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Abstract—The paper introduces ¢-parametric
Bleimann, Butzer and Hahn (¢-BBH) operators as a
rational transformation of g-Bernstein-Lupasg opera-
tors. On their basis, a set of new results on ¢-BBH op-
erators can be obtained easily from the corresponding
Further-
more, convergence properties of ¢-BBH operators are

studied.

properties of ¢-Bernstein-Lupas operators.
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1 Introduction

The linear operator U,, defined by

)2
k=0

where f € RI%%) was introduced by Bleimann, Butzer,
and Hahn [5] to approximate continuous functions. In [5],
[1] the authors pointed out some formal similarities and
differences between U,, and the classical Bernstein oper-
ator B,. Connection suggested in [1] can be formulated
by means of the following identity

U, = (I)_l o Bn+1 o (I)a

®~! and ® are suitable positive linear operators which

will be defined below. This idea was used in [8] to de-

fine new g-analogue of the Bleimann, Butzer, and Hahn

operators as follows:
Unyg (fi@) = (‘I)_l © Bnt1,40®) (fi2),

where B,,11,4 is a Philips g-analogue of the Bernstein

operators.

Using the classical connection between Bernstein and
BBH operators we propose the following g-analogue of the
Bleimann, Butzer and Hahn operators in CY_, [0, c0) :

. — -1 .
Un,q (fvx) L ((I) o Rn+1.,q © CI)) (fv*x) ) (1)
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where R, , is the Lupag ¢-Bernstein operator on C [0, 1]
defined by

matr =31 (E)[ 1]

k( 271) Ik(l _ x)nfk

X :
(1-—z4gqx)...(1—x+q" 12)

Thanks to (1), different properties of R,,+1 4 can be trans-
ferred to U,, , with some extra effort. Thus, the limiting
behaviour of U, , can be immediately derived from (1)
and the well known properties of R,11 4.

2 Construction and some properties of
the operators

Let ¢ > 0. For any n € N U {0}, the g-integer [n] = [n],

is defined by

] :=14q+...4+¢" 7,
[0] :=0;

and the g-factorial [n]! = [n] ! by

(]! =[] [2] .. [n],
[0]! := 1.

For integers 0 < k < n, the g-binomial is defined by
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Also, we use the following notations:

bk (¢; @) := [Z]

qk(k 1) k(l _ .Z’)" k
X )
(1—-z+gqx)..(1—z+q¢" 1)

n ] gF+D/2gk
(g;2) = —
Un, kG5 |: k :| (1+qx)n P

k(k—1)

¢z (z/1—x)"

bOO,k?<q;x) = o0 b
1—q Hl—l—qﬂ (/1 —2x))
) PLCRRI
Uoo k(G5 ) 1= — :
(1+q2);° (1—q)" [K]!
C'[0, <]

={f € C[0,00) ]| f (x) has a finite limit at oo},

C(l)Jrz [07 OO)

={f€C0,00) [ f(z) =0(l+x),2— o0}

It is assumed that C7, [0, 00) is endowed with the norm

|f (@)

71 = sup -5

We consider the operators ® : RI%:>) — RI[0:1]
1-07(), teb),

0, t=1,

D (f,t):=

and @1 : RIOD — RI0.0),

1 (g,2) = (1—|—a:)g< ) z € [0,00).

14+

Theorem 1 [10] We have the following relations:

ISBN:978-988-18210-1-0

1. @Yo ® is the identity operator on R
2. f e}, 10,00) if and only if ®f € C'[0,1].
3. 1If f € CY,[0,00), then f is convez if and only if f

is convexr and nonincreasing.

We introduce Bleimann, Butzer and Hahn type operators
based on g¢-integers as follows.

Definition 2 For f € RI%®) the ¢-Bleimann, Butzer
and Hahn operators are given by

n,q(f; ):( 710Rn+1qo(1)) (fax)

—Zf( n_k+ ])un,k(q;x)
1+qa: Zf( n—kJr ])

9 k=0

« { Z } qk(k+1)/2xk, ne N.

Definition 3 Let 0 < g < 1. The linear operator defined
on RO given by

Uoo,q (fa IE)
k

= if (1 ;kq ) Uso,k (45 )

k(k+1)/2

_ 1 1—¢* q o
a (1+qx)°°2_:f< q* )(1—q)k[/€]!

is called the limit g-BBH operator.

Lemma 4 U, 4,Us 4 : C7,,[0,00) — C?, . [0,00) are
linear positive operators and

1Unq (D110 < M1 fll1sas
1Woo.q (Nll1z < NNl -

Lemma 5 We have

Un,q (L;2) =1,

n(n+1)/2,.n+1
Ung () =0 = TS
’ (1+gqz),

Theorem 6 If f € C{ ,[0,00) is a conver function,
then the sequence {U, 4 (f;x)} is nonincreasing in n for
each q € (0,1] and x € [0, c0).
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Proof. We start by writing it suffices to show nonnegativity of ar, 0 < k < n. Let us
write
nq(fa )_ n+1q(fa ) aiqnik[k‘k].] 170[7[”7]{]
_ HZ <) 1 11"
T+ ) [n—k+1] 2 = (k] 2y — k+1]
“ [ n ]qk%+lV2xk(1_Fqn+1x) ¢ [n—k+1] q¢ctt[n — K
k Then it follows that
n+1
_( nHZ ( nk+2]) ary + (1 —a)
) Rkl [
x{n_kl}qk(k"'l)ﬂxk I+ Fln—k+1]
K -k [k+1]
g 2 0 1] ¢+ o — &)
(1+qz), _ k1] M R -k
x<f(m+u>_f(mg> T kT
gt q" LR n+1 [k+1]
Z < ) St n+1n—k+1  ¢Ftin—k+1]
( Z+1 k +1] We see immediately that
y { ! ] D (+2)/2 k1 a = af (11) + (1 - a) f (22)
—flaz;+(1—a)zy) >0
[k + 1]
( s n+1 Z < =y ]> which proves the theorem. m
)q
[ . n } gD (42)/2, k1 3 Convergence properties of U, ,
+1
Y For f € C[0,1], ¢ > 0, the modulus of continuity is defined
S e B by
n+1 Z ( k?Jrl _ )
<1+ = =kt 1] w(f.t) = sup |f(@) = f(y)].

|z—y|<t

n+1 | (k1) (k+2)/2 kt1
X[k+1}q o

Theorem 7 Let q = g, satisfies 0 < ¢, < 1 and let
Consequently, gn — 1 as n — oo. For any x € [0,00) and for any
f ey, [0,00) the following inequality holds
THI(fv )_ n+1q(fv )

1
_ 1 mWn,q (fiz) = f ()|
(1 + Q$)7)+1
<2 (/A (@),
gt (n42)/2 k1 <f <[n+ 1]) _ ¥ <[n]>) . )
g+t q" where Ay, (z) =

1+ x)2 [+ 1]qn

n+1
n+1zak [ o }q(k+1)(k+2)/2xk+1, (2)

(1 +ar)y S Proof. Positivity of R, 1,4, implies that for any g €

1
where o, 1],
R, ) - 4
P " Rut1g, (9:2) — g () 4)
W= 1]\ Fm— kT 3) < Ruyia, (l9() = g (@)]52).
[n — k] [k +1]
™ [n+ 1] f @ n— k] On the other hand
f<[k+?H)_ [(@f) (1) = (2f) (x)
b+l p — k4 1] <w(®f, |t — )
Now from Theorem 1 since f is nonincreasing the first <w(®f,0) (1 + 1 It — ac|) >0
term is nonnegative. Thus to show monotonicity of U, 4 g
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This inequality and (4) imply that

|Rns1,q, (@f;2) — (2f) ()]

1
w(@f,9) <1 + an+11Qn (It

in)

and
|Un,q (f,.’L') —f($)|
- R Y — ) ”“"
=1+ n+1,qn( f’l—Hr)_( f)(1+$)‘
<(Q+z)w(2f,0)
1 x T
X <1+ an—H,qn (‘t Tz ’1+x>)
<(1+z)w(P@f,9) (1+(15
r | =z 12
et )
=(1 ) 1
= (1 +2)w(®f,9) E 1—1—33 n+1
1/2
T qn®
1+m1+qn:17< B n+1 ) 1+m )

<(1+z)w(Pf,0) ( <+
_(l—i—x n+1 )

1/2
1 T
1+3 ) ((1+x) [n—&—l]qn>

used the

— (1+2)w (®f.5)

have

X
RnJqun ( t— T+

[9]. Now by choosing § =
result. m

where we explicit

Corollary 8 Let q = ¢, satisfies 0 < q, < 1 and let
gn — 1 asn — oco. For any f € CY,[0,00) it holds that

im (|Un,q (f;2) = f

n—oo

@)1 =0

It is proved in [9] that, b, k(q; %) — beo .k (¢; ) uniformly
inx € [0,1) as n — oo. In the next lemma we give an

estimate for ’bn,k(q; ) = boo (g3 125)| for @ € [0, 00).

Lemma 9 Let 0 < g < 1, k > 0, n > 1.For any z €

ISBN:978-988-18210-1-0

formula for

2
;1im>, which can be found in

An (x), we obtain desired

[0,00) we have

T T
b k(@ =) = boo,k(q; 7——
x(q 1+x) x(q 1+x)
n n—k+1
x xq z q
< by, 5 boo 5 .
- ’k(ql—kw)l * k(ql—i—x) 1—gq

Using Lemma 9 we prove the following quantitative result
for the rate of local convergence of U, 4 (f;z) in terms of
the first modulus of continuity.

Theorem 10 Let 0 < ¢ <1 and f € CY,,[0,00). Then
for all 0 <z < co we have

Uso,q (f5 )]

|Un,q (f?x)*
<2(1+x) (1“3 +1>w(<1>f,q"+1).

Proof. Consider

A () :=Ung(fi2) = Uso,q(f32)
= (‘1)71 oRyy1,40 CI)) (fv'r)
— (@7 0 Roo g0 @) (f32)
= ((I)il © (Rn+1,q - ROO,q) © (I)) (f,:c)
= (<I>_1 o (Rpt1,g — Roo,q)) (Df;x).

Since U, q(f;x) and Us 4(f; ) possess the end point in-
terpolation property, A (0) = 0. For all z € (0,00) we
rewrite A in the following form

A ()

n+1
el Kl O\ ok
=oted |@n) (i)~ @0 0-e)
X bn-‘rlJc(Q; J})
n+1
+o o> [(@f) (1—¢") — (@f) (1)]
k=0
X (bng1,1(¢;2) — boo k(g3 7))

> @ (-4

k=n-+2
X boo(q;2) = I1 + I + I.

—®7o —(@f) ()]

We start with estimation of I; and I3. Since

(]

(ko Lmd
1— k
:n+117qg+1—q 1
0<1-(1-¢")=¢"<¢"™, k>n+1,
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we get

|11
n+1

<(I4z)w(®f,¢") Z bn+1,%(¢;
k=0

=(1+z)w(2f,¢""),

T
1+

|13
X
1+x

<(1+2)w(@f,¢") Y boo(a; )

k=n-+2
<(l+z)w (<I>f7 q"“) .

Finally we estimate I». Using the property,
w(f,A) < (1 +Nw(f,t), A>0,

and Lemma 9 we get

n+1
Bl < (1+2) Y w(®f,¢)
k=0

T

X [
1+

x
bn+1,k(q; m) - boo,k(q; )‘

n+1

S ta)w(@f.g) Y (1+d" )
k=0

) = boo (g5 —

X -
(171_|_$

X
b .
n+1,k:(‘17 1tz T

|

<2(1+a)w (@f.0")

n+1

<3
k=0

<2(1+4=x)° 17iqw (f, q"+1) )

_r
1+

brt1,5(q ) — boo k(43 )

1+w
(7)

From (5), (6), and (7), we conclude the desired estima-
tion. m
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