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On Maximal Non-Diagonal CNF-Base
Hypergraphs

Stefan Porschen

Abstract—The class of maximal non-diagonal CNF-base hy-
pergraphs is introduced and investigated. It resides below
the hierarchy of diagonal base hypergraphs, and is extreme
in the respect that its members are only one edge away
from diagonality. Here we prove a general existence criterion
for maximal non-diagonality, provide connections to minimal
diagonality, and discuss the relationship to maximal satisfiable
CNF formulas.

Index Terms—hypergraph, CNF-satisfiability, orbit

I. INTRODUCTION

HE genuine and one of the most important NP-complete

problems is the propositional satisfiability problem
(SAT) for conjunctive normal form (CNF) formulas [6].
More precisely, SAT is the natural NP-complete problem
and thus lies at the heart of computational complexity theory.
Moreover, numerous computational problems can be encoded
as equivalent instances of CNF-SAT via reduction [7]. From a
theoretical point of view on the one hand subclasses are to be
detected for which SAT can be decided efficiently. There are
known several of them such as quadratic formulas, (extended
and g-)Horn formulas, matching formulas, nested, co-nested
formulas, and exact linear formulas etc. [2], [4], [5], [8],
[9], [10], [11], [17], [18]. On the other hand it might be
purposeful to reveal the structural aspects of CNF-SAT from
diverse perspectives in order to attack the complexity issues
among others. In [15] a hierarchy of diagonal (CNF-)base
hypergraphs has been considered, such that §; is the class
of all instances with exactly ¢ members in the orbit space
of the diagonal fibre-transversals with respect to the action
of the complementation group on clauses. In the present
paper the class of maximal non-diagonal base hypergraphs
is introduced and studied to some extent. Such instances
are extreme among all the members below the first level
of the mentioned hierarchy: By definition they are only
one hyperedge away from diagonality. The connection to
minimal diagonal base hypergraphs is considered which are
diagonal but none of its subhypergraphs has this property.
Further, it is shown that not every maximal non-diagonal base
hypergraph is derived from a minimal diagonal one, as might
be expected. Also a general equivalent criterion is proven for
maximal non-diagonality based on the concept of a minimal
transversal meeting all minimal diagonal subhypergraphs
of a given diagonal base hypergraph. The relationship to
the concept of maximal satisfiable formulas as defined in
[13] is exhibited. In that context new parameters for base
hypergraphs are discussed. Considering this paper as a first
proposal towards the research on maximal non-diagonality
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we finally refer in a concluding section to several directions
for future work on this topic.

II. NOTATION AND PRELIMINARIES

A Boolean or propositional variable, for short variable,
taking values from {0,1} can appear as a positive literal
which is = or as a negative literal which is the negated
variable T also called the complemented variable. Setting
a literal to 1 means to set the corresponding variable ac-
cordingly. A clause c is a finite non-empty disjunction of
literals over mutually distinct variables and it is represented
as a set ¢ = {ly,...,l;}, or simply, as a literal sequence:
¢ =1lj---lx. A conjunctive normal form formula, for short
formula, C' is a finite conjunction of different clauses and
is considered as a set of these clauses C' = {c1,...,¢m}-
Let CNF be the collection of all formulas. For a formula
C (clause c), by V(C) (V(c)) denote the set of variables
occurring in C' (¢). Given C' € CNF, SAT means to decide
whether there is a truth assignment ¢ : V/(C) — {0,1} such
that there is no ¢ € C all literals of which are set to 0. Such
a t is a model of C; let M(C') be the space of all models of
C. Let SAT C CNF denote the collection of all clause sets
for which there is a model, and UNSAT := CNF \ SAT.
Given a set V' of propositional variables, an assignment ¢
can be regarded as the clause {z*(*) : z € V'} of length |V,
where 20 := Z, ' := z. Similarly, for b C V, we identify
the restriction ¢|b =: t(b) with the clause {z*(*) : z € b}.
The collection of all clauses of length |V| is denoted as
Wy which therefore also can be regarded as the set of all
mappings V' — {0, 1}. For a clause ¢ we denote by ¢” the
clause in which all its literals are complemented. In case
of an assignment ¢ € Wy, we have the correspondence of
t7 to the assignment 1 — ¢ : V' — {0,1} complementing
all truth values. Similarly, let C7 = {¢” : ¢ € C} denote
the complemented clause set version of C. As introduced
in [12] a clause set C determines its base hypergraph
H(C) = (V(C),B(C)) where B(C) = {V(c) : ¢c € C}.
Let C, = {c € C : V(c) = b} denote the fibre of C' over b,
thus C' = Uye () Cb- Also a given hypergraph H = (V, B)
yields a CNF-base hypergraph when regarding its vertices
as Boolean variables such that for each z € V there is
a (hyper)edge b € B containing x. Thus every ¢t € Wy
yields a clause set over B, namely ¢(B) := {t(b) : b € B}.
Let $ be the collection of all (CNF-)base hypergraphs,
and let $H° be the subclass of all connected instances. A
base hypergraph is linear if distinct hyperedges pairwise
intersect in at most one vertex; if 1 is the size of all these
intersections it even is exact linear. A base hypergraph is
loopless if none of its hyperedges consists of a unique vertex.
A hypergraph is Sperner if no hyperedge is a proper subset
of another one [3]. A formula without unit clauses is (exact)
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linear if its base hypergraph is (exact) linear [17]. As usual
Ky == Upe We is the set of all clauses over H. A H-
based formula is C C Ky such that Cp := C NW, # 0,
for each b € B. Given a H-based formula C C Ky with
the additional property that Cj, := W; \ C, # () holds,
for each b € B, then its H-based complement formula is
C = UpepCs = Ky \ C with fibres Cy. In that case
it is H(C) = H(C). A fibre-transversal of K3 is a H-
based formula F' C K3 such that |[F'N W,| = 1, for each
b € B. Hence F' is a formula containing exactly one clause
of each fibre W}, of Ky; let that clause be refered to as F'(b).
An important type of fibre-transversals I’ are the compatible
ones, i.e., Uy 5 F(b) € Wy, collected in Feomp (H) C SAT.
A fibre-transversal F is diagonal if FF N F' # (), for all
F' € Feomp(H). Let Faiag(H) be the set of all diagonal
fibre-transversals of K7;. Observe that exactly the members
of Faiag(H) provide unsatisfiable fibre-transversals at all.
A base hypergraph H is diagonal if Fyiae(H) # 0, and it
is minimal diagonal if no subhypergraph of H is diagonal.
Let $aiag be the class of all diagonal base hypergraphs, and
$Hmdiag denote the subcollection of all its minimal diagonal
instances. The number of orbits in fdiag(H) with respect to
the action of the group of variable complementation induced
on the space of all CNF formulas is denoted as 6(H) [14];
for short the term orbit is used in the sequel. Clearly, it
is § = 0 for all non-diagonal instances, and specifically,
a base hypergraph with § = 1 is called simple. We use
[n] = {1,...,n}, where n is a positive integer. As usual,
‘iff” means ’if and only if’. Next we collect several useful
properties of minimal unsatisfiable formulas. To that end the
following result proven in [12] is needed, which characterizes
the satisfiability of a formula C' in terms of the compatible
fibre-transversals in its based complement formula C. A
compatible fibre-transversal of a H-based formula C' C Ky
simply is a compatible fibre-transversal K7, that is contained
in C.

Theorem 1: [12] For H = (V,B), let C C Ky be a
H-based formula such that C is H-based, too. Then C
is satisfiable if and only if C' admits a compatible fibre-
transversal I'. Moreover, the union of all clauses in 7 is a
model of C.

Recall that C' € UNSAT is minimal unsatisfiable if C'\ {c}
is satisfiable, for every ¢ € C [1]. We denote the class of
exactly those instances by Z C UNSAT.

Lemma 1: Let C € T with H(C) =: (V,B) = H(C)
then:

(a) For every t € Wy itis t(B) N C # 0.

(b) Thereis at e Wy, s.t. [t(B)NC|=1.

(c) Forevery b € Bthereisat e Wy, st t(B)NC =

{t(0)}.

(d) In general there are t € Wy s.t. [¢(B) N C| > 1, and
also ¢ € C' with [M(C\ {c})| > 1.

(e) Let t € Wy. Then |t(B) N C| = 1, and specifically
there is b € B s.t. t(B) N C = {¢(b)} iff t7 € M(C")
where C' := C'\ {t(b)}.

PROOF. As any ¢t € Wy, can be identified with a compatible
fibre-transversal, (a) is a direct consequence of Thm. 1. Let
C' = C\ {c}, for any fixed ¢ € C. According to the
previous result there is a compatible fibre-transversal F'Y
of C such that |J,cz F'(b) € M(C’) and F"(V(c)) =
¢ € C' because C € UNSAT. Since F’? cannot con-
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tain another clause of C it follows (b). Let b € B and
¢ € Cy be arbitrary, as above it follows ¢'7(b) = ¢, for
any ' € M(C’), with C" := C \ {c}, which is the
unique clause having this property, so (c). Next consider
C = {zy1, 2y2, TY3, TYs, Y1J2, Y3§4} whose membership to
T can be verified easily. Over B := B(C) define ¢((B) :=
{l‘yl, Y2, TY3, TY4, Y1Y2, ﬂ3ﬂ4} then |tO(B) N O| = 3. Now
let ¢ = Y394 and t1(B) := {xy1, 2Y2, TY3, TYa, Y12, Y3Y4 }»
ta(B) = {zi1, xy2, Y3, Y4, Y1Y2, Y3ya + then, regarded as
truth assignments, obviously ¢; € M(C'\ {c}), i = 1,2, thus
we obtain (d). Finally (e) directly follows from (b), (c) and
Thm. 1, finishing the argumentation. O

III. MAXIMAL NON-DIAGONALITY DERIVED FROM
MINIMAL DIAGONALITY

What is the structure of the class of all non-diagonal
base hypergraphs? Those members clearly reside below the
hierachy of diagonal base hypergraphs. In Proposition 4 [16],
a criterion is stated under which conditions a non-diagonal
base hypergraph H having §(H) = 0 becomes a diagonal
instance H' with 6(H’) = i, for ¢ > 0 arbitrary, by adding
exactly one hyperedge to H. On this basis and to gain more
insight into this class the following notion for some of its
most extreme members is introduced:

Definition 1: A non-diagonal CNF-base hypergraph H =
(V, B) is called maximal non-diagonal if there is a diagonal
base hypergraph H' = (V, B’), with B C B’, such that for
every b € B'\ Bitis §(H U {b}) > 0. Let Hmaxna denote
the class of all maximal non-diagonal base hypergraphs.
The non-trivial existence of a maximal non-diagonal base
hypergraph can be established on the basis of any minimal
diagonal instance.

Lemma 2: Let H = (V,B) € $mdiag then Hy, = H \
{b} € Hmaxnd, for every b € B.O
Thm. 6 in [15] provides the equivalence that a diagonal base
hypergraph H is minimal diagonal iff Fgiag(H) C Z. More-
over, for the subclass of simple, connected base hypergraphs
collected in $f one has according to Cor. 3 in [15] that
T € Hmdiag- S0, one obtains:

Corollary 1: Let H = (V,B) € $ then H \ {b} €
Hmaxnd, for every b € B. O
Besides §); there are higher levels according to the hierarchy
of diagnal base hypergraphs as introduced in [15]. On
this basis $Hmaxnd formally decomposes into the following
subclasses.

Definition 2: Let ¢ > 1 be an integer then H = (V, B)
with §(H) = 0 is called a maximal i-non-diagonal base
hypergraph if there is H' = (V, B") with B C B’, §(H') =1,
and for every b € B’ \ B it is §(H U {b}) € [i]. Let
9 . nq denote the class of all maximal i-non-diagonal base
hypergraphs. Specifically, we set S%fnaxnd C 9! g for all
maximal j-non-diagonal members H = (V, B) such that for
allbe B'\ Bitis 6(HU{b}) = 1.

Note that H’ in the previous definition belongs to the class
f)i. So far it is unknown whether these classes are non-trivial
for an arbitrary integer ¢ > 0. However, as shown in [15]
there are arbitrary large 7 such that i # (). Similarly, the
non-trivial existence of the classes S%fnaxnd defined above
needs to be established. According to Prop. 4 [16] a maximal
non-diagonal base hypergraph H = (V,B) C H' where
d(H') = i must have the property that for each b € B’ \ B
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there are exactly ¢ distinct orbits in F () and for each
orbit there is a member F containing c(F) € W, with
t(b) = c(F), for all t € M(F'). Then §(H U {b}) = i is
ensured, hence H € S%fnaxnd.

Let Hi € Hmdiag: ¢ € [2], with Hy NHy = 0 then
obviously H; U Ha & $Hmdiag- On this basis one is able
to derive a maximal non-diagonal base hypergraph which is
no subhypergraph of a minimal diagonal instance.

Proposition 1: For any fixed integer » > 1, let 'H; =
(Vi,Bi) € Pmdiag, ¢ € [r], be mutually disjoint, i.e.,
VinVj=0,i# j,and H' = (V, B') := ;[,) Hi- Setting
B = ;e Bi \ {bs}, for any selection b; € B;, i € [r], it
is H:= (‘/7 B) € Hmaxnd- O
Observe that the instances above are disconnected by con-
struction. The next result also provides members belonging
to the connected class.

Theorem 2: For any fixed integer » > 1, and mutually dis-

joint H; = (V;,Bl) S fjmdiag, xS [7"], let Hy = (Vo,Bo) =
Uiepr Hi» choose by C Vo such that Vi € [r] : [bp N Vi =1
and let y ¢ Vi. Then H' = (V,B’) := Ho U {b} € H°
is diagonal, where b := by U {y}. Further for any selection
bi € By, for all i € [r], and B := {b} U U,¢,) Bi \ {bi} it
is H := (V, B) € $maxnd. Moreover if b; N by = 0, for all
1 € [r], then H € H°.
PROOF. Since §(H;) > 0, ¢ € [r], according to La. 1 (ii)
in [15] it follows that §(Hy) > 0. Clearly by & B;,i € [r].
Moreover each H; is minimal diagonal, thus also connected.
Adding the new edge b = by U {y} enlarged by the new
variable y to the union Hy of H;, ¢ € [r], provides the
connected base hypergraph H' = Ho U {by U {y}}. Clearly
Ho C H’ and because of the monotony of the mapping §, as
stated in Prop. 6 (1) in [16], one has 6(H’) > 0. Since | B;| >
1, the selection of the b; specifically can be performed such
that b;Nby = (), for all ¢ € [r], maintaining the connectedness
of H. Since the new variable y ensures that any clause over
b can be satisfied independently and because of the fact that
the instances H;, ¢ € [r], all are minimal diagonal, the rest
of the theorem follows directly from Prop. 1. O

Observe that the new variable y added to by above, in
general, cannot be omitted. Consider e.g. H; := (V;, B;)
with V; := {ui,vi}, B; := {Ui,Ui, Ui’l)i}, 1€ [2], bo := viug,
and the selection by := uq € By, by := vy € By where the
hyperedges for simplicity are denoted as sequences of there
(variable-)vertices. Clearly, H;, ¢ € [2], both are simple and
minimal diagonal base hypergraphs. Then H := (V,B) ¢
Hmaxnd, it even remains a diagonal base hypergraph in case
of B := {bo} UU,cpy Bi \ {b:} instead of B := {b} U
Uiepg Bi \ {bi} where b := by U {y} as required in Thm. 2.
Indeed, B specifically contains the edges vjus, us, and vy
yielding a simple, hence diagonal subhypergraph.

Theorem 3: There are Sperner, and even linear, maximal
non-diagonal base hypergraphs. There also exist exact linear
and maximal non-diagonal base hypergraphs.

PROOF. Consider the formula C' € Z used in the proof
of Lemma 1. H(C') obviously is loopless, linear, hence
Sperner. Moreover it is connected and simple as shown in
the proof of Thm. 8 [15], hence it is minimal diagonal.
Therefore by Lemma 2, H(C) \ {b} € $Hmaxna is a linear
base hypergraph, for every b € B(C), implying the first
claim. Regarding the second statement, let V = {u, z, y} and
B = {z, 2y, yu,ux}. We claim that H = (V, B) € 9§ where
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the connectedness is obvious. Observe that H \ {z} is exact
linear, hence it is non-diagonal [17]. Thus a minimal fibre-
transversal of H can occur only via the literal over x and
indeed obviously, e.g. {z,Zy,yu,uz} € Faiag(H) which
easily can be verified to belong to Z. Now, any unsatisfiable
formula in a distinct orbit can occur only if a bifurcation [15]
is performed at the clause only containing the literal over
z. But since the z-clause is forced to have a unique value
in a model there can exist only one orbit of unsatisfiable
fibre-transversals. Thus H € §{ implying that H € $Hmdiag-
Therefore by Lemma 2 it is H \ {z} € Hmaxnd- O

IV. THE GENERAL CASE

In this section maximal non-diagonal base hypergraphs
are constructed which do not necessarily rely on minimal
diagonal ones. For generalizing the previous discussion the
following concept is crucial.

Definition 3: Let H = (V,B) € $diag. Any subhyper-

graph H C 'H with H e $Hmdiag 1s called a diagonal germ.
Let &(H) be the collection of all diagonal germs of H. Any
G C B is called a transversal of diagonal germs (TDG) of
H if G N B(H) # 0 for every H € B(H). A TDG G of H
is minimal if it does not contain a proper TDG of H.
As a concrete example for the previous terminology, consider
the non-minimal diagonal base hypergraph H = (V,B) €
Naiag With V' = {u,v,z,y}, B = {z,y, 2y, zu, uv,u,v}.
Then one has &(H) = {H; = (V}, B;) : | € [6]}, where

By == {z,y,zy}, Ba:={u,v,uv},
Bs := {x,u,zu},

B5 = {y7 Ty, xu, u}v

By = {x, zu,uv,v},
Bg = {y, zy, zu, uv, v}
which all belong to $maiag as can be verified easily. The

collection of all minimal TDG of H is provided by {G; :
i € [20]}, where

Gi={z,y,u}, Gz={zyv}

Gs ={u,v,z}, Gq={u,v,y},

Gs ={z,v,zy}, Gg¢={u,z,zu},
Gr7 = {z,y,uwv}, Gs={z,u,zy},
Gy = {u,v,zy}, Gio={u,z,uv},
G11 ={u,y,uw}, Gz ={u,y,zu},
Gi3 ={v,z,zu}, Gi4 ={v,y,zu},

G5 = {z,uv,zu}, G = {u,uv,zy},

Gi7 = {z,zy,w}, Gis = {y,uv,zu},

Gio = {u,zy,zu}, Goo = {v,zy,zu}

The following facts provide the connections to (minimal)
diagonality.

Proposition 2: Let H € § then:

(@) H € Haiag iff B(H) # 0,

(b) H € Hmdiag iff &(H) = {H}.
PROOF. Let H € $qiag then it contains a minimal diagonal
subhypergraph hence &(H) # 0. Reversely, let H € &(H)
then H C ‘H is diagonal so H is diagonal, so (a) is true. By
definition {H} C &(H). Let H € &(H) then H C H and
He $Hmdiag hence H="HEe Himdiag,> 50 (b) is true. O

If H = (V,B) is a diagonal base hypergraph, and G is
one of its minimal TDG, we set H \ G := (V,B\ G) in
accordance with the next fact.
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Lemma 3: Let H = (V,B) € $diag. If @ minimal TDG

of 'H is removed from B then the resulting hypergraph has
the same vertex set V.
PROOF. Let H' = (V’, B’) be the resulting base hypergraph
and assume there is © € V' \ V'. Then there is a beG
containing z, and there is 7{ = (V, B) € &(*H) containing b.
Hence H\{b} C H' is not diagonal and its vertex set does not
contain . So, extending any fibre-transversal in (H\ {b})
over b by an arbitrary clause yields a fibre-transversal in
F (7:{) whose additional clause can be satisfied independently
of the other clauses via the literal over x. Therefore F(H)
does not contain any diagonal fibre-transversal yielding a
contradiction. O

Towards a characterization of maximal non-diagonality the
next result relying on the previous one turns out to be useful.

Lemma 4: Let H' = (V,B’) € $aiag and H = (V, B) €

Hmaxnd Where B C B’ then B’ \ B is a minimal TDG of
H.
PROOF. Assume that G := B’ \ B is no TDG of H’. Then
there is a minimal diagonal H = (V,B) C H’ such that
BNG = 0. Thus H € &(H \ G) # 0. However since
H' \ G = H relying on La. 3, by Prop. 2 (a) it follows that
H € $diag, yielding a contradiction, hence G is a TDG of
H’. Next assume there is a proper sub-TDG G C G of H'.
Thus there is b € G\ G and we claim that 7 U {b} remains
non-diagonal yielding a contradiction to H € $Hmaxnd- 10
verify the claim assume by Prop. 2 (a) that H, = (V,, By) €
&(H U {b}). As by definition and La. 3 H = H' \ G, it
follows H U {b} = H'\ (G \ {b}) € H' \ G. Hence it
is H, € &(H'\ G) providing a contradiction because by
definition G N B, # . O

Theorem 4: Let H' = (V,B’') € $diag. Then H =

(V, B) C ‘H' is maximal non-diagonal iff B’\ B is a minimal
TDG of H'.
PROOF. The necessity directly is implied by Lemma 4. For
the sufficiency let G := B’ \ B be a minimal TDG of H’
and H := H'\ G. According to La. 3 it is V(H) = V. First
assume that H € $aqiag, and let H, € G(H). Since H' \
G C H' it follows that H, € &(H’) yielding a contradiction
because by definition GNB(H,) # 0, so H is non-diagonal.
Next, assume that there is any b € G such that H U {b}
remains non-diagonal, i.e., &(HU{b}) = 0. Let H, € &(H')
be arbitrary. Then it is B(H,) N (G \ {b}) # 0, otherwise
Hy € HU{b}, so Hy € &(H U {b}) which is impossible.
Therefore it follows that G \ {b} is a TDG of H' which
obviously is a sub-TDG of G providing a contradiction to
its minimality and settling that H € $Hpaxnd.- 0

As a direct consequence one obtains.

Corollary 2: For every diagonal base hypergraph there is
a maximal non-diagonal subhypergraph. More precisely, let
H' = (V,B’) € Hdiag then for every minimal TDG G of H’
it is H(G) =H \ G € Hmaxnd- O

V. A CONNECTION TO MAXIMAL SATISFIABLE
FORMULAS

Recall that for C' € UNSAT a subformula C' € SAT is
C’-maximal satisfiable if by definition CU{c} € UNSAT for
every ¢ € C'\ C [13]. As a non-trivial example consider the
total clause set K7, € UNSAT over any (even non-diagonal)
base hypergraph H = (V, B). However, for every ¢ € Wy
with K3 \#(B), a K3¢-maximal formula is provided [13]. As
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H(Kp \ t(B)) = H there can arise maximal non-diagonal
base hypergraphs from a C’-maximal satisfiable formula C
only in case H(C") # H(C'). As another example, let I € Z.
For any ¢ € I itis I\ {c} an I-maximal satisfiable formula
[13]. So for H € $mdiag, every F € Faiag(H) provides
an F-maximal satisfiable formula F'\ {c}, for any ¢ € F.
Whether there are deeper connections between both concepts
shall be the topic next. A useful concept here for the instances
in UNSAT is the parameter (C) := min{[t(B(C))NC]|:
t € Wy} > 0, together with W{jgg% ={t € Wy(c) :
[t(B() N C| = p(C)} [13]. Obviously u(C) = 0 means
that there is a compatible fibre-transversal in the complement
formula which by Thm. 1 implies C' € SAT contradicting
the assumption. A first result here is:

Theorem 5: Let C! € UNSAT with |C}]| = 1 for all

b € B(C'). If there is t € W";Eg:% such that H :=
H(C"\ t(B(C"))) is non-diagonal then H C H(C’) already
is maximal non-diagonal.

PROOF. The fibre-condition on C’ ensures that it is a fibre-
transversal of its base hypergraph, hence H' := H(C’) =:
(V',B") € Hdiag- According to the proof of Thm. 7 in [13] it
is C := C"\t(B') a C’'-maximal satisfiable formula. Assume
there is z € V'\V(C) then there also is ¢ € C'\C' containing
a literal over = which can be satisfied independent of C.
Thus C'U {c} € SAT providing a contradiction. Hence it
is V(C) =V’ = V(H). By assumption H =: (V', B) is
diagonal. Let b € B’ \ B be arbitrary then there is c € C} N
W3 which is not in C. But as C is C’-maximal satisfiable,
C' U {c} € UNSAT which according to the condition on C’
is a fibre-transversal of H U {b}. Thus 6(H U {b}) > 0, for
every b€ B'\ B. O

Restricting p to diagonal fibre-transversals induces the
following parameters on diagonal base hypergraphs.

Definition 4: Let H = (V,B) be a diagonal base hy-
pergraph. Let A(H) := min{[t(B)N F| : t € Wy ,F €
Faiag(H)} be the lower intersection index of H. Similarly
the upper intersection index of H is defined by v(H) =
max{[t(B) N F| : t € Wy, F € Faiag(H)}. Moreover let
W = {(t, F) € Wy X Faiag(H) : [t(B)NF| = 7(H)},
for 7 € {\, v}

Considering both A, v as integer-valued mappings on $giag
one has.

Lemma 5: There is no upper bound for the values of v on
53giag, and the lower bound of A on $giag is 1. Moreover,
restricted to $Hmdiag, A €quals the constant 1.

PROOF. Regarding the first claim again consider the sim-
ple hypergraph Ho, := (Vp,Bo) with Vy := {u,v},
By := {u,v,uv}. For the diagonal fibre-transversal Fj :=
{u,v,uv} and the truth assignment to(By) := {u, v, uv} one
has |to(Bo) N Fy| = 2 = [|Bo|/2] = |Bo| — 1 which also
coincides with v(Hg) as can be verified easily. Now let r > 0
be an integer, and let H; = (V;, B;) € 9, ¢ € [r], be arbitrary,
mutually disjoint base hypergraphs such that also V;NVy = (),
for all i € [r]. Set V = Uie Vis B = Uiep Bi and let
t € Wy, hence t(B) yields a compatible fibre-transversal
over B. Then ¥ (B’') := to(By) U t(B) provides a truth
assignment ' € Wy where V' := VUV, B’ := ByU B,
and F' := Fy Ut(B) € Faiag(H') where H' := (V', B’).
Moreover it is |[t'(B’) N F'| = |B’| — 1. Finally, introduce a
new variable u and select exactly one variable from u; € V;,
for all i € [r]. Defining a new edge b := {u,u,...u,} and
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setting B := B'U {b} obv1ous1y yields a connected diagonal
base hypergraph H = (V B). Finally, setting #(B) :=
t/(B')U{b} and F := F'U{b} establishes the first claim. The
lower bound statement for A\ directly follows from Thm. 1.
Next observe that A\(H) = min{u(F) : F € Faiag(H)}
Lemma 1 (e) directly implies that u(C) = 1 for every
C € T. Since Fgiag(H) C Z, for every minimal diagonal
base hypergraph it follows that the restriction /\\fjmdiag =1.
O

Proposition 3: For any diagonal base hypergraph H =
(v, B) it is H(F \ t(B)) non-diagonal, for every (¢,F) €
wr ),
PROOF. Let Hy = (Vo, Bo) := H(F' \ t(B)) and suppose
there is Fy € Faiag(Ho). Then by definition there is b €
By C B such that Fy(b) = t(b) as t(B) \ {t(b) : b € B\
By} is a compatible fibre-transversal over By. Clearly #(b) #
F(b). Hence extending F to Iy over B by setting Fy(b') :=
F (V') for all ¥’ € B\ By yields a diagonal fibre-transversal in
Fuing(H) with [t(B) N Fy| > v(H) which is a contradiction
providing the claim. O

Theorem 6: For all H € $giag One has:

(@ A(H) =

) v(H) > AH), if H & Dundiag.

(¢) v(H) = A(H) implies H € Hmaiag such there is no

pair b’ € B with bNv' = .

PROOF. Consider an arbitrary diagonal base hypergraph
H = (V,B), and let H, = (V,,B,) € &(H) be fixed
due Prop. 2. If H = H, we are done because of La. 5.
Otherwise set Hy := H\Hy = (V(B\By), B\ By). Choose
an arbitrary (¢4, Fj;) € WAMa)and fix an arbitrary Fy €
Feomp(Ho). Defining ¢ € Wy via t(B) = ty4(By) U Fy,
and F' € Faiag(H) via F' := Fy U Fy, as F,, € UNSAT,
we claim that |[t(B) N F| = 1 proving that A\(H) = 1. To
verify the claim, we first have A(H,) = 1 according to La.
5. Thus |t,(By) N Fy| =1, and clearly, Fj N Fy = (. Since
B(H)NB(Ho) = 0 it also follows that ¢,(By) N Fy = () and
FJ NF, = finishing the verification of (a). For (b) suppose
that H & $Himaiag then there are Hy, = (V,, By) € &(H)
and Hy .= H\ H, = (V(B\ By),B\ By,). Fix any
Fy € Feomp(Ho), define t € Wy via t(B) := ty(By) U Fo,
and F' € Fiag(H) via F := F U Fy. As |Fy| > 1 it follows
|t(B)N F| = |ty(By) N Fy| + |Fy| > 2 according to La. 5,
hence v(H) > 1 = A(H).

Regarding (c) let H € $mdiag then |B| > 1. Assume
there are by, bj, € B with by N = () and let F' € Fiag(H)
be arbitrary. Define t € Wy via t(by) = F(bo), t(by) =
F(bp) and for all b € B\ {bo,b}} by setting ¢(b) such that
V(t(bo) Nt(b)) = by Nb and V (¢(b) Nt(b)) = b Nb. Hence
it follows |F'Nt|=2. O

VI. CONCLUSION AND OPEN PROBLEMS

The class of maximal non-diagonal base hypergraphs has
been introduced. Whereas some structural properties could
be revealed, numerous questions remain open so far. So,
observe that the hypergraph H in the proof of the second
statement of Thm. 3 contains a loop which also is the
crucial part of this argumentation. Therefore one should try to
construct a loopless diagonal linear base hypergraph yielding
an exact linear, and maximal non-diagonal instance. Here the
Lemma 18 in [17] might be helpful. Next, there arise several
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computational problems along with their complexities: First
of all, given any base hypergraph H. What is the complexity
for deciding whether it is diagonal? This problem is closely
related to the problem: Given H and any of its fibre-
transversals F', decide whether F' is diagonal. Observe that
testing whether F' is compatible can be performed in linear
time in the size of the formula relying on appropriate data
structures. Suppose it could be efficiently decided whether
a non-compatible F' is satisfiable. Then also the decision
whether a linear formula is satisfiable was easy, at it appears
to be a fibre-transversal of its (linear) base hypergraph.
On the other hand, the latter problem is well known to
be NP-complete [17]. Thus the decision whether a fibre-
transversal is diagonal in general at least is NP-complete,
too. We conclude that a test of a base hypergraph for
diagonality should not rely on testing fibre-transversals. And
it arises the question whether there is another approach.
Also the complexity for deciding the minimal diagonality
of an instance H is unknown. Here it might be helpful to
clarify whether the criterion Fyiag(?) C Z for minimal
diagonality of H could be relaxed to Fgiag(H)NZ = (). The
latter would be equivalent to $§ = $mdiag. INEXt suppose it
could be tested fast whether the fibre-transversal of a linear
base hypergraph is minimal unsatisfiable. Then clearly the
same was true for an arbitrary linear formula, implying that
also SAT for linear formulas was decidable easily. So the
question how minimal diagonality or at least simplicity could
be decided efficiently remains open. Due to Cor. 2 every
diagonal base hypergraph admits a maximal non-diagonal
subhypergraph. Thus, given any diagonal H' and H C H’,
the decision whether H is maximal non-diagonal could be
performed by testing whether B(H') \ B(H) is a minimal
TDG of H’. Hence the complexity for deciding whether a
given set of hyperedges forms a minimal TDG has to be
investigated.

Further it is unclear whether the values of v restricted to
the subspace of minimal diagonal base hypergraphs admits
an upper bound depending on the size of the corresponding
B. Here we conjecture that this upper bound is given by
[|B|/2]. Note that v(H,) exactly equals this bound, as pro-
vided in the proof of La. 5. Given H = (V, B) € $diag, One
might ask whether there is a deeper structural relationship
between those instances H; := H \ t;(B), for different
pairs (t;, F;) € WM, i € [2]. Regarding the relationship
between A, u, the assumption C' € UNSAT in general does
not mean that H(C) € $diag. Moreover, 1 does not equal 1
on all of UNSAT: As e.g., the total clause set K7; even
of a non-diagonal base hypergraph H = (V,B) clearly
fulfills pu(Kyy) |B|. Additionally defining a function
o : UNSAT — N via 0(C) := max{[tNC| : t € Wy}
yields the relationship v(H) = max{o(F) : F' € Faiag(H)}
to the upper intersection index of a diagonal base hypergraph.
Observe that also o(K73) = |B|, so the question whether
there is an instance, for which both mappings, i, o become
equal, must be answered positive. However, according to
Thm. 6 it remains open whether there are minimal diagonal
base hypergraphs such that v(H) = \(H) =1
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