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Fuzzy Supply Chain Integrated Inventory Model
with Quantity Discounts and Unreliable Process
in Uncertain Environments
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ABSTRACT - This paper mainly focuses on the discussion of the
best economic production quantity of unreliable process,
uncertain environments and defective items reproduce of the
production system. In today’s production and manufacturing
schedule, the quality of the supply chain often determines the
efficiency of a company’s operations. However, the traditional
method of solving the problem of economic production
quantities, mostly assumes that perfect production process does
not appear defective items and backorder situation. This
research’s system is based on the production of finished goods
inventory system. In the system, defective products are
separated by its defectiveness. Non-repairable defective
products are destroyed; the rest will be repaired and resent to
the buyer. Because of the uncertain environments, fuzzy is
added to the research in order to obtain a more realistic result.

Index Terms—Quantity Discounts, Uncertain Environment,
Inventory Model, Unreliable Process.

I. INTRODUCTION

I nventory strategy is very important for firms, which

maintain advantages in production and logistics parts. The
comprehensive inventory system can achieve the best level of
service and reduce manufacturing and inventory costs and
maximize profits.  Previous studies usually built the
traditional integrated inventory model in the perfect
production processes without defective products. However;
in reality, the defective products are unavoidable by human
errors, mechanical failures and other reasons. Therefore, this
study commits to sort out what the defective rate impact of
the costs for buyers and sellers and also reduce losses arising
from defective products.
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Suppliers commonly used quantity discount as concessions to
attract buyers. However, this study considers that quantity
discount is used to compensate the buyer to purchase the loss
caused by defective products.

This paper presents an integrated supply chain inventory
model which includes the uncertainty of environment and
quantity discounts with the consideration of minimizing the
total cost of the buyer and seller. Due to the uncertainty of
buyer’s demand, therefore fuzzy is added to this research.
Also, this paper assumes that the production process will
produce a certain number of defective products, the buyer
checks out the defective products, and returned to the seller
to repair, and the vendor will provide a discount. All of the
above are put in the research for a more realistic solution. To
find the minimum total cost, must determine the optimal
order quantity (Q) and delivery times per production cycle
(n), so taking first and second-order partial derivative of EK
(n, Q) with respect to Q and n, this paper obtains n and Q’s
extreme value, because delivery times (n) is an integer, this
study used an interactive method to calculate the optimal
solution of n and Q as well as the minimum total costs.

After obtaining the minimum total cost, this study applies
4 parameters (screening rate (X), annual demand (D),
percentage of the defective products (k), production rate (P))
in doing sensitivity analysis with EK (n, Q); and shows how
the effect of the 4 parameters changed. Subsequently, this
paper will apply the experimental data with mathematical
software for Q, D, and the EK to assess three-dimensional
map.

Starting from the previous study review, Porteus (1986)
was the first researcher to incorporated the impact caused by
defective products into basic EOQ model. Based on the
research, we acknowledge the importance of unreliable
process’s impact. Schwaller (1988) extended EOQ models
to conform real-life environment of inventories by adding
assumptions of a known proportion of defectives present in
the incoming lots. Ben-Daya and Hariga (2000) considered
the problem about impact of imperfections in process of a
model, and assumed that the start of production facility is in
perfect quality. But facilities will deteriorate over time and
move to an uncontrollable state, defectives are then produced.
Salameh and Jaber (2000) assumed production and inventory
situation, items, or products are not in perfect quality.
Defective and unwanted products can be used in other
restrictive procedures, acceptance control production and
inventory situation with the consideration of poor-quality
items at the end should be sold out. Goyal and Cardenas-
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Barron (2002) developed a model to determine the total
profits per unit time and purchase products from supplies
EOQ; also proposed a method to determined EPQ and
defective products. Huang (2004) suggested that a model
developed under JIT manufacturing environment to
determine defective items held by the seller and the buyer is
the best integrated inventory strategy. Huang (2004) also
proposed a model that is built on examine defective products
during continuous consumption of inventory, and the items
that are spot out will be reimbursed.

The discussion of this paper is to carry out the changes of
inventory quantity discount model and process unreliable
situation, also to find out the most suitable order quantity
from buyers and sellers in order to achieve a minimized total
cost.

In today’s highly competitive global markets, many
marketing tactics and manufacturers are applying price
discounts to attract consumers. Lal and Staelin (1984)
developed a strategy to conducive the buyer for the best price
discounts. Chakravarty and Martin (1988) provided the
vendor with the means for optimally, determining both the
discount price and the replenishment interval under periodic
review for desired joint savings-sharing scheme between the
seller and multiple-buyer(s). Munson and Rosenblatt (1988)
proposed a third-level quantity discount with supply chain
and fixed demand rate.

Wang (2005) extended traditional quantity discounts that
are based solely on buyers’ individual order size to discount
policies that are based on both buyers’ individual order size
and their annual volume. They showed that discount policies
are able to achieve nearly optimal system profit and, hence,
provide effective coordination. Liand Liu (2006) developed
a model that explains how to use quantity discount policy in
order to achieve the supply chain coordination, considering
only selling one product with multi-cycle and the probability
of customer’s demand for the buyer and seller system, and
suggest that the combination in a mutually acceptable
quantity discount profit exceeded the sum of profits from
each other in the case of decentralized decision-making.

Yang et al., (2010) established an inventory model for
retailer in a supply chain when a supplier offers either a cash
discount or a delay payment linked to ordering quantity. Lin
and Lin (2014) developed a model about defective products
and quantity discounts. The purpose was to find optimal
pricing and ordering strategy; the analysis is based on the
buyer’s order quantity. Zhang and Xu (2014) proposed
multiple objective decision making (MODM) model
considered the bi-fuzzy environment and quantity discount
policy, and quantity discount is an important factor in their
study.

The past studies mainly focused on price promotions,
discounts and prices strategies; this is because the above can
directly affect the cost and profit. However, those studies
ignored that different quantity discount policy may cause a
bad influence to the profit.  Therefore, this research
determines quantity discounts based on detective rate.
Because of the uncertain environments, fuzzy is added to the
research in order to obtain a more realistic result.

Il. MATERIALS AND METHODS

To establish the proposed model, the following notations
are used, and some assumptions are made throughout this
study.
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2.1 Notations
®  S,: Setup cost for the vendor; $/time
®  (: Each time the number of transported from the
buyer; pcs/times
P: Production rate; pcs/year
R: Recovery cost for the vendor; $/month
L: Maintenance cost for the vendor; $/month
n: Number of deliveries each production cycle;
times
h, Holding cost for the vendor; $/month
V: Warranty cost for the vendor; $/month
Y: The percentage of defective products, as
random variables
Q,: manufacturing cost for vendor; $/month
Sp,: Order cost for the buyer; $/time
F: Transportation cost per shipment; $/trip
D: Triangular fuzzy number; D = (D — A,,D,D +
A;),0<A; <D,0<A,,and A;,A, is determine by
the decision maker
hy,: Holding cost for buyer; $/month
d: Screening cost for buyer; $/month
X: Screening rate; pce/year
o: Discount rate. ; o =m=Y *k, punishment
multiples (m) is determined by the seller
themselves
B: Purchase cost for buyer; $/month
T: Transporting each successive time intervals
T,: CycletimeT, =n*T.
k: Percentage of defective products cannot be
repaired percentage
®  FEK: Expected annual integrated total cost.

2.2 Assumptions

®  This paper is based on single vender and single
buyer for single item.

®  The production rate is finite.

®  Shortage are not allowed.

® Because of shortages are not allowed, non-
defective product’s production rate must higher
than buyer’s demand.

®  Quantity discount and defective rate has direct
relation.

®  Returned defective product will be repaired, but
not fully repaired.

®  When buyer’s inventory remains Q/2, all products
must be inspected, defective products must be
picked up and send back to the vender.

®  Quantity discount have a restriction, because
vender’s cost can’t more than buyer’s purchased
cost; otherwise, the vender doesn’t have profits.

& +v
U+%+O’B<B=>J<1—¥

®  Assumed the discount rate as o = mYk(m is a
magnification, determine by vender.), the discount
rate for the buyer will increase by the amount of
defective products.

2.3 Vender’s Cost
Vender's cost = setup cost + transportation cost
+ manufacturing cost
+ recovery cost
+ maintenence cost + holding cost
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Definition 1. From kaufmann and Gupta (1991),
Zimmermann (1996), Yao and Wu (2000), for a fuzzy set B €
Q and ore [0,1], the a-cut of the fuzzy set B isB(a) =
{x € Qug(x) = a} = [B,(a),By(a)] , where B, (a)=a+
a(b—d) and By(a) =c—a(c—b). We can obtain the
following equation. The signed distance of B to 0, is defined
as

d(B,0,) = [; d{[B,(a), By(@)],
So this equation is

d(B,0,) = %fol[BL(a),BU(a)]da = i(Zb +a+ o).

Streamlined distance method is used to the defuzzication of
TCy(Q,n).

1} da == f [B.(a), By(a)]da

D=4d(D,0,) = : (D A1)+2D+(D A,)]
=D+ Z(AZ —4)
B (A, — A Sy F(142Y —kY)
= Te@mn) = [D A" ] [nQ(l —k) T QU —kD)
RKY 4 Ly + Q2=
+ QT + + + m
h,Q(n—1)
L
@
Vender transportation cost’s derivation:
. Q+Y0+(1-KYQ D
TrCy, =F * 0 3 *Q(l—kY)
_p,Q+2v0-kvQ D
- Q Q1 —kY)
D
= F(1+2Y—kY)*m

Vender holding cost’s derivation:
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2.4 Buyer’s Cost
Buyer’s cost = order cost + screening cost
+ purchase cost + warranty cost
+ holding cost

Quantity
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Fig.2. Schematic diagram of Buyer’s Cost
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Streamlined distance method is used to the defuzzication of
TCp(Q,n).

D =4d(D,0,) =
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2.5 Solving Procedure

Sy * m +F(14+2Y —kY) = Q(l m +Q,D + RkYD +
D(2-n)

3P (1—kY) +dX +BD(1 -

LYD +h,Q =2 + ]+ 85+

nQ(1 —kY)
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= 4 hsQ
o)+ VD + == [(x+n)(1 %%

(€))
By taking second-order partial deviation of EK(Q,n), so
taking the derivative of EK(Q, n)with respect to Q, which is
a convex function in Q for Q > 0.
0EK(Q,n) D D
g Vhora =k "nQz( - kY)
—F(1+2Y —kY) * +H,+Hpg

(4)

D
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P74 [(x+ D)1 —ky) 1—ky
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where H, = h, [

Y+1]

let

(AZA}é‘l) [Sy + Sg +nF(1 +2Y — kY)]

n(l— kY)(Hy, + Hp)

Q=

_|(4D + 8y — AD[Sy + Sp +nF(1 +2Y — kY)]
a an(1— kY)(Hy + Hg)

5)
Then, take the derivation of EK(Q, n) with respect to Q in
order to understand the effect of m in EK(Q, n).
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Meanwhile, take the second-order partial derivative
of EK(Q, n) with respect to n.
aEK(Q n) 2D

©)

The result of the equation proves that there is a minimum to
the solution.

2.6 Algorithm
1. Setn=1.
2. Substitute n = 1 into equation (5) to evaluate Q;.
3. Substitute Q; into equation (4) to evaluate EK.
4. Setn=n+1, substitute n =n+ 1 into equation
(5) to evaluate Q,, and repeat step 2 to step 3 to get
EK.
Substitute @, into equation (4) to evaluate EK.
6. IfEK' < EK, return to step 4; otherwise EK is the
optimal solution.

o

I1l. RESULTS

This research presents a detailed numerical example to
illustrate the results of the proposed models:
D = 5000pieces/year, S, = 3000$/setup, S, = 300$/
cycle, X = 1000pieces/year, H, = 1$/piece, H, = 4$/
piece, P = 8000pieces/year,V = 1.5%/piece,d = 0.5$/
piece,Y = 0.01,Q, = 10$/piece, B = 25%/piece, K =
0.3, F =800,0 = mYk = 0.3,R = 2$/piece, M = 100
The solution to the minimum cost required multiple (A4, A,),
take note that (A,, A,) were determine by the decision maker
in order to handle uncertain problems. All of the results are
provided in Table I.
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TABLE |
NUMERICAL EXAMPLE RESULTS

(D-0,,D,D+4;) W Q EK($) | Vo (%) | Vw(%)
(4750,5000,5500) 2 | 4633.53 1608924 = 0.5858 = 1.1963
(4500,5000,6000) 2 | 4660.36 1627939 = 1.1682 = 2.3923
(4250,5000,6500) 2 4687.03 1646948 1.7471  3.5879
(4000,5000,7000) 2 | 4713.54 1665952 = 2.3227 | 4.7832
(3750,5000,7500) 2 | 4739.91 168495.1 = 2.8950 = 5.9782
(2500,5000,7500) | 2 | 4606.55 158990.3 0 0
(2500,5000,6250) | 2 | 4469.09 1494714 —2.9839 —5.9871
(3000,5000,6000) | 2 | 4496.93 1513764 —2.3796 —4.7890
(3500,5000,5750) | 2 | 4524.59 1532808 -1.7791 —3.5912
(4000,5000,5500) | 2 | 4552.08 1551845 —1.1824 —2.3937
(4500,5000,5250) | 2 | 4579.40 157087.7 —0.5894 —1.1967

(1) When A< A,, then d(D,0,) > D; so that V, >0,
Vw > 0. When (A, — A,) decreases, both V, and Vy, will
decrease as well. The smaller (A, + A;) is in this fuzzy
model, the more similar to the tradition model.

(2) When A;> A,, then d(D,0,) < D; so that V, <0,
Vw < 0. When (A, —A,) increases, both V, and Vy, will
increase as well.

(3) When A;= A,= 2500, then d(D,0,) = D = 5000. In
this case, this fuzzy model will be exactly the same compare
to the traditional models; both V, and Vy, will equal to 0.

(4) The mathematical relationship diagram of EK and (A, —
Aq) is shown in figure 3.

170000
165000 °
160000

®
955000

EK($)

* 150000

145000
-500 0 500

(A2 — 4y)
Fig.3. The mathematical relationship diagram of EK and
(A2 —Ag)

-1500 -1000 1000 1500

(5) Figure 4 is the comparison diagram that compares V, and
Vy to (A, — Ay). It shows that V7, ’s slope is larger than
Vo’s , which represents the range of Vy,’s change is larger
than V,’s.
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Fig. 4. The comparison diagram that compares V, and Vy, to
(42 = Ay)
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IV. CONCLUSION

In the competitive global market, both pricing strategy and
the quality often determine the orientation of the customers.
Lowering the price is not a good strategy for the suppliers, it
might decrease profit or increase defective products.
Therefore, a well-designed quantity discount policy is crucial.
This research incorporated quantity discount, unreliable
process and uncertain environments into integrated inventory
model. Through the sensitive analysis in this study, it shows
that if (A, — A,) increases, both V, and Vy, will increase as
well. Also the smaller (A, + A;) is in the fuzzy model, the
more similar it gets to the tradition model. In future, studies
may include more manufacturers, then production scheduling
will be added into the model to simulate a more realistic
situation.
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