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Improved Exponential Stability Analysis of
Certain Nonlinear Neutral Differential Equation
with Time-Varying Delays

Janejira Tranthi, Thongchai Botmart*

Abstract—In this paper we study the problem of delay
dependent exponential stability criteria for certain nonlinear
neutral differential equation with discrete and distributed time-
varying delays. By using Lyapunov-krasovskii functional (LKF),
model transformation, Leiniz-Newton formula and utilization of
zero equation with guarantee exponentially stable of the neutral
equation, the exponential stability criterion is in the form of
linear matrix inequality (LMI). The numerical examples are
given to illustrate the present result.

Index Terms—exponential stability, neutral equation, linear
matrix inequality, discrete time-varying delays

I. INTRODUCTION
T HE neutral differential equation is in the form

%[w(t) +px(t — 7(t))] = —ax(t) + btanh z(t — o(t)),

t=>0, (1)

where a, b are positive real constants and [p| < 1. 7(¢) and
o(t) are neutral and discrete time-varying delays respectively,

0 S T(t) S T2,
0<o(t) <oy,

where 7, o, 74 and o4 are given positive real constants. For
each solution z(t) of (1), we assume the initial condition

:LO(t) = (b(t)a

where ¢ € C([—r,0]; R).

Time-delay was discovered in many real-world engi-
neering systems either in the state, the control input, or the
measurements. Delays are more concerned with challenging
areas of communication and information technologies: in
the stabilization of networked controlled systems and in the
high-speed communication network. Time-delay is an origin
of instability. However, the attendance of delay can have a
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stabilizing effect on some systems. The stability analysis of
time-delay systems (TDSs) is the importance of theoretical
and practical.

Neutral differential equation was discovered in scientific
and engineering field such as aircraft, chemical and process
control system, biological system [6],[13],[16]. Therefore,
many researchers have focused on the stability analysis of
neutral differential equation. The asymptotic stability of the
neutral differential equation with constant delay have been
discussed in [1],[3]-[51,[9],[10],[17]-[21] and the exponential
stability of neutral differential equation with time-varying
delay have been discussed in [2],[3],[14],[15]. It is well
know on the problem of stability for delay system that can
be divided into two categories, namely delay-independent
stability criteria and delay-dependent stability criteria. Since,
the former are more conservative than the letter when the
delay is small. Thus, much attention has been paid to delay-
dependent stability criteria. Lyapunov stability method, the
Lyapunov function is powerful tool for stability analysis
of time delay systems. Delay dependent stability criteria
of these system are established in term of linear matrix
inequalities (LMIs).

In this research, we study the exponential stability of
the neutral differential equation with discrete time-varying
delays. By using Lyapunov-Krasovskii functional, model
transformation, Leibniz-Newton formula and utilization of
zero equation with guarantee exponential stable of the neutral
equation, the stability criterion is in the form of LMI. Finally,
numerical examples are presented to show the effectiveness
of the proposed criterion by comparing the upper bounds of
the delay o(t) with other existing works.

Notation:

The following notations will be accounted in this paper:
R* denotes the set of all non-negative real numbers, R"
denotes the n-dimensional Euclidean space, R™*" denotes
the set of (n x r) real matrices, C'([—r,0];R) denotes the
space of all continuous vector functions mapping [—r, 0] into
R, ||z| denotes the Euclidean vector norm of z € R"™, I
denotes the identity matrix.

II. PRELIMINARIES

Definition 1. [14] The equilibrium point z 0 of the
equation (1) is exponentially stable if there exist positive
real constants K, \ such that

lz(®)] < Ke™ sup_|z(s)]| = Ke |0l

—TsSSsSS

where [l |[s = sup_, <, <o [l2(¢ + )|-
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Lemma 2. [8](Jensen’s Inequality) For any symmetric
positive definite matrix (), positive real number h, and vector
function &(t) : [—h,0] — R such that the following integral
is well defined, then

—h/ (s +t)Qx(s +t)ds 2)

g(/ohfc( )ds) Q(/Oh (s+t)ds>.

Lemma 3. (Cauchy’s inequality) For any constant symmet-
ric positive definite matrix P € R™*™ and a,b € R",

+2aTbh < a” Pa + b7 P10,
Lemma 4. [11],[12] (Peng - Park’s integral inequality)

For any matrix > 0, positive scalars 7 and 7(t)

Z
satisfying 0 < 7(t) < 7, vector function &[—7,0] — R"
such that the concerned integrations are well defined, then

. / i7()Zi(s)ds < W (1) S ()

where w = [z7(t), 2T (t — 7(t)), 2T (t — 7)]
S

—7Z Z -5
ando=| x 2Z24+48S+8T z—-5§
* * -7

III. MAIN RESULTS

In this section, we analyze the exponential stability prob-
lem for the neutral differential equation (1) with time-varying
delays. From model transformation method, we have the
Leibniz-Newton formula in the form

0=2x(t)—z(t—7(t) — /f o x(s)ds. 3)

By utilizing the zero equation, we obtain

0=riz(t) —rmzlt—70() —r z(s)ds, 4

(t) - raa(t - (1)) /”(t)u @

0=(1—-ro)x(t) — (1 —ro)a(t —7(¢))

— (1 =179 z(s)ds, 5
( )/”@) (s) )

where 11,72 € R will be chosen to guarantee the exponential
stability of the equation (1). By (3)-(5) the equation (1) can
be formulated in the form
x(t) =(r1 — a)z(t) + btanh z(t — o(t))
= (p+7(t) = ro7 ()it — 7(t)) — ria(t — 7(t))

t
-7 / z(s)ds. (6)
t—7(t)

The exponential stability for the neutral differential equa-
tion with time-varying delays in equation (1) will be pre-
sented as follows.

Theorem 5. For given positive real constants 7o, 74, 02 and
o4, equation (1) is exponential stable with a delay rate o > 0

if there exist positive real constants k; where ¢ = 1,2,...,10
and real constants wy, my where kK =1,2,...,6 such that
=<0, @)
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where = = [Q(Z’j)],

Q(l,l) = —2wsy + kg + ks + kgTomo — 2w,

Q1,2) = —w1 + wary — waa + my — wea,
Q(1,3) = —Wa2ry —Mmy,

Q1,4 =0,

Q(1,5) = —W2ry — Ws — My,

Q1,6) = w2b — w3 + web,

Q1 ,7y = —wa2p — wy — wep,

Qa8 = Q1,9 = L1,10)Q20,11) = Q1,12 =0,

Q(Q’Q) = 2ak1 + 2k1m1 — 2k1a + 2wyry — 2wia + ko
+ ks 4 keToTo + kroooy — kge 72T + kg

+ k100202 + 2ma,

Q2,3) = —kir1 —wir + kge™ 29T — 51 — moy + mag,
Q2,4) = 51,
Q2,5 = —k1r1 —wiry +wsry — aws — ma + My,

Q2,6) = k1b + wib + w3ry — wsa + ms,
Q2,7) = —k1p — wip + war1 — waa,
Q2.8) = Q2,9) = Q2,100 = Q2,11) = 0,
Q(2,12) = e,

Qs,3) = —2kse >*™ + 251 — 2mg,

Qs.0) = kse ™ — sy,

Q(3,5) = —WsT1 — M3 — Ny,

Q(3,6) = —ws3ry —Mms,

Q3,7 = —war,

Qi.8) = Q3,9 = Q3,100 = L3,11) = 0,
Q(3,12) = —Meg,

Qa,0) = —kae 207 — kge 27,

Q5 = Que) = Qu,ry) = Qug) = Qa,9) = Qa,10)
= Qu11) = Qu,12) =0,

Q(6,6 = 2wzb — k9€72a02 + kgog,

Q5,5 = —2wsry — 2my,
Qs.6) = —wsry + wsb — ms,
Q(5,7) = —W4Tr1 — WsP,
Qs.8) = Q5,9 = Q5,100 = L(5,11) = 0,
Q(5,12) = —Mg,
)~
)

Q6,7) = —w3p + wab,

Q6,8) = Q6,90 = Q6,100 = L6,11) = L6,12) = 0,
Q(777) = —2wyp + Takg — k4672a7—2

Qez.8) = Qz,9) = Qz,10) = Qez,11) = Q7,12) = 0,
Qs,8) = —kze 227

Qg,9) = Qg,10) = Lg,11) = Qg,12) = 0,
Qo,0) = —kse >*7 + oqks,

Q9,100 = QLo,11) = L(9,12) = 0,

Q10,10) = —kee 7,
Qa0,11) = Qo,12) =0,
Quiay = *k7672a027
Qa2 =

Qai2,12) = —kloe 2002
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Proof: Consider the Lyapunov-Krasovskii functional
candidates:

) + 2wy (t — (b)) [riz(t) — ax(t) — 2(t)
V(t,zs) = ZVi(tﬂﬂt)’ —riz(t — 7(t 7‘1/ (s)ds + btanh z(t — o (t))
i=1 t T(t)
where —pi(t — T(t)t) + ot (t)a(t — 7(t))]
Qws et zsds|riz(t) — ax(t) — &
+2u5e | PR CSUEORECRED
Vi(t,z)) = kie*a?(t),

—rz(t —7(t)) — 71 /t o #(s)ds + btanh z(t — o(t))

t —pi(t — (1)) + o7 ()i (t — 7(t))] )
+k4[ " 620¢Siv2(5)d5 V2 — ky [€2atx2(t) G2a(t—72) 2(t B T2)}

F ks [e2atx2 1) — e2a(t—02) Q(t _ 02)}

(t) -
k[ e232(1) — (20732 — (1)) (1 - 7(1))]
(t) -

¢ ¢
Va(t,ay) = kg/ 252 (s )dS-‘rk'?,/ e**5 1% (s)ds
t—71o t—o2

¢
+k5/ 2512 (s)ds,
t—o(t)

0 t
Va(t, = k 20(s=0) 2.2 5)dsdf o ot—o :
3(hae) = kom / . /Hee v (s)ds ks [242(1) — (20— o(1)) (1 - 6(0))]
o t
+k702/ / 22579 2:2(5) dsd, Since 7(t) < T9,0(t) < 09,7(t) < 74 and 5(t) < oq4, we
—op Jt+6 have
0 t
Va(t,z) = k87'2/ / , ? =02 (s)dsdo, Vo < €2 [koa?(t) — koe 222 (t — 1) + ks2®(t)
—T t
A ke 209202 (1 — o) + kai?(t) — kae 29222 (1 — 7(1))
_ 2as 2
Vs(t, ) = ko /t c * tanh” 2(s)ds Frakad?(t — 7(t)) + ksi2(t) — kse 227222 (t — o (t))
+oaksi?(t — o(t))] (10)

0 t
+k1002 / / e22(5=0) tanh? x(s)dsdb,
—0oo Jt+6 0
‘/G(t’ th) = fyegath(t)’ ‘/3 = k67‘2 |:/ €2a(t_a)$2(t)d9 —/

—To

0
ety (t 4 H)de}

where + is a positive number that will be be determined later. 0 . 0
Calculating the time derivatives of V (¢, z;) along the solution + ko2 [ / 20(t=6) 12 (1) dg / 2ty (t 4 G)de} .
of (6), we get 92 92
. By lemma 2, we get
Vit,z) = Vi(t, ), (8) . t 2
( t) ; z( t) Vi < e2ot lk67562a72x2(t) — kg </ :r2(s)ds>
t—To
where t 2
) + kro3e? 72 a2 (t) — ky (/ xz(s)ds) ] (11)
Vi = 2ak e x?(t) + 2k1e2 2 (t)i(t) t—o2
= 2ak1e® 22 (t) + 2k1e*x(t) [rix(t) — ax(t)
0 0
t . a(t—0) . at »
—rz(t—71(t)) —r / #(s)ds + btanhz(t — o(t)) Vi = kst [/ =932 (t)do — e* it (t + 9)d9} .
t—7(t) T2 T2
—pi(t — 7(t)) + ro7 () (t — 7(1))] By lemma (4), we get
+ leejatx(t) [riz(t) — ax(t) — &(t) — mz(t — 7(t)) Vi < €20 kgr2e20m 2 (1)
—ry / Z(s)ds + btanhz(t — o(t)) +[2(t) 2(t-7@) 2(t-m)
) t—7(t) . ) —k}g k‘g — S S l'(t)
—pi(t — 7(t)) + ro7(t)i(t — 7(t))] x  —2kg+2s kg —s| |x(t—1(t) (12)
+ 2ot i (t) [ra(t) — ax(t) — &(t) — ria(t — 7(t)) * * —ks z(t — 72)
t
- z(s)ds + btanhx(t —o(t .
' /t (1) (=) ( ®)) Vs = koe?®t tanh? x(t) — koe2®(t=o(t) tanh? z(t —o(t))
—pi(t — 7(t)) + ro7 ()& (t — 7(1))] + koo (t)e2* tanh® z(t — o (t))
+ 2wse?® tanh z(t — o (b)) [riz(t) — az(t) — &(t 0
( t( ) irat) ) =) + k1002/ 2t =9 tanh? (t)d
—rz(t—7(t)) — / z(s)ds + btanhx(t — o(t)) e
t=7(t) 2at 2
. s — kioo e“* tanh” x(t + 0)d6.
—pi(t = (1) 4 0)(E (D) o[ o)
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. 2 < 22 : A
Since tanh” z(¢t) < z*(¢) and using lemma (2), we get We obtain V(¢ ZV (t,21) < _§egat||x(t)||2 <0
T < 2ot [ 2 o _ —2ao(t) 2 _ . .
Vs<e ho™(t) — ko — koe tanh” z(t - o(t)) From the condition that V( ) is negative definite and 0 <
+koog tanh® 2(t — o (t)) + kioo2e?*7) 22 (t) 7(t) < 72,0 < o(t) < 02, we have V(z(t)) < V(2(0)), for
all ¢ > 0, with

t 2 =
—k1o (/ tanh? w(s)ds) ] ) (13) 6
t—oa

From the Leibniz-Newton formula, we have i=1 o
t = k122(0) + kQ/ 2% (s)ds
9 | mad(t) + mam(t) + maz(t — () + ma / #(s)ds o
t—r(t) 0 0
. + kjg/ 212 (s)ds + k4/ 25 3% (s)ds
+ms tanh x(t — o(t)) + mg / tanh x(s)ds] e —7(©)
t t—o(t) + k5/ 2as -2( )dS
—o(0)
2(t) — a(t — 7(2)) —/ a’:(s)ds] . (14)
t—7(t) + k‘67'2/ / 20(s—0) ;. 2 s)dsdf
Combining equation (9)-(14), we have s
5 + kyog / / 25 =022(5)dsdf
V= Z Vi(t, zy) < 2wt (1) Zw(t), o
i=1 + kng/ / e2(5=932(5)dsdf
. —79 J O
where w(t) [(t), z(t), z(t — 7(t)), z(t — T2), 0
ft () B(s)ds tanhx(t —o(t)),&(t — (1), z(t — 02), + k:g/ ¢** tanh? z(s)ds
T —o0
—09) ft ., 2(8)ds, ft 5, T(8)ds, f;ﬁgz tanhx(s)ds} ot o ,
and = is define in equatlon (7). Since = < 0, we have V* < + k002 /02 /9 € tanh” z(s)dsdd
e?*twT (t)Zw(t) < 0. Therefore, there is a positive number 2
+72°(0)
A such that 3
. T2
V< _ 2ot (Hl‘(t)”Q + Hx(t)HQ < [kl + koo 4+ k3og + kamo + k500 + kg 9
o3 3 o3
+H9U(tt— TO)I? + [zt — 1) + k:7— + k‘s + kooy + k1o
sl ¢ amhat o) 2] max{llzol . o]}
t—7(t
=A 2 . 2
FlE(E = @)+ lle(t - o)) mextlrolls olls) .,
—|—H£E(t—0’2 H2_|_H/ dSH2 whereA_k1+k272+/€302—|—k47'2—|—k502—|—k6
o3 3
t , t , +k77+k8?+k902+k10? +’Y
] o w(s)ds||” + || o tanh z(s)ds|| ) From vye?*tz(t) < V(z(t)) < 2, we obtain
< a2 a(t)| . X
: - . . |z < Me™*" M = | —I[xols-
Taking the derivative of Vg along trajectory of equation (1) Y
and utilizing the Cauchy inequality (lemma 3), we have This implies that the zero solution of equation (1) is
Ve = 2ye2°t [2(1)i(t) + ax?(t)] exponentially stable. .
= 27 [x(t)(—ax(t) + btanh z(t — o(t))
—pi(t — (1)) + az?(t)] IV. NUMERICAL EXAMPLE
= 2ve”*" [—ax?(t) + ba(t) tanhz(t — o(t)) Example 6. Consider the following equation studied
—pz(t)E(t — 7(t)) + az®(t)] in [3], [14] :
< ye* [(—a+ 2a 4 2)2*(t) + b tanh? z(t — o(t)) jt[ (t) + 0.2z (t — 7(t))] = —0.6(t)
(= ()] + 0.5tanh z(t — o(t)),
t>0,
We chose )
t
\ when 7(t) = n (1) and oy = 0.2.
B mm{ p2’ p2 } if —2a+2a+2<0; Solving our criterion (7), guaranteeing uniformly exponential
7= /\ ) 1 1 1 £ otherwi stability, when oo = 0.0038 is given, allows the upper bound
o M5 - +2a+ 2" b2’ ﬁ}’ 1f otherwise. of the delay o(t) = 9.00. For exponential stability of this
ISBN: 978-988-14048-8-6 IMECS 2018
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TABLE 1
THE UPPER BOUND OF TIME DELAY a’(t) FOR EXAMPLE 6 .

Methods a=0.0038 o =0.028
[3] (2011) infeasible infeasible
[14] (2014) 7.5231 0.0321

Our result (7) 9.00 0.1850
TABLE II

THE UPPER BOUND OF TIME DELAY o FOR EXAMPLE 7 .

Methods a = 0.0038
[2] (2012) 175.2890
[3] (2011) 1021 (No «)
[20] (2010) 1.9470
[14] (2014) 175.3540

Our result (7) 175.3543

example is listed in the comparison in table 1. We can see
that our results are much lass than conservative than [3], [14].

Example 7. Consider the following equation studied in
(21,[3]1,[201,[14] :
d
ﬁ[x(t) +0.22(t — 0.1] = —0.62(¢t) + 0.3 tanh z(t — o),
t>0,

Solving our criterion (7), guaranteeing uniformly exponential
stability, when oo = 0.0038 is given, allows the upper bound
of the delay o(t) = 175.3543. For exponential stability of
this example is listed in the comparison in table 2. We can
see that our results are much lass than conservative than other
existing work.

V. CONCLUSION

In this paper has improved delay-dependent exponential
stability for nonlinear neutral differential equations with dis-
crete time-varying delays. From information given above, it
seems that our delay-dependent sufficient conditions obtained
are much less conservative than some existing results. Two
numerical examples are given to demonstrate the power of
our result.
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