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Further results on the Craig-Sakamoto Equation

John Maroulas *

Abstract—In this paper necessary and sufficient
conditions are stated for the Craig-Sakamoto equation
det(I — sA —tB) = det(I — sA) det(I — tB), for all scalars
s, t. Moreover, spectral properties for A and B are
investigated.
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1 Introduction

Let M, (C) be the set of nxn matrices with elements in
C. For A and B € M, (C), the well known in Statisticts
Craig-Sakamoto (CS) equation

det(I — sA —tB) = det(I — sA)det(I —tB) (1)
for all scalars s, t has occupied several researchers. In
particular, in [4] O. Trussky has presented that the CS
equation is equivalent to AB = O, when A, B are nor-
mal and most recently in [3] Olkin and in [1] Li have
proved the same result in a different way. The author, to-
gether with M. Tsatsomero and P. Psarrako in [2], have
investigated the CS equation involving the eigenspaces
of A,B and sA + tB. Being more specific, if o(X) de-
notes the spectrum for a matrix X, mx () the algebraic
multiplicity of A € o(X), and Ex(X) the generalized
eigenspace corresponding to A, we have shown:

Proposition 1 For the n x n matrices A, B the follow-
ing are equivalent :
I. The CS equation holds

II. for every s,t € C,

o(sA®tB) =0 ((sa+tB)® 0,),
where O,, denotes the zero matrix
II1. o(sA+tB) ={su; +tv; : p; € o(A), v; € o(B)}

where the pairing of eigenvalues requires either
pi =0 or v; =0.
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Proposition 2 Let the n x n matrices A, B satisfy the
CS equation. Then,

I. ma(0) + mp(0) > n.

II. If A is nonsingular, then B must be nilpotent.

III. If A = 0 is semisimple eigenvalue of A and B,

then rank(A) + rank(B) < n.

Proposition 3 Let A = 0 be semisimple eigenvalue of
n x n matrices A and B such that BE4(0) C E4(0).
Then the following are equivalent.

I. Condition CS holds.

II.  C" = FE4(0)+ Ep(0).

IIT. AB=0.

The remaining results in [2] are based on the basic as-
sumption that A\ = 0 is a semisimple eigenvalue of A
and B. Relaxing this restriction, we shall attempt here
to look at the CS equation focused on the factorization of
polynomial of two variables f(s, t) = det(I — sA — tB).
Also, considering the determinants in (1), new conditions
necessary and sufficient on CS property are stated.

2 Criteria for CS equation

The first statement on the CS property is obtained in-
vestigating the determinantal equation through the The-
ory of Polynomials. By Proposition 2 II, it is clear
that the CS equation is worth valuable when the n xn
matrices A and B are singular. Especially, we de-
fine that 7 A and B are called r-complementary, if
and only if at most, r rows (columns), a;,, ai,, ---,a;,
of A are shifted and substituted by the corresponding
biyy biy, -+, bi, Tows (columns) of B, such that the struc-
tured matriz N (i1, i, -+ +,i,.) of a’ s and b’ s rows is
nonsingular.” Then we have:

i1

Proposition 4 Let the n x n singular matrices A and
B be [n — mp(0)]-complementary with

0 = Z detN (i1,72, ..., in—my0)) # 0, where

U15esln—m g (0)

the sum is over all possible combinations i1, ..., 4, _my(0)
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of n—mp(0) of the indices 1,2,...,n. If they satisfy the

CS equation, then
ma(0) + mp(0) = n.

Proposition 5 Let A = 0 be semisimple eigenvalue of
n x n matrices A and B such that E4(0) + Ep(0) =
C". If for any A € o(A)\{0}, (or, p € o(B)\{0}), the
corresponding generalized eigenspaces E4(\), (Eg(u))
satisfy E4(\) C Ep(0), (or, Eg(p) € E4(0)), then

I A, B have the CS property.

II. Es(A\) = Er_sa—1p(1—s)), and
Ep(p) = Er—sa—tp(1 —tp).

3 Criteria for CS equation

Also, a new necessary and sufficient condition on CS
property following is stated. Let

f(s,t) =det(I — sA—tB) Z Mmpgstt?,  (2)
P,9=0
for p+ ¢ < n. Denoting by
x:[1382 S"]T,y:[ltt2
then (2) is written obviously

f(s,t) = 2" My,

where M = [my]) . with mgo = 1.

Proposition 6 Let A, B € M,(C). The CS equation
holds for the pair of matrices A and B if and only if
rankM = 1.

Z’:l"“’il’ > the leading prin-

]17"')jq
cipal minor of order p + ¢(< n), which is defined by

Following we note by M <

the 41,...,7, rows of A and j;,...,j; rows of B, i.e.,
iy, .
M b““"’zp > is equal to
jlau-vjq
Qiyiy  Qiyig Qiygyp Qigig Qiyjg Aiyip
Qiziy  Qigiy  Qizgy  Qigig Qiyjq Qiyiy,
bj1i1 bj122 bjljl bjlia bjqu bjlip
Qigiy  Qigiy  Qigjy  Qigig
quil quiZ qujq
Qi Qi Qi
for i1 <2 < j1 < i3 < --r < jJg < -+ < ip. Thus, we

clarify a determinental expression of coefficients my, in

(2):
= (—1)pta M( e >
bjr,.s g

>

1§7;1<j1<"'<]'q<ip§n

Mpq
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m 1"

where myg = 1. Using the criterion in Proposition 6, the
next necessary and sufficient conditions arise.

Proposition 7 The n x n matrices A and B have the
CS property if and only if

ZM(CLil,...J’p) ZM(bjlv---,Jq ZM< Ay .. Lip > 7

~Jaq
for p+ ¢ <n, and

ZM(ail,...,iP) ZM(bjh.-.,jq) =0,

for p+q > n.

The equations in Proposition 7 give also an answer to the
problem ” For the n x n matriz A, clarify the set

CS(A)={B: A and B follow the CS property }.
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