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Common Fixed Point Iterations of a Finite
Family of Quasi-nonexpansive Maps
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Abstract—It is proved that Kuhfittig iteration pro-
cess converges to a common fixed point of a finite
family of quasi-nonexpansive maps on a Banach space.
This result is extended to the random case. Our work
improves upon several well-known results in the cur-
rent literature.
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1 Introduction and Preliminaries

Approximation of fixed points of a quasi-nonexpansive
map by iteration has been investigated in [8, 10, 16, 18].
Ghosh and Debnath [9] have approximated common fixed
points of a finite family of quasi-nonexpansive maps in a
uniformly convex Banach space. Rhoades [20] established
weak convergence of Kuhfittig iteration scheme to a com-
mon fixed point of a finite family F' of nonexpansive maps
while Khan and Hussain [13] have obtained strong con-
vergence of this scheme to a common fixed point of the
family F' on a nonconvex domain.

In this paper, we introduce an iteration process for any
finite family of quasi-nonexpansive maps and study its
convergence to a common fixed point of the family in a
Banach space. We also provide a random version of this
scheme and study its convergence.

Let C be a subset of a Banach space. A selfmap T of C' is
nonexpansive if [Tz —Ty|| < ||z —y||, forall 2,y € C. We
denote the set of all fixed points of T by F(T). A gen-
eralization of a nonexpansive map with at least one fixed
point is that of a quasi-nonexpansive map; T is quasi-
nonexpansive if |7z — p[| < [z — pl|, for all z € C and
all p € F(T). In general, a quasi-nonexpansive map may
not be nonexpansive (see Dotson [6]). For various classes
of quasi-nonexpansive maps and their strong connection
with iterative methods, we refer to Berinde [4].

Let C be a convex set and zp € C. Mann [17], in 1953,
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defined an iterative procedure as:

Tnt1 = (1 — an)Tpn + anTay,

(1.1)

where a,, € [0,1], n=0,1,2,...
Ishikawa [11], in 1974, devised an iteration scheme:

Tn1 = (1 - an)mn + anTyn: Yn = (1 - ﬁn)xn + ﬂnT-Tn:

(1.2)
where a,, G, €10,1], n=0,1,2,.... If 8, =0 for all n,
then (1.2) becomes (1.1).

We introduce the Kuhfittig iteration scheme [14] as fol-
lows: Let g € C, Uy = I (identity map), an,Bin €
0,1], n=0,1,2,..., j=1,2,... .k
Uy = (1 = Bin)I + B1nT1Uo,
Uz = (1 = Bon)I + BonToUs,
Uk = (1 = Ben)I + BrnTUg—1,
Tn+l1 = (1 - an)xn + anTkkal Tn -

(1.3)

Indeed, if k = 2 and 71 = T5 = T in (1.3), then we get
the Ishikawa iteration (1.2).

We now state two useful conditions: A real sequence
{a,} is said to satisfy Condition A if 0 <, <b< 1,
oo

n =0,1,2,..., and Zan = oo (see [12]). The map

n=0
T :C — Cwith F(T) # ¢ is said to satisfy Condition B if
there exists a nondecreasing function f : [0,00) — [0, o)
with f(0) = 0 and f(r) > 0 for all » € (0,00) such
that ||z — Tyl > f(d(z, F(T))) for x € C and all cor-
responding y = (1 —t)x + tTx, where 0 < ¢t < 3 < 1

and d(z, F(T)) = zei;l{T) lz — z|| (see [16]). Note that if

t = 0, Condition B reduces to Condition I of Senter and
Dotson, Jr. [21].

We need the following known results.

Lemma 1.1 [19, Lemma 2]. If a sequence of numbers
{an} satisfies that apy1 < an for alln = 1,2,... and

liminfa, =0, then lim a, = 0.
n— o0 n—oo

Theorem 1.2 [12, Theorem 1]. Let C be a closed subset
of a Banach space X, and T a nonexpansive map from

WCE 2009



Proceedings of the World Congress on Engineering 2009 Vol 11
WCE 2009, July 1 - 3, 2009, London, U.K.

C into a compact subset of X. Suppose that there exists
{an} satisfying the Condition A. If {x,} is defined by
(1.1) with x,, € C for all n, then T has a fized point in
C and {x,} converges strongly to a fized point of T.

Theorem 1.3 [16, Theorem 1]. Let C be a nonempty
closed convex subset of a uniformly convexr Banach space
X, and T a quasi-nonexpansive selfmap of C satisfying
the Condition B. Then, the Ishikawa iteration scheme
(1.2), with0 < a < a, <b<1land0< g, <f <1,
converges strongly to a fixed point of T.

Lemma 1.4 [5, Theorem 8.4]. Let C be a bounded closed
convex subset of a uniformly convex Banach space X, and
T :C — X a nonexpansive map. Then:

(i) If {xzn} is a weakly convergent sequence in C with
weak limit zo and if (I —T)xz, converges strongly to
y in X, then (I —T)xo=y.

(i) (I —T)(C) is a closed subset of X.

2 Convergence Theorems

k
Throughout this section, F = m F(T;) is assumed to be
i=1
nonempty.

Theorem 2.1 Let C be a nonempty closed convex subset
of a Banach space X, and {T; : i = 1,2,...,k} a family
of quasi-nonexpansive selfmaps of C. Then the sequence
{zn} in (1.3) converges strongly to a common fized point
of the family if and only if linrr_{ioréf d(zn, F) = 0.

Proof. We will only prove sufficiency of the condition;
the necessity is obvious. It can be shown by induction
that TpUi_1 is quasi-nonexpansive. Let z € F. Then

(1 = an)(@n — 2) + an(TpUr—12n — 2)|
(1 —ap)llzn — 2| + an || TiUk-125 — 2||

[€n+1 = 2|

IAIA

(1= an)llzn — 2|l + anllz, — 2|

= o 2]l
This implies that d(z,41,F) < d(z,,F) for all n =
0,1,2,... So, by Lemma 1.1 and liminfd(z,,F) = 0,
we get lim d(x,, F)=0.

Next we prove that {z,,} is a Cauchy sequence. We have
that

[Znsm = 2] < [lzn — 2], (2.1)

forall z€ F and m,n=20,1,2,....
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Since lim d(x,,F) = 0, for each € > 0, there exists a

natural number Ny such that d(z,, F') < g , for all n>
N;. Thus, there exists a z; € F' such that
€

lony = 21l = d(zwny, 21) < 5 (2.2)

From (2.1) and (2.2), for all n > Ny,

[Zntm — ol < |@p4m — 21 + |20 — 21|
< lzwy — 2l + llzw, — 2]
< € n €

-+ - =e
- 2 2

Thus {z,} is a Cauchy sequence and so converges to p €
X.

Now we show that p € F. For any € > 0, there exists a
natural number Ny such that

, forall n> Ns. (2.3)

= |

[2n —pll <

Again lim d(z,,F) = 0 implies that there exists
n—oo

a natural number N3 > N such that d(z,,F) <

1—62 for all m > Nj3. Therefore there exists a p € F
such that

|

lzxy =PIl = d(zx,,P) < 3 (2.4)
From (2.3) and (2.4), we obtain, for any T;,i = 1,2, ..., k,

|Tip—pll = |Tip—p+p—Tiz N, +Tiz N, —P+D—T N, +2 N, —D|| < €.

Since € is arbitrary, it follows that T;p = p, i =
1,2,....k. Thuspe F. m

Remark 2.2 (i) Theorem 2.1 is an extension of Corol-
lary 1 of Qihou [19] for a family of quasi-nonexpansive
maps.

(ii) If the family {T; : i« = 1,2,...,k} is commutative,
then the assumption F' # ¢ may be omitted (see Theorem
4 in [7]).

In the sequel, we obtain some results for a family of

maps {T; i = 1,2,...,k} without the condition
liminf d(x,,, F) = 0.

Theorem 2.3 Let C' be a nonempty compact convex sub-
set of a strictly convex Banach space X, and {T; : i =
1,2,...,k} a family of nonexpansive selfmaps of C. Then
the sequence {x,}, in (1.8) with {a,} satisfying Condi-
tion A and Bj, = B; for alln and j = 1,2,...,k, con-
verges strongly to a common fized point of the family.

Proof. It is easy to show that U; and T;U;_;, j =
1,2,...,k are nonexpansive selfmaps of C, and the fam-
ilies {T4,...,Tx} and {Uy,...,Us} have the same set of
common fixed points.
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By Theorem 1.2, the sequence {x,} in (1.3) converges
strongly to a fixed point y of TpUi_1. We show that y
is a common fixed point of T} and Ux_; (k > 2). For
this, we first show that T;_1Ux_2y = y. Suppose not.
Then the closed line segment [y, Tj—1 Uk—2 y] has positive
length. Let

z2=Ur1y= 1= Br—1)n) ¥ + B—1)ynTr-1Ur—2¥.

Since F # ¢ and {T1,...,Tx} and {Uy, ..., U} have the
same common fixed point set, Ty_1Ux_op =p for p € F.

From the quasi-nonexpansiveness of TpUy_o and T},

Th—1Ur—2y —pl|l < |ly — pl| (2.5)

and
1Tz —pll < Iz —pll

In view of Tyz = TpUk_1 y = y, it follows that ||y — p|| <
Iz — p||. As X is strictly convex, for noncollinear vectors
a and b in X, we have |la+0b|| < ||a||+/b||, which implies
that

ly —pll <z = pll
= (1= Br—1)n) ¥ + Bh—1ynTe—1Ur—2y
-(1- 5(k—1)n)P - 5(k—1)n ll
< (I=Bu—nu)lly = pll + Boe—1)n | Tk—1Uk -2y — pl|-

So, we get

ly —pll < |Tk—1Ur—2y — pl|

which contradicts (2.5). Hence, T,—1Uk—2y = y. Subse-
quently,

Up-1y = (1= Ba—1)n)y + Be—1)nTh-1Ux 2y =y

and
y=TyUp_1y=Try.

Thus, y is a common fixed point of T} and Uj_;.

Since T,_1Uir_2y = y, we may repeat the above proce-
dure to show that Ty _sUy_3y = y and hence y must be a
common fixed point of Ty, _1 and Uy_5. Continuing in this
manner, we conclude that T1Uy y = y and y is a common
fixed point of Ty and U;. Consequently, y is a common
fixed point of {T; : i =1,2,...,k}. m

Theorem 2.4 Let C' be a nonempty closed convex subset
of a uniformly conver Banach space X, and {T; : i =
1,2,...,k} a family of quasi-nonexpansive selfmaps of C'.
Let {x,} be defined by (1.3) with 0 < a < ap, < b < 1
and 0 < B, < B < 1. If the map TpUy_1 satisfies the
Condition B, then {z,} converges strongly to a common
fixed point of the family.
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Proof. A uniformly convex space is strictly convex, so
one can use the arguments of the proof of Theorem 2.3
with the exception that one employs Theorem 1.3 in lieu
of Theorem 1.2. m

Remark 2.5 Theorem 2.4 extends ([16],
and ([21], Theorems 1-2).

Theorem 1)

3 Random Iterative Procedures

Let (€2,>) be a measurable space and C' be a nonempty
subset of a Banach space X. Let £ : @ — C and
S,T : Q@ x C — X. Then: (i) £ is measurable if
£~ Y(U) € Y, for each open subset U of X; (ii) T is
a random operator if, for each fixed x € C, the map
T(.,z): Q — X is measurable; (iii) £ is a random fixed
point of the random operator T if £ is measurable and
T(w,€(w)) = &(w), for eachw € Q; (iv) € is a random
common fixed point of S and T if £ is measurable and
for each w € Q, {(w) = S(w,{(w)) = T(w,&{(w));
(v) T is continuous (resp., nonexpansive) if the map
T(w,-) : C — X is continuous (resp., nonexpansive). A
mapping £ : Q@ — X is said to be a measurable selec-
tor of a mapping T : Q@ — CB(X), nonempty family of
bounded and closed subsets of X, if £ is measurable and
for any w € Q, &(w) € T(w).

The set of random fixed points of T' will be denoted by
RF(T).

Proposition 3.1 [2, Proposition 3.4]. Let C be a
nonempty bounded closed convex subset of a separable Ba-
nach space X, and T : QxC — C' a nonexpansive random
operator. Suppose that {£,} is a sequence of maps from

Q to C defined by

nt1(w) = (1 — a)ép(w) + aT(w, & (w)), for eachw € Q,

(3.1)
where 0 < a < 1,m = 1,2,3,..., and & : Q — C is
an arbitrary measurable map. Then for each w € €,
I ([ (w) — 7w, Eu(w) | = 0.

If {¢,}, in (3.1), is pointwise convergent; that is, &, (w) —
&(w), for each w € Q, then closedness of C' implies that £
is a map from 2 to C. For a continuous random operator
T on C, it follows from ([1], Lemma 8.2.3) that w —
T(w, f(w)) is measurable for any measurable map f from
Q to C. Thus {&,} is a sequence of measurable maps and
&, being the limit of a sequence of measurable maps, is
itself measurable.

Let {T; :i=1,2,...,k} be a family of random operators
from Q x C to C. Let &, : 2 — C be a sequence of maps
where & is assumed to be measurable. We introduce
random version of the iterative scheme (1.3) as follows:
Let 0 < a < 1. For each w € €, define

Ent1(w) = (1= )n(w) +aTk(w, Up-1(w,6n (W), (3-2)
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where U; : Q x C — C,i=1,2,...,k, are random opera-
tors given by

Uo(w, &n(w))
Ui (w, &n(w))
U2(w7 gn(w)) =

Ug(w, fn(w)) =

for each w € Q.

n(w),
(1 - O‘)fn(w) + Cijl (O.), Uo(w, gn(w)))v
(1 = a)én(w) + Tz (w, Ur(w,6n(w))),

Lemma 3.2 Let C be a nonempty compact convex subset
of a separable Banach space X, and T : Q x C — C a
nonexpansive random operator. Then T has a random
fized point ¢ and {&,}, in (3.1), converges strongly to (.

Proof. For each n, define G,, : Q@ — K(C) by G, (w) =
cl{&(w) : ¢ > n} where K(C) is the family of all
nonempty compact subsets of C' and ¢l denotes closure.

Define G : Q@ — K(C) by G(w) = ﬂ Gn(w). By the
=1

selection theorem ([15], p. 398), G has a measurable se-
lector £ : Q — C. Fix w € Q arbitrarily. Now we can
obtain a subsequence {,,} of {£,} such that

&ny (W) — ((w), for eachw € Q. (3.3)

Thus, by Proposition 3.1, we have klim 1€, (W) —
—00

T(w,&n, (W))|| = 0, for eachw € . We utilize nonexpan-
siveness of T' to obtain T'(w, ((w)) = ((w), for eachw € Q.
Moreover,

[€nt1(w) = C(W) (1 = an)én(w)

+anT(w7 gn (w)) - C((U) H

< (= an)llén(w) = Sl
Fan | T(w,&n(w)) = T(w, C(w))l
< (1= an)fén(w) = CW)ll

Fan[[én(w) = (W)l
= [lgn(w) = C@)I,

for each w €  and any positive integer n.

(3.4)

From (3.3), it follows that for any € > 0, there exists an
integer ng such that ||&,, (w) —{(w)|| < ¢, for each w € Q.
Thus, by (3.4), we get ||, (w) —C(w)|| < e, for any integer
n > ng and each w € €. Since € is arbitrary, therefore
&n(w) — ((w), for each w € Q. The map ¢ : Q — C,
being the limit of a sequence of measurable maps, is also
measurable. Thus ( is a random fixed point of 7. =

The following result generalizes Theorem 1 of Khufittig
[14] for random operators.
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Theorem 3.3 Let C' be a nonempty compact convex sub-
set of a separable strictly convexr Banach space X, and
{T;:i=1,2,...,k} afamily of nonexpansive random op-

k
erators from Q2 x C to C with D = ﬂ RF(T;) # ¢. Then
i=1
{&.}, in (8.2), converges strongly to a random common
fized point of the family.

Proof. It is easy to see that £ : @ — C is a random
common fixed point of {T; : ¢ =1,2,...,k} if and only if
¢ is arandom common fixed point of {U; : i = 1,2,...,k},
for each w € Q. Define S; : Q@ x C' — C by

Si(w,z) =Tj(w,Ui—1(w,x)),1=1,2,3,..., k.

Obviously, U; and S;,© = 1,2,...,k, are nonexpansive.
By Lemma 3.2, {&,} in (3.2), converges strongly to a
random fixed point ¢ : 2 — C of Sj. By using the argu-
ments of the proof of Theorem 2.3, we can show that ( is
a random common fixed point of {7} : ¢ =1,2,...,k}. =

The compact subset C' in Theorem 3.3 is replaced by a
bounded closed subset of a uniformly convex space to
obtain:

Theorem 3.4 Let C' be a nonempty bounded closed con-
vex subset of a separable uniformly convexr Banach space
X, and {T; :i=1,2,...,k} a family of nonexpnsive ran-

k
dom operators from Qx C to C with D = ﬂ RF(T;) # ¢.
i=1

Then {&,}, in (3.2), converges weakly to a random com-
mon fixed point of the family.

Proof. Suppose that the maps S;,i = 1,2,...,k, are

defined as in the proof of Theorem 3.3. We note that

C is weakly compact in a reflexive space X. Thus as

in the proof of ([3], Theorem 3.2), {&,} has a subse-

quence {&,;} converging weakly to ¢ : @ — C. Now

by Proposition 3.1, lim [|§,,(w) — Sk(w, &, (W) =
J—0o0

0, foreach w € . Hence by Lemma 1.4, we get
Sk(w,((w)) = ¢(w), foreach w € Q. That is, ¢ is a
random fixed point of Sk. A uniformly convex space is
strictly convex, so one can use arguments similar to the
proof of Theorem 2.3 to show that ¢ is a random common
fixed point of {T;:i=1,2,...,k}. m
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