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Simplified Filtering Estimator for Spacecraft
Attitude Determination from Phase Information
of GPS Signals

S. Purivigraipong, Y. Hashida, and M. Unwin

Abstract—This paper presents an implementation of a
simplified filtering estimator for satellite attitude determination
using GPS (Global Positioning System) signals. The non-linear
system of estimator was modelled using Euler angles
parameterisation which applicable for real-time operation
onboard-satellite. An approach was to keep a pitch state
independent of roll and yaw. In order to cope with spacecraft
dynamics, the moment of inertial tensor of spacecraft and torques
caused by Earth’s gravitation field were modelled to estimate the
rate of change of angular velocity. Other advantage of the
simplified filtering estimator was that the electrical path
difference, line bias, between antenna chains caused an offset
error in GPS measurements can be estimated. The developed
filtering estimator was testing through simulated data, and flight
data from real spacecraft.

Index Terms—spacecraft attitude determination, GPS, line
bias.

I. INTRODUCTION

A deterministic algorithm such as QUEST [1] and TRIAD
[1] can be used to determine attitude of spacecraft. However,
since a new approach to linear filtering was proposed by
Kalman [2], the Kalman filter has been used widely for space
applications. By contrast to the deterministic algorithms, more
accurate results could potentially be achieved. Nevertheless,
the filtering requires the knowledge of the spacecraft dynamics.

In the traditional approach, spacecraft attitude determination
depends on attitude sensors, such as magnetometers, Sun
sensors, Earth sensors, inertial measurement units (IMU), and
star sensors. The use of Kalman filtering based on quaternion
parameterisation for attitude determination from traditional
attitude sensor was presented in [3].

However, since the use of GPS has been successfully
demonstrated in space navigation [4], a new approach is now
available using GPS for attitude determination. The
quaternion-based filtering estimator for spacecraft attitude
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determination from phase
presented in [5].

The wuse of quaternion parameters was suitable for
manoeuvre operation and singularities avoidance. However,
the way to model the estimator requires an extensive work on
mathematics and modeling. Furthermore, for real-flight
operation, the complexity could be arisen in the procedure of
software implementation.

This paper presents an approach to model a simplified
filtering estimator for flight operation. Using an Euler angles
parameterisation, the pitch state was independent of roll and
yaw. The advantage of this approach was that the system
model was simplified and suitable for flight operation under
small rotation angle.

information of GPS signals

II. BACKGROUND

A. GPS Attitude Observable

The observable in GPS attitude determination is the carrier
path difference, 7 (in length unit), between two antennas
separated by the baseline length, /.
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Figure 1. Carrier path difference for GPS attitude

A basic equation showing the relation between path
difference and attitude matrix, A, is expressed as

r=7+4+nl,; =(sy-by)=bjAs, (1)

where 7 is a true modulo path difference in length units, # is
the unknown integer cycle, A;, is the known wavelength of

GPS carrier frequency, sjis the unknown unit vector directed

to GPS satellite in body-fixed coordinates, and b, is the
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known baseline vector in body-fixed coordinates, and s, is
the known line of sight unit vector to the GPS satellite in
orbit-define coordinates.

In reality, the received phase measurements are perturbed
by measurement noise (w), multipath and bias. The multipath
signals are reflective signals from nearby objects surrounding
the antenna. A bias error (called line bias), p, is a relative
phase offset or phase delay between two antenna chains. Line
bias is common to all measurements taken from a common
pair of GPS antennas.

The full expression for path difference including integer
cycles and measurement errors can be written

Foy = (F+w+B8)+nl;, )

where 7y, is the recovered path difference including

measurement error.

B. Attitude Dynamics

It is supposed that a rigid body is moving in inertial
coordinates. The motion can be described by the translation
motion of its centre of mass, together with a rotation motion
of the body about some axis through its centre of mass. The
rotation motion is caused by the applied moment. The basic
equation of attitude dynamics relates the time derivative of the
angular momentum vector [6].

Ly0,0p = (NG +Ny, )_‘Dfe X(IMOI(DIB> 3)

where I/, is a moment of inertia tensor of spacecratft,
@} is an angular rate vector referenced to the inertial
frame, expressed in body-fixed coordinates,
N is a gravity-gradient torque vector,

N,, is a magnetorquers vector.

III. SIMPLIFIED MODEL OF EARTH-POINTING SPACECRAFT
DYNAMICS UNDER SMALL ROTATION ANGLES

This section describes spacecraft dynamics under small
rotation angles using Euler angle representation. The
Earth-pointing spacecraft is widely used for communication
satellites and Earth observation satellites. The spacecraft
rotates at one revolution per orbit in a near circular orbit with
orbital angular rate, @, . The orbital rate vector can be written

as

0,=[0 -0, 0] )

The attitude angles are defined as roll, pitch and yaw which
are treated as small errors about the velocity vector. The
transformation matrix from orbit-defined coordinates to the
body-fixed coordinates can be expressed as
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1 v -0
Azl 1 ¢ (%)
0 —¢ 1

where (@, 6, v) denote roll, pitch and yaw angles,
respectively.

The body angular rate vector referenced to orbit-defined
coordinates can be derived from the rate of change of Euler
angles (2-1-3 type)

(DIO? = |:a)0x a)Oy W, ]T = |:¢ 0 l//:|T (6)

Where ©%is an angular rate vector referenced to the
orbit-defined frame, expressed in body-fixed coordinates.

The body angular velocity vector referenced to inertial
coordinate system can be derived

¢ 0 (15—500!//
wé=w§+Amos 0 |+A|l -0, |=| -0, 7
v 0 | |y+a

where a)o2 = Ug / R3S is the orbital angular velocity of the
spacecraft in the circular orbit of radius Ry, and s is the

Earth’s gravitational constant. For example a typical orbit of a
microsatellite at 800 km altitude is @, = 0.059 degree/second.

The zenith vector along the yaw axis in the orbit-defined
coordinates is (0,0,—1) . Thus, the zenith vector in the

body-fixed coordinates system, Z , , is
iy=Al0 0 -] =[0 ¢ 1] (®)

The simplified formulation of gravity-gradient torque, Ng,
on the entire spacecraft can be expressed [6]

([zz _Iyy)¢
Ng =302, x(Lyp,25) =30, | (1. - 1,.)0 ©)
0

The above equation is simplified by linearisation for a
spacecraft in a near circular orbit using small-angle
approximation for ¢ and 6.

If we consider only the torque from Earth’s gravitational
field, the dynamic equation in the body-fixed coordinates
system can be expressed as
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30 (1. =1, )¢~ (1. -1, ) 0,0,
Loy =| 30, (1. —1,,)0+(1.. -1, ) 0,0, (10)

zz XX

(1)QC -1, )a)xa)y

T
1
where coB:[a)x o, a)ZJ .

If the satellite has a symmetric structure in the x and y axes
(Iix = Iy = I, = transverse inertia momentum), the dynamics
equations are then rewritten as

3[03 (Izz _[t)¢_(lzz _It)wzwy
Lyo0y ~| 30, (1. —1,)0+(1.. - 1,) w0, (11)

(=

From Equation (7), the first-order derivative of the
body-fixed angular rate vector is

oh=[F-opy 0 rad] (12)

Substituting the component of angular velocity vector mé

and its derivative (bg into Equation (11) yields

é 4(K—l)a)§¢+1(a)ol/)
] 3(k -1’6 (13)
v 0,4

Q

where k=1, /1,

It can be seen that the pitch is separated from roll and yaw
under small rotation angles. There is only a coupling term
between roll and yaw.

IV. SimpLIFIED EKF (SEKF) ESTIMATOR
The assumptions of the SEKF estimator are listed as follows:

1) The spacecraft is nominally Earth pointing with either a
certain spin rate in Z axis or 3-axis stabilised.

2) The spacecraft has a symmetric structure on X and Y
axes (I = I,y = I, = transverse inertia momentum), and
without any cross terms.

3) The orbit of the spacecraft is near circular with an almost
constant angular rate.
4) The system noise model has zero mean.

A. State Vector

From Equation (13) in previous section, it is explicitly
shown that pitch is independently separated from roll and
yaw. The novel formulation identifies two state vectors that
keep the pitch state independent of roll and yaw, and
simplifies the general calculation.
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The state vectors x; and x,, are defined as

. T

x=[¢ v ¢ v] (14)
. T

x=[0 0 B p] (15)

B. System Model
The non-linear model is defined as

x =f(x, £)+w() (16)

where f(x, ¢) is a non-linear system model,
w(t) is a zero mean white system noise with covariance

matrix Q
The difference between the actual state vector, x, and
estimated state vector, x, is defined as the state perturbation,
AX

AX(¢) = x(1) — X(?) (17)

As it is assumed that Ax is small, the system model can be
approximately derived from

f(x, t)zf(fc, t)+F-Ax (18)

where F is a linearised system model defined as

of
Al "

As we consider only the torque from the Earth’s gravitation
field and from magnetorquers, then the dynamics equation of
the system model is analytically simplified as

4| |4
x =" |=" (20)
¢ dx-Dazp+xoy + Ny /I, + w,
l/; —Q)O¢ + NMz/Iz + Wz
51 [
i 5
%, = 6 _ 3~(/<—1)a)06’ + Ny [l + w, 1)
ﬁl By
Bl B

Two discrete state transition matrices, ®; and @,, can be
approximated for a short sampling period At

@, ~1,,, + FAr (22)
@, ~ I, +FA (23)

where At =1,.,) 1,
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Therefore, the discrete state perturbation model is then given by

24)
(25)

AXipiry = PigpyAXy(p)

AXy(pity = Do) AXy(p)

C. Measurement Model
A discrete non-linear measurement model is expressed as
z= h(x, t) +m(?) (26)

where h(x, ¢) is a non-linear output model,
m(t) is a zero mean white measurement noise with
scalar covariance R.

The linearised innovation error model is given by

Aty =20 —h, (R 1) =H ) Ax(,) +m, (1) (27)

where Ar,, is an innovation vector at epoch p, an observation

ch
H, :{ (p)}
Oox .
X=X

The attitude matrix (2-1-3 type) for small angles in roll and
pitch, but unlimited yaw rotation is used to calculate the
predicted path difference.

matrix H( » is defined as

(28)

cosy  sing  —Ocosy + siny
Ag =|—sing cosy  Osiny +gcosy

0 —¢ 1

29

At epoch p, an observation matrix for each estimator is then
obtained from

oA oA
_| T O(p-1) T A(p-1)
Hy,) = bz{—(% ]Som bB[—az// }SO(p) 00

(30)

D. Innovation Computation
The innovation is computed as the scalar difference between
recovered path difference 7 and predicted path difference

A

ro.
Sr=F—Fi" (32)

Where or is an innovation for one measurement.
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At epoch p, knowledge of the quaternion-attitude, A@ , from

the previous epoch (p-1) is required to estimate the predicted
path difference, f(;).

A T4h
Tipy =B AG-nS0(p) (33)

For all GPS data at epoch p, the innovation is stacked into a
vector Ar,) .

E. Covariance Matrices

The error covariance matrices Py and P,, are computed by

P, :<Axl A" > (34)

Py, = <Ax2 -Ax§> (35)

Note that, two estimators operate simultaneously. The
original (8 x8) covariance matrix is replaced with the (4x4) P,

and (4x4) P, matrices.

V. TEST RESULTS

A. Simulated Results

Simulation results presented in this paper are based on a
three-axis stabilised satellite in a circular orbit, 64.5 degrees
inclination, and altitude 650 km. The nominal simulation
parameters are given in Table 1.

Table 1: Nominal Simulation Parameters

parameter X axis | y axis | z axis
moment of inertia (kg m?) 40.0 40.0 | 40.0
initial attitude (degrees) 0.0 0.0 0.0
initial angular velocity (deg/s)| 0.0 -0.06 | 0.0
baseline coordinates b; (mm) | 167.7 | 625.7 | 0.0
baseline coordinates b, (mm) | -625.7 | -167.7 | 0.0
line bias of baseline b, (£;) (mm) 90
line bias of baseline b, (£) (mm) 50

The attitude dynamics of three-axis stabilised satellite was
simulated. The six hours of simulated GPS measurements
were used as the input file. It was important to note that in this
paper, the measurement error is assumed as white Gaussian
with 5 mm rms [7].

The setup parameters for the filtering estimator were shown
in Table 2.

Table 2: Setup parameters for gEKF estimator

parameter value dimension
system noise variance, Q 1.0e-6| mixed dimension
(rad? and rad”/sec?)
measurement noise variance, R |6.4e-5 metre’
initial guess of attitude angles 0.0 degree
initial guess of angular velocities | 0.0 degree/second
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Using the filtering estimator, the estimated attitude disparity
(estimated attitude from filtering compared to the reference
attitude from simulation) in roll is plotted in Figure 2. The
computed one-sigma rms of difference between reference
attitude and estimated GPS attitude is shown in Table 3.

Estimated Disparity in Roll
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Figure 2. attitude disparity in roll

Table 3: One-sigma rms of difference between estimate and
reference attitude (case: simulation)

disparity in roll

disparity in pitch

disparity in yaw

0.3°

0.2°

0.2°

As shown in the simulated results, the attitude error

compared to reference solution is small than one degree. The
estimated angular velocity in Y-axis also closes to the
simulated velocity (-0.06 deg/sec) as shown in Figure 3. The
estimated line bias is shown in Figure 4.
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Figure 3. Estimated angular velocity in Y axis
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Figure 4. Estimated line bias for both antenna-baselines

As shown in Figure 4, the figure of estimated line bias
for both baselines is close to the nominal in the Table 1.
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B. Flight Results

This section shows an estimated attitude from real GPS data.
A set of phase difference measurements was logged on
UoSat-12 minisatellite [8], on 13™ January 2000, for 200
minutes.

In January 2000, the UoSat-12 was operated in momentum
bias mode. The spacecraft attitude was maintained by magnetic
firing and torques generated by a reaction wheel in Y-axis. The
logged data of wheel speed commanded by ADCS (Attitude
Determination and Control System) is shown in Figure 5.
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Figure 5. Logged data of Y-wheel speed

As can be seen that the nominal wheel speed was 100 rpm
(revolution per minute) approximately. At the 90™ minute and
190™ minute, spacecraft was commanded to operate under
manoeuvre in pitch.

The ADCS attitude on the UoSat-12 was derived from
magnetometers and horizon-sensor measurements, and used as
the reference attitude in evaluating the attitude derived from
GPS sensing. The logged data of the computed ADCS attitude
is shown in Figure 6.

ADCS Attitude from Combined Magnetometers and Horizon
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Figure 6. Logged data of UoSat-12 ADCS attitude

As shown in Figure 6, the rotation in roll and yaw of
UoSat-12 was controlled to within 4 degrees, but the interesting
thing is the change in pitch. UoSat-12 was manoeuvred to -20
degrees pitch, from the 90" minute to the 190™ minute.

Using only GPS data, in acquisition process, a new
ambiguity search is performed to estimate and verify initial
attitude solution for 5 minutes. A detailed description and
results is presented in [9].
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In the following process, the filtering estimator was Estimated Line Bias
performed to estimate attitude from GPS data collected from ™ .. 43 548 2000 Start Time: GPS week 1044, GPS second 384824.60
two orthogonal antenna-baselines. The initialised elements of R 008 | | | | |
and Q were given in Table 2. 0.06 4 | | | | Line Bias #1
Figure 7 shows a comparison between the ADCS pitch and .04 | e :
GPS pitch estimated from sEKF estimator. As can be seen, the 0.02 4 |
estimated attitude using GPS measurements is very close to 0.00 7
ADCS attitude. The disparity is less than 1 degree rms. The ggz
computed one-sigma rms of difference between ADCS :0:06 i
attitude and estimated GPS attitude is shown in Table 4. 008 1
-0.10
0 20 40 60 80 100 120 140 160 180 200
(deg) Pitch Comparison between GPS Attitude and ADCS Time (minutes)
10 Data: 13 JAN 2000 Start Time: GPS week 1044, GPS second 384824.60 Figure 9 Estimated line bias Of GPS attitude observable

VI. CONCLUSIONS

All results of attitude estimations from simulated data and
flight data were proven that the implemented SEKF estimator
provides remarkable results compared to reference solutions.
Furthermore, these results also show that phase information of
GPS signals potentially provided attitude information within 1
0 20 40 60 80 0 120 10 160 180 200  degree (one-sigma rms, compared to reference attitude).

Time (minutes)

R

Figure 7. Pitch comparison between ADCS and GPS
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Figure 8. Estimated angular velocity in Y-axis

The estimated line bias of carrier phase difference for both
baselines is shown in Figure 9. The line bias varied with time
with a small drift rate. However, temperature may cause
variation in line bias. If the temperature significantly changes,
the variation of line bias may be significantly larger or smaller
in a short period.
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