {ui|1 ≤ i ≤ m} and V2 = {vj |1 ≤
j ≤ n} and E(Km,n) = {uivj |1 ≤ i ≤ m, 1 ≤ j ≤ n}.
The neighborhood of a vertex v ∈ V (G) are denoted by
N(v) = {u ∈ V (G)|uv ∈ E(G)}.

For complete bipartite graphs Ks,s, Kt,t, the bipartite
Ramsey number br(s, t) is the least positive integer b such
that if the edges of Kb,b are colored with red and blue, then
there always exists a red Ks,s or a blue Kt,t. In Table I,
shown the exact values and bound of some bipartite Ramsey
numbers br(s, t).

Table I Exact values and bound of some bipartite Ramsey
numbers br(s, t)
PPPPs

t
2 3 4 5 6 7 8 9 10

2 5 9 14 17 18 21 26 29 32
25

3 17 29 41 56

4 48 52 101

5 115 168
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Furthermore, in [2],[3], [4], [5], [6], [7], [8], and [9], they
shown exact values and general bounds of some bipartite
Ramsey numbers br(G1, G2) as follow that

br(K1,n; K1,n) = 2n− 1,
br(K2,n; K2,n) ≤ 4n− 3,
br(K3,n; K3,n) ≤ 8n− 5,

and br(K2,2; C2m) = m + 1 for m ≥ 4.
For q2 − q + 1 ≤ n ≤ q2, br(K2,2; K1,n) = n + q where

q is a prime power.

br(m, n) ≤
(

m + n
m

)
− 1

and br(n, n) < 2n−1(n− 1) for n ≥ 21.
One of our aims in the present paper is to obtain some

new lower bounds of bipartite Ramsey numbers br(2, 7)
and br(2, 8).

II. LOWER BOUNDS OF br(2, 7) AND br(2, 8)
In [1], they found some lower bounds bipartite Ram-

sey numbers br(2, 7) ≥ 21, br(2, 8) ≥ 26, br(2, 9) ≥ 29 and
br(2, 10) ≥ 32 as shown in Table I. This article, we shall
concentrate on lower bounds of bipartite Ramsey numbers
br(2, 7) and br(2, 8) in Theorem 2.1 and 2.2, respectively.

Theorem II.1. br(2, 7) ≥ 25.

Proof: To show that br(2, 7) > 24, consider a red
blue coloring of K24,24 as follows. Let V1(K24,24) =
{u1, u2, ..., u24} and V2(K24,24) = {v1, v2, ..., v24} denote
the partition sets of K24,24. The 2-coloring of the edges of
K24,24 using the colors red(R) and blue(B)shown in Table II
contains no a red K2,2 and a blue K7,7. Thus br(2, 7) ≥ 25.

Theorem II.2. br(2, 8) ≥ 27.

Proof: Let H1 be a bipartite graph with 52 vertices and
H2 be complement relative of H1 to K26,26. We will show
that br(2, 8) > 26 by representing the graph H1 and H2 in
adjacency matrices.

We construct a graph H1 with |V1(H1)| = |V2(H1)| = 26
and E(H1) = {uivj |j ≡ k mod 26, ∀k ∈ {i, i + 1, i + 5, i +
15, i + 24} and 1 ≤ i, j ≤ 26}. Then

A(H1) =
[

0 M1

MT
1 0

]
and A(H2) =

[
0 M2

MT
2 0

]
where M1 and M2 are the matrix in Fig 1.
By the preceding remark, no two rows of any M1 have a

common pair of 1’s and so, no monochromatic K2,2 occurs in
K26,26. Each any 8 vertices of V1(H1) have |

⋂
N(ui)| < 8

for all 1 ≤ i ≤ 26 and so, no monochromatic K8,8 occurs
in K26,26. Thus br(2, 8) ≥ 27.
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u1 u2 u3 u4 u5 u6 u7 u8 u9 u10 u11 u12 u13 u14 u15 u16 u17 u18 u19 u20 u21 u22 u23 u24

v1 R B B B R B B B B B B B B R B B B B B B B R B R
v2 R R B B B R B B B B B B B B R B B B B B B B R B
v3 B R R B B B R B B B B B B B B R B B B B B B B R
v4 R B R R B B B R B B B B B B B B R B B B B B B B
v5 B R B R R B B B R B B B B B B B B R B B B B B B
v6 B B R B R R B B B R B B B B B B B B R B B B B B
v7 B B B R B R R B B B R B B B B B B B B R B B B B
v8 B B B B R B R R B B B R B B B B B B B B R B B B
v9 B B B B B R B R R B B B R B B B B B B B B R B B
v10 B B B B B B R B R R B B B R B B B B B B B B R B
v11 B B B B B B B R B R R B B B R B B B B B B B B R
v12 R B B B B B B B R B R R B B B R B B B B B B B B
v13 B R B B B B B B B R B R R B B B R B B B B B B B
v14 B B R B B B B B B B R B R R B B B R B B B B B B
v15 B B B R B B B B B B B R B R R B B B R B B B B B
v16 B B B B R B B B B B B B R B R R B B B R B B B B
v17 B B B B B R B B B B B B B R B R R B B B R B B B
v18 B B B B B B R B B B B B B B R B R R B B B R B B
v19 B B B B B B B R B B B B B B B R B R R B B B R B
v20 B B B B B B B B R B B B B B B B R B R R B B B R
v21 R B B B B B B B B R B B B B B B B R B R R B B B
v22 B R B B B B B B B B R B B B B B B B R B R R B B
v23 B B R B B B B B B B B R B B B B B B B R B R R B
v24 B B B R B B B B B B B B R B B B B B B B R B R R

Table II A graph showing bipartite Ramsey numbers br(2, 7) > 24

M1 =



1 0 0 0 1 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 1 0 1
1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 1 0
0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 1
1 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 1 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 1 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 1 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 1
1 0 0 0 0 0 0 0 0 1 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 1 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 1 0 1 1 0 0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 1 0 1 1 0 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 1 0 1 1 0 0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 1 0 1 1 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 1 0 1 1 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 1 0 1 1 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 1 0 1 1 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 1 0 1 1 0 0 0 1
1 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 1 0 1 1 0 0 0
0 1 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 1 0 1 1 0 0
0 0 1 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 1 0 1 1 0
0 0 0 1 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 1 0 1 1



M2 =



0 1 1 1 0 1 1 1 1 1 1 1 1 1 0 1 1 1 1 1 1 1 1 0 1 0
0 0 1 1 1 0 1 1 1 1 1 1 1 1 1 0 1 1 1 1 1 1 1 1 0 1
1 0 0 1 1 1 0 1 1 1 1 1 1 1 1 1 0 1 1 1 1 1 1 1 1 0
0 1 0 0 1 1 1 0 1 1 1 1 1 1 1 1 1 0 1 1 1 1 1 1 1 1
1 0 1 0 0 1 1 1 0 1 1 1 1 1 1 1 1 1 0 1 1 1 1 1 1 1
1 1 0 1 0 0 1 1 1 0 1 1 1 1 1 1 1 1 1 0 1 1 1 1 1 1
1 1 1 0 1 0 0 1 1 1 0 1 1 1 1 1 1 1 1 1 0 1 1 1 1 1
1 1 1 1 1 0 1 0 0 1 1 1 0 1 1 1 1 1 1 1 1 1 0 1 1 1
1 1 1 1 1 1 0 1 0 0 1 1 1 0 1 1 1 1 1 1 1 1 1 0 1 1
1 1 1 1 1 1 1 0 1 0 0 1 1 1 0 1 1 1 1 1 1 1 1 1 0 1
1 1 1 1 1 1 1 1 0 1 0 0 1 1 1 0 1 1 1 1 1 1 1 1 1 0
0 1 1 1 1 1 1 1 1 0 1 0 0 1 1 1 0 1 1 1 1 1 1 1 1 1
1 0 1 1 1 1 1 1 1 1 0 1 0 0 1 1 1 0 1 1 1 1 1 1 1 1
1 1 0 1 1 1 1 1 1 1 1 0 1 0 0 1 1 1 0 1 1 1 1 1 1 1
1 1 1 0 1 1 1 1 1 1 1 1 0 1 0 0 1 1 1 0 1 1 1 1 1 1
1 1 1 1 0 1 1 1 1 1 1 1 1 0 1 0 0 1 1 1 0 1 1 1 1 1
1 1 1 1 1 0 1 1 1 1 1 1 1 1 0 1 0 0 1 1 1 0 1 1 1 1
1 1 1 1 1 1 0 1 1 1 1 1 1 1 1 0 1 0 0 1 1 1 0 1 1 1
1 1 1 1 1 1 1 0 1 1 1 1 1 1 1 1 0 1 0 0 1 1 1 0 1 1
1 1 1 1 1 1 1 1 0 1 1 1 1 1 1 1 1 0 1 0 0 1 1 1 0 1
1 1 1 1 1 1 1 1 1 0 1 1 1 1 1 1 1 1 0 1 0 0 1 1 1 0
0 1 1 1 1 1 1 1 1 1 0 1 1 1 1 1 1 1 1 0 1 0 0 1 1 1
1 0 1 1 1 1 1 1 1 1 1 0 1 1 1 1 1 1 1 1 0 1 0 0 1 1
1 1 0 1 1 1 1 1 1 1 1 1 0 1 1 1 1 1 1 1 1 0 1 0 0 1
1 1 1 0 1 1 1 1 1 1 1 1 1 0 1 1 1 1 1 1 1 1 0 1 0 0


Fig 1 Matrices M1 and M2 for lower bound br(2, 8) > 26
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