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Abstract—This study proposes a model of adding
edges of forming a simple path to a level of depth N
in a complete binary tree of height H under giving pri-
ority to edges between two nodes of which the deep-
est common ancestor is deeper. An optimal depth
N∗ is obtained by maximizing the total shortening
path length which is the sum of shortening lengths of
shortest paths between every pair of all nodes in the
complete binary tree.
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1 Introduction

The pyramid organization structure based on the prin-
ciple of unity of command can be expressed as a rooted
tree, if we let nodes and edges in the rooted tree corre-
spond to members and relations between members in the
organization respectively [2, 6]. Then the path between
each node in the rooted tree is equivalent to the route of
communication of information between each member in
the organization. Moreover, adding edges to the rooted
tree is equivalent to forming additional relations other
than that between each superior and his subordinates.

The purpose of our study is to obtain an optimal set of ad-
ditional relations to the pyramid organization such that
the communication of information between every mem-
ber in the organization becomes the most efficient. This
means that we obtain a set of additional edges to the
rooted tree minimizing the sum of lengths of shortest
paths between every pair of all nodes.

We have obtained an optimal depth for each of the fol-
lowing three models of adding relations in a level to the
organization structure which is a complete K-ary tree of
height H: (i) a model of adding an edge between two
nodes with the same depth, (ii) a model of adding edges
between every pair of nodes with the same depth, and
(iii) a model of adding edges between every pair of sib-
lings with the same depth [3]. A complete K-ary tree is a
rooted tree in which all leaves have the same depth and
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Figure 1: An example of adding edges of forming a simple
path.

all internal nodes have K(K = 2, 3, . . .) children [1]. A
complete K-ary tree of K = 2 is a complete binary tree.

This study proposes a model of adding edges of forming
a simple path to a level of depth N(N = 1, 2, . . . , H) in
a complete binary tree of height H(H = 1, 2, . . .) under
giving priority to edges between two nodes of which the
deepest common ancestor is deeper as follows.

Step 1: Add new edges between each pair of nodes of which
the depth of the deepest common ancestor is N − 1.

Step 2: Add new edges between each one pair of nodes of
which the depth of the deepest common ancestor is N −2.

Step 3: Add new edges between each one pair of nodes of
which the depth of the deepest common ancestor is N − 3
and on which the only added edge is incident.

Step 4: Repeat Step 3 while the depth of the deepest com-
mon ancestor is N − 4, N − 3, . . . , 1, 0.

Figure 1 shows an example of adding edges of forming a
simple path to the level of N = 3 in a complete binary
tree of H = 5 as Step 1–4. In Figure 1 bold edges between
nodes of depth N = 3 signify the added edges.

If li,j(= lj,i) denotes the path length, which is the number
of edges in the shortest path from a node vi to a node vj

(i, j = 1, 2, . . . , 2H+1 − 1) in the complete binary tree of
height H, then

∑
i<j li,j is the total path length. Further-
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more, if l′i,j denotes the path length from vi to vj after
adding edges in this model, li,j − l′i,j is called the short-
ening path length between vi and vj , and

∑
i<j(li,j − l′i,j)

is called the total shortening path length. Minimizing the
total path length is equivalent to maximizing the total
shortening path length.

In Section 2 the total shortening path length is formu-
lated when new edges are added to a level of depth N in
a complete binary tree of height H as Step 1–4. In Sec-
tion 3 an optimal depth N∗ which maximizes the total
shortening path length is obtained.

2 Formulation of Total Shortening Path
Length

When we add a new edge between two nodes with depth
N of which the depth of the deepest common ancestor
is N − i (i = 1, 2, . . . , N), the sum of shortening path
lengths can be formulated by summing up the following
three equations:

AH,N (i) = m(H − N)2(2i − 1), (1)

BH,N (i) = 2m(H − N)
i−1∑
j=1

{m(H − N + j − 1) + 1}

× (2i − 2j − 1), (2)

and

CH,N (i) =
i−2∑
j=1

{m(H − N + j − 1) + 1}

×
i−j−1∑
k=1

{m(H − N + k − 1) + 1}

× (2i − 2j − 2k − 1), (3)

where m(h) denotes the number of nodes of a complete
binary tree of height h (h = 0, 1, 2, . . .), and we define

0∑
j=1

· = 0 , (4)

and
−1∑
j=1

· = 0 . (5)

When one edge between two nodes of which the depth
of the deepest common ancestor is N − i in Step 2–4 is
added, the sum of shortening path lengths is obtained
by adding DH,N (i) + EH,N (i) to AH,N (i) + BH,N (i) +
CH,N (i). DH,N (i) and EH,N (i) which are the sum of
additional shortening path lengths of using former added
edges are given by

DH,N (i) = 2m(H −N)
i−2∑
j=1

m(H −N + j − 1) + PH,N (i),

(6)

and

EH,N (i) =



0 (i = 1)
3m(H − N)2 (i = 2)
7m(H − N)2 + QH,N (i = 3)
9m(H − N)2 + RH,N (i) (i = 4, 5)
7m(H − N)2 + RH,N (i) (i = 6)
6m(H − N)2 + RH,N (i) (i ≥ 7)

,

(7)

where

PH,N (i) =

{
0 (i ≤ 3)
m(H − N)2(i − 3) (i ≥ 4)

, (8)

QH,N = 4m(H − N)m(H − N + 1), (9)

RH,N (i) = m(H − N)
{
4m(H − N + i − 2)

+ 4m(H − N + i − 3)
+ 2m(H − N + i − 4)

}
, (10)

and Equations (4) and (5) apply.

From the above equations, the total shortening path
length of this model SH,N is formulated by

SH,N =
N∑

i=1

2N−i
{
AH,N (i) + BH,N (i) + CH,N (i)

+ DH,N (i) + EH,N (i)
}
. (11)

3 An Optimal Adding Depth

Since the number of nodes of a complete binary tree of
height h is

m(h) = 2h+1 − 1, (12)

SH,N of Equation (11) becomes

SH,N = αH,N + βH,N + γH,N + θH,N , (13)

where

αH,N =
N∑

i=1

2N−i
{
AH,N (i) + BH,N (i) + CH,N (i)

}
=

(
3N2 + N

)
22H−N−1 − 2H−N+3

− (3N − 4)2H+1 + 3 · 2N − 2N − 3, (14)

βH,N =



0 (N ≤ 2)
N∑

i=3

2N−i
{
DH,N (i) + QH,N

}
= −(N − 3)22H−2N+2

+ (2N − 1)22H−N

+ (N − 1)2H−N+3

− (N + 3)2H + 7 · 2N−2

− 3N + 1 (N ≥ 3)

,

(15)
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γH,N =



0 (N ≤ 3)
N∑

i=4

2N−i RH,N (i)

= (13N − 39)22H−N−1

+ 5 · 2H−N+2

− (13N − 29)2H−2

+ 5 · 2N−2 − 10 (N ≥ 4)

,

(16)

and

θH,N =



0 (N = 1)
3 · 22H−2 − 3 · 2H + 3 (N = 2)
13 · 22H−4 − 13 · 2H−1 + 13 (N = 3)
35 · 22H−6 − 35 · 2H−2 + 35 (N = 4)
79 · 22H−8 − 79 · 2H−3 + 79 (N = 5)
−3 · 22H−2N+3

+ 171 · 22H−N−4

+ 3 · 2H−N+3 − 171 · 2H−4

+ 171 · 2N−6 − 6 (N ≥ 6)

.

(17)

Let
∆SH,N ≡ SH,N+1 − SH,N , (18)

for N = 1, 2, . . . , H − 1, so that we heve the following
results.

When N = 1, then we have

∆SH,1 = αH,2 − αH,1 + θH,2

= 3 · 22H−1 − 7 · 2H + 7
> 0 . (19)

When N = 2, then we have the following. If H = 3, then

∆SH,2 = αH,3 − αH,2 + βH,3 + θH,3 − θH,2

= 13 · 22H−4 − 25 · 2H−1 + 26
< 0 , (20)

and if H ≥ 4, then

∆SH,2 > 0. (21)

When N = 3, 4, 5, then we have

∆SH,3 = αH,4 − αH,3 + βH,4 − βH,3 + γH,4 + θH,4

− θH,3

= −5 · 22H−4 − 55 · 2H−2 + 65
< 0 , (22)

∆SH,4 = αH,5 − αH,4 + βH,5 − βH,4 + γH,5 − γH,4

+ θH,5 − θH,4

= −195 · 22H−8 − 49 · 2H−2 + 135
< 0 , (23)

and

∆SH,5 = αH,6 − αH,5 + βH,6 − βH,5 + γH,6 − γH,5

+ θH,6 − θH,5

= −365 · 22H−9 − 45 · 2H−2 + 273
< 0 , (24)

respectively. When N ≥ 6, then we heve

∆SH,N

= αH,N+1 − αH,N + βH,N+1 − βH,N + γH,N+1

− γH,N + θH,N+1 − θH,N

= (3N + 8)22H−2N −
(
24N2 + 96N − 325

)
22H−N−5

− (2N + 5)2H−N+1 − 41 · 2H−2 + 555 · 2N−6 − 5
< 0 . (25)

From the above results, the optimal adding depth N∗

which maximizes SH,N can be obtained and is given in
Theorem 3.1.

Theorem 3.1
(i) If H = 1, then the optimal adding depth is N∗ = 1.
(ii) If 2 ≤ H ≤ 3, then N∗ = 2.
(iii) If H ≥ 4, then N∗ = 3.

Proof .
(i) If H = 1, then N∗ = 1 trivially.
(ii) If H = 2, then N∗ = 2 since ∆S2,1 > 0. If H = 3,
then N∗ = 2 since ∆S3,1 > 0 and ∆S3,2 < 0.
(iii) If H ≥ 4, then N∗ = 3 since ∆SH,N > 0 for N ≤ 2
and ∆SH,N < 0 for N ≥ 3. 2

4 Conclusions

This study considered the addition of relations to a pyra-
mid organization structure such that the communication
of information between every member in the organiza-
tion becomes the most efficient. For a model of adding
edges of forming a simple path to a level of depth N in
a complete binary tree of height H under giving priority
to edges between two nodes of which the deepest com-
mon ancestor is deeper, we obtained an optimal depth
N∗ which maximizes the total shortening path length in
Theorem 3.1. This result indicates the most efficient way
of adding relations of forming a simple path in a level is
to use the first level, the second level, or the third level
depending on the number of levels in the organization
structure.
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