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Reliability Function Estimator with Exponential
Failure Model for Engineering Data

Zuhair A. Al-Hemyari

Abstract This paper provides estimation of reliability of a
component subjected to life testing and the procedure includes
essentially polling of two samples of failure data, where the
component follows exponential failure model. We assumed that
some prior information is available in the form of an initial
guess value (8, ) about the value of the parameter (&) of

exponential distribution from the past, and proposed a two
stage shrinkage pooling estimator (TSPE) of reliability function
of exponential distribution using complete failure data. The
expressions for the bias, mean squared error, expected sample
size and relative efficiency are derived. Conclusions regarding
the constants involved in the proposed estimator are presented.
Simulation, comparisons, and numerical results are reported.
The proposed estimator fairs better than the classical two stage
pooling estimator.

Index Terms exponential failure model, reliability
function, relative efficiency, two stage shrunken.

I. INTRODUCTION

The goal of system modeling is to provide quantitative
forecasts of various system performance measures such as
downtime, availability, number of failures, capacity, and
cost. Evaluation of these measures is important to make
optimal decisions when designing a system to either
minimize overall cost or maximize a system performance
measure  within the allowable budget and other
performance-based constraints.

In general, the shape or type of failure distribution depends
upon the component's failure mechanisms. Similarly, the
shape or type of repair distribution depends upon several
factors associated with component repairs. Several methods
are used to determine the distribution that best fits a given
failure or repair pattern. Or, if failures or repairs are known to
follow a particular distribution, the specific parameters that
define this pattern can be determined by using the known
failure and repair times.

As noted earlier, determining the failure and repair
distributions of your system and its components is a
significant part of evaluating the reliability of your design. If
the failure rate is constant, which is generally true for
electronic components during the main portion of their useful
life, the reliability of the component follows an exponential
distribution with p.d.f.
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f(x|0) =6(exp(-xd)) ; x>0, 6>0. 1)

In the context of reliability evaluation and life testing, a
number of engineering data have been examined (see [5] and
[14]) and it was shown that the exponential distribution give
quite a good fit for most cases. Furthermore, the exponential
distribution is a very commonly used distribution in
reliability engineering and has a wide range of applications in
analyzing the reliability and availability of electronic
systems, various queuing networks, and Markov chains;
whereas the reliability of a given system (or component) for a
given time has been defined as the probability that the system
(or component) has a length of life greater than t, i.e.,

R(t) = P(x > )

=exp (-td) @

,1>0,6>0.

The classical estimator & of & and hence of R(t) can
easily be obtained without any complicated mathematical aid.
The problem of estimation of € and R(t) was considered
by several authors (see [5] and [14]).

2. INCORPORATING A GUESS VALUE 90 , AND TSPE

In many practical circumstances, physical experts have
some prior information regarding the value of € due to past
experiences, and apply it latently to inference of the actual
model. However, in certain situations the prior information is
available only in the form of an initial guess value (natural

origin) &, of @. For example, a bulb producer may know
that the average life time of his product may be close to 1000
hours. Here we may take @, =1000. In such asituation it is

natural to start with an estimator é (e.g. MLE) of & and
modify it by moving it closer to &, so that the resulting
estimator, though perhaps biased, has smaller mean squared
error than that of 6 in some interval around 0, . This

method of constructing an estimator of @ that incorporates
the prior information &, leads to what is known as a
shrunken estimator.

A standard problem in life testing deals with
estimation of the parameter € and R(t) on the basis of less
time and minimum cost of experimentation. The cost of
experimentation can be achieved by using any prior
information available about @ and devising a two stage
shrunken pooling estimator (TSPE) in which it is possible to
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obtain an estimator from a small first stage sample and an
additional second stage sample is required only if this
estimator is not reliable. A TSPE of @ is defined as follows:

let X;;, 1=12, ... ,n, be a random sample of size

N, <n, where the variables are distributed with p.d.f. (1)

and 6, be a good estimator of € based on N, observations.
Construct a region R in the space of @, based on the prior

value @, and an appropriate criterion. If él e R, use the

estimator k(él —-6,)+86,, for @ where 0 <k <1. But

if g ¢ R, obtain X, i=12 .. ,n,, n,=n-n,

A~ A A~

compute €, , and then pool €, and &, to find
6= (nlé1 + nzéz)/n. The TSPE of @ is thus given by

0=k -0,)+0,11,+6 1} ©)
where | and Iﬁare respectively the indicator functions of

the acceptance region R and the rejection region R . It may
be noted here that TSPE of the parameter & for complete,
type | andtype Il censored data has also been considered
by several authors (see [1]-[4], [6]-[9], [12] and [13]). In this
paper we consider the problem of estimation of the reliability
function R(t) in the exponential distribution when the

information regarding € is available in the form of initial
guess value @, . The general case of TSPE of R(t) has been

proposed and studied. The expressions for the bias, mean
squared error, expected sample size and relative efficiency
are obtained. Some numerical results and conclusions drawn
therefrom are presented.

3. ESTIMATOR ASSUMPTIONS AND DERIVATION

As mentioned, the exponential distribution serves as a very
useful model in analyzing the life testing and reliability data.
Among the different type of data, interestingly, the complete
and censored data (type | and type Il) have received a
considerable attention particularly in the reliability analysis.
In this section first we define the general proposed estimator
based on complete failure data, then we describe a choice of
the region R , and finally we obtain the necessary
expressions of the proposed estimator.

3.1 FAILURE DATA

Suppose N;, 1=1,2 items are subjected to life test and the

test is terminated after all items have failed. Let

X X

10 Xajr o ,an be the random failure times of size

n; and suppose the failure times are exponentially

distributed with p.d.f. (1). The MLE éj of & based on the
above items is given by
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éj:]./Yj j=1 2, (4

where ZI’J- o0 /éj distributed as chi square random variable

with 2r; degrees of freedom (see [10]). The proposed TSPE
of R(t) in this case is defined by:

- (lexp-tk@) -8, )+ 6,))1a +

O eectlm@y sm@ymn, @

3.2 CHOICE FORREGION R
Estimator (5) is completely obtained by specifying the
region R. A choice for the region R is considered here. In
this choice we follow Katti’s (see [10]) approach. That is, let

R be the region which minimizes MSE(& | 6,, R ) (see
(3)). This gives

2
R={0,:(k* - )@, - 6,)2 - 2"
n

r]2
2

XB(él | ‘90)(51 _90)_%MSE(51 |6,)<0 } (6)
=[ Max.(0,6,(1-v)),6,1+V) |,

where

v=G/p +nn,)/(n*k-n2)n, -1 /n, -2 ,
p=(nn,)?+n,%(n’k? -n?)(n*+n-2), k>n,/n,,
and n, > 2.

3.3 EXPRESSIONS

Let R = [aj, bj] The expressions for the bias, bias ratio,

expected sample size, and relative efficiency of ﬁ(t) are
obtained as follows:

B(R(t)| R) = E(R(t) - R(t)) /e

=22 D (1o k)2 B, (2,/n,to k)
+(nt0/(n, +n,)) "2 ((4e" /Tn,'n,)x
x(n,’t@/(n, +n,))"2x @)

XB,, (24/(n,t01(n, +n,))

+ B, (2nt01(n, +n,)) )

- B, (2 \/nfw/(nl +n,) ))-1,
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MSE(R(t) | R) =e 2" { [ (2 74Dy
X(/T(n,))(2nto k)" " B, (2 W)
— 46 D (n1e k)2 B, (24/n;ték)
+4e' (nt@/(n, +n,)) "2 x

X(n,"t01(n, +1n,))™"? L/ T(n,)T(N,))X

X2 e g, 2y(@n,to N, +n,) (@)

X[ B, (2\@nto1(n, +n,)) )

- B, (2(2n101(n, +n,))) ]
—2p,, (2n,"t01(n, +n,) )x

X[ B, (2(nt61(n, +n,))
— B, (2((nto1(n, +n,)) 1+1 ),

where S, ,(2+vab) (see[14]) is the Bessel function of
order

p.p=r;+L j=12, B,()=p4,0), p=12,...,,
given by

T X—p e—(aX+b/X)dX zz(alb)(p—l)IZX
0

xf, ,(2/ab) =2(a/b) "2 3 (-1)Px  (9)
p=0
Xt 2P 2™ T (p+)I(n+ p+1),

and EH(Z\/ab) , is an incomplete Bessel’s function,
where the integration (summation) is over the interval

R"=[a,’,b;’], a; <b,’, a, =2n, @l/a,
b”; =2n; 0/b;.
The efficiency of Iiz (t) relative to Ii(t) is given by:

RE(R(t) | R(t)) = MSE(R(t))/ MSE(R(t) | R), (10)

where
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MSE(R(t)) =e 2’{ [ (4e"(n,’t@/(n, +n,))"'?x
x(n,’t@1(n, +n,))"'2(1/T(n,)C(n,))x

X 2”1/22n2/29“9ﬂn2 (2\/(2n22t9/(n1 +N,)) )x

XB,, (2\/ (2n,%t01(n, +n,)) ) (11)

~2f, (2(n*t01(n, +n,)))x
B, (2yn,’toI(n, +n,) ) ]+1 }

The expected sample size required to obtain Ii(t) is given
by

E(n|R(t),R) =n—n,(G(2n,,b) - G(2n,,a)),(12)

where G(2n,,.) is the cumulative distribution function of a

chi-square random variable with 2N, degrees of freedom.

4. SIMULATION AND NUMERICAL RESULTS

For the testimator R (t) , the relative efficiency, bias ratio,
expected sample size and percentage of the overall sample

size saved 100(n, /n)x Pr(é1 € R) were computed for

R ® by taking

n, =4(2)12, n, =2(2)12, t6=0.3(0.3)3,

and

0.1<21<10(4 = (6, /6)) . The Katti’s type region

R (as in (6)) is defined for Kk >n, /n,. Relative
efficiency of Ii(t) is computed
for k=(n,/n,,) +107", i =1(1)10, and it has been
observed that the relative efficiency is high for i =7,

therefore, when wusing the region R the
k=(n,/n,) +107is recommended. Some of these

value

results are presented in tables 1 to 4. The following
observations are drawn on the basis of these computations.

1. The testimator ﬁ(t) is biased. The bias ratio is

approximately zero (to the third decimal point) of ﬁ(t) for
0.1<4A<1 n;, n,, and t@, and increasing very slowly

with increases of A . In Table 1 we have presented some
sample values of the bias ratio.

2. The testimator ﬁ(t) for 0.1< 4 <10, has smaller

mean squared error than the pooled estimator Ii(t) (see
Table 2).

3. Relative efficiency of R(t) is a concave function of 4 ,
i.e., the proposed testimators have maximum efficiency in the
neighborhood of A = 1.4 .Some of these computations are
given in Table 2.
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4. Efficiency of ﬁ(t) relatively to the classical estimator -
Table 1: Showing B(R(t) | R) when t& = 0.3 and

R(t) is a decreasing function of t6, n,, and n,. ie,
different values of n,, n, and A.

n =4, n,=4, td=0.3, and gives higher relative

efficiency than for other values of td, n,, and n, n, A 01<i<11l 14 2 8
n2
(Table2). 4 | 4 0.000 | -0.0004 | -0.0012 | -0.0034
5.E(n| R(t)) is generally smaller than N when 4 =1.4 6 0.000 0.000 | 0.000 | -0.002
and increases very slowly with decreases or increases of A 10 0.000 0.000 | 0.000 | 0.000
(a|so see Table 3) 12 0.000 0.000 0.000 0.000
S/ 6 4 0.000 0.000 | 0.000 -0.001
6. The percentage of the overall sample saved of R(t) is 6 0.000 0.000 | 0.000 0.000
maximum when 90 is close to &, the percentage is about 10 0.000 0.000 | 0.000 0.000
(5%-15%)  for  small  values of n,. i.e., 12 0.000 0.000 | 0.000 0.000
8 4 0.000 0.000 | -0.001 | -0.004
n,=4,n, =2(2)12, 0.5<A<1.7, and gives smaller 6 0.000 0.000 | 0.000 0.000
percentage than for other values of A4,N,,and N, (see Table 10 0.000 0.000 | 0.000 0.000
4) 12 0.000 0.000 | 0.000 0.000
' 10 4 0.000 0.000 | -0.002 | -0.003
5o e s o
The author is thankful to the conference committee and to the . - . :
referees, whose suggestions improved the paper 12 0.000 0.000 | 0.000 0.000
; 12 4 0.000 0.000 | -0.001 -0.002
considerably.
6 0.000 0.000 | 0.000 0.000
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Table 2: Showing RE(Is(t) | Ii(t)) when t@ = 0.3 and different values of n;, n, and A.
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A

n, N 0.1 0.4 0.5 0.6 07 | 038 0.9 1.0 1.1 (1.4 2 8

2

4 4 1.00 1.05 141 182 | 2.08 | 246 | 285 | 347 | 347 | 594 1212 ] 1.03
6 1.00 1.05 1.28 135 | 218 | 251 | 277 | 315 | 3.31 | 568 | 2.09 | 1.03
10 1.00 1.07 1.19 169 | 208 | 231 | 275 | 233 | 2.78 | 558 | 2.08 | 1.03
12 1.00 1.16 1.38 169 191|182 | 227 | 321 | 275 | 558 |2.08| 1.03

6 4 1.00 1.08 1.23 133 | 148|174 | 207 | 212 | 212 | 558 | 2.08 | 1.03
6 1.00 1.03 1.23 144 | 149 | 172 | 217 | 222 | 224 | 520 |192] 101
10 1.00 1.02 111 134 | 169 169 | 232 | 245 | 246 | 496 | 189 1.01
12 1.00 1.03 1.11 127 1149|176 | 202 | 225 | 229 | 49 |189] 1.01

8 4 1.00 1.04 1.07 127 141|142 | 156 | 154 | 154 | 49 |189] 1.01
6 1.00 1.03 1.12 126 | 141|146 | 165 | 165 | 1.69 | 496 | 189 101
10 1.00 1.02 1.12 126 | 149|151 | 181 | 1.01 | 1.71 | 490 |1.74] 1.00
12 1.00 1.02 1.12 127 1133|153 | 191 | 191 | 199 | 488 |1.74] 1.00

10 4 1.00 1.01 1.07 110 | 118|128 | 1.29 | 130 | 1.31 | 488 |1.74| 1.00
6 1.00 1.00 1.06 115 | 125|128 | 1.33 | 137 | 138 | 488 |1.74] 1.00
10 1.00 1.00 1.03 110 | 123|144 | 149 | 150 | 153 | 3.56 | 1.60 | 1.00
12 1.00 1.00 1.07 110 | 123|138 | 148 | 151 | 1.53 | 3.50 |1.60 | 1.00

12 4 1.00 1.00 1.04 106 | 113|115 | 116 | 117 | 1.17 | 350 |1.59 | 1.00
6 1.00 1.00 1.02 109 |112 119|121 | 121 | 128 | 350 159 1.00
10 1.00 1.00 1.03 107 |114 127 | 131 | 131 | 1.34 | 3.50 | 159 | 1.00
12 1.00 1.00 1.02 111 | 116 131 | 1.35 | 1.35 | 1.37 | 3.37 | 1.59 | 1.00
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Table 3: Showing E(n | ﬁ(t), R)when t6 = 0.3 and different values of n,, n, and A.

n, i 0.1 0.4 0.5 0.6 0.7 0.8 0.9 1.0 1.1 1.4 2 8
4 4 8.00 |7.93 7.85 7.74 7.63 7.54 7.46 7.39 7.36 |7.23 7.44 7.56
6 [10.00 (9.91 9.79 9.64 9.49 9.36 7.25 9.17 9.11 9.00 9.20 9.52
10 |14.00 |13.86 |11.68 |13.44 |13.20 |12.98 (1281 |12.69 |12.61 (1243 |12.61 |12.62
12 |16.00 |15.85 |15.84 |15.62 |15.34 |15.05 |14.79 |1444 (1435 |1410 (1439 |1441
6 4 (1000 ]9.98 |9.93 |9.86 |9.78 |9.71 9.46 9.59 9.57 9.32 9.52 9.61
6 [12.00 (1197 |11.91 |11.81 |11.71 |11.59 |1151 |[11.44 |11.41 |11.22 |11.42 |11.54
10 |16.00 |15.96 |15.87 |15.71 |1553 |15.35 (1521 |15.12 |15.07 |14.93 |14.65 |14.76
12 |18.00 |17.99 |17.84 |17.66 |17.46 |17.23 |17.08 |16.96 |(16.90 |16.71 |16.93 |17.11
8 4 (1200 |11.99 (1196 |11.92 |11.86 (1179 (11.73 |11.69 |11.67 |11.34 |11.57 |11.63
6 |14.00 (1399 |13.97 (1391 |13.86 |[13.79 |13.74 |[13.69 |13.67 |[13.43 |13.65 |13.77
10 (18.00 |17.99 (1794 |17.83 |17.69 (1755 |[17.42 |17.34 |17.17 |16.99 |17.12 |17.25
12 |20.00 |19.98 |19.92 |19.80 |19.63 |19.46 |19.32 |19.22 |19.17 |19.02 |19.25 |19.36
10 1400 |13.99 |13.89 [13.95 |13.89 |13.84 (13.79 |13.76 |13.74 |13.85 |13.91 |13.99
16.00 1599 |1598 |15.93 |1586 |15.78 |15.71 |15.67 |15.64 |15.63 |15.75 |15.86
10 |20.00 |19.99 |19.97 |19.89 |19.78 |19.86 |[19.55 |19.47 |19.45 |19.23 |19.45 |19.56
12 |22.00 |21.99 |21.96 |21.88 |21.74 |2159 |21.46 |21.38 |21.35 |21.21 |21.46 |21.58
12 4 |16.00 |15.99 |1599 |15.96 |15.92 |15.87 |15.83 |15.79 |15.78 |[15.52 |15.72 |15.84
6 |18.00 (1799 |17.99 (1795 |17.89 (1782 |17.76 |(17.76 |17.72 |17.61 |17.82 |17.89
10 (22.00 |21.99 (2198 |21.93 |21.83 |21.72 |21.62 |21.56 |21.54 (2135 |21.55 |21.65
12 |24.00 |23.99 |23.92 |23.92 |23.81 |23.67 |23.56 |23.48 |23.46 |23.24 |23.47 |23.53
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Table 4: Showing 100(n, / n)x Pr(é1 € R) when t& = 0.3 and different values of n,,n,, and A.

n, i 00 | 04 | 05 | 06 | 07 [ 08| 09 | 1.0 | L1 |4, 5 8
4 | 4 | 001 | 414 | 633 | 801 | 914 | 981 [1011[10.11| 9.90 | 9.72 | 9.60 | 6.10
6 | 001 | 497 | 759 | 961 | 10.97 |11.77 |12.13]12.14 [11.88 | 11.77 | 1165 | 7.12

10 | 001 | 592 | 9.04 | 1144 | 13.06 |14.01 |14.44 | 14.45|14.15 | 14.00 | 13.88 | 8.31

12 | 001 | 621 | 949 | 1201 | 13.71 |14.71 1516 | 15.17 | 14.86 | 14.70 | 1458 | 9.01

6 | 4 | 000 | 054 | 121 | 211 | 3.08 | 395|436 | 512 | 543 | 526 | 515 | 1.22
6 | 000 | 068 | 151 | 264 | 385 | 464 | 579 | 6.40 | 6.79 | 6.39 | 6.28 | 155

10 | 000 | 085 | 1.89 | 330 | 4.82 | 617 | 7.24 | 8.00 | 849 | 820 | 814 | 1.93

12 | 000 | 001 | 202 | 352 | 514 | 658 | 7.72 | 853 | 9.05 | 882 | 870 | 2.32

8 000 | 010 | 030 | 0.61 | 105 | 150 | 2.14 | 263 | 3.02 | 2.84 | 2.73 | 100
000 | 013 | 038 | 0.78 | 1.35 | 204 | 275 | 3.38 | 3.88 | 355 | 344 | 131

10 | 000 | 017 | 049 | 101 | 175 | 265 | 356 | 4.38 | 503 | 4.65 | 455 | 152

12 | 000 | 018 | 053 | 1.09 | 1.89 | 286 | 3.85 | 473 | 543 | 521 | 516 | 171

10 | 4 | 000 | 002 009 | 022 | 041 [068| 102 139 | 1.74 | 1.43 | 131 | 034
6 | 000 | 0.02 | 012 | 028 | 054 | 090 | 134 | 1.82 | 228 | 200 | 1.93 | 0.52

10 [ 000 | 003 | 015 | 038 | 0.72 | 120 | 179 | 2.43 | 304 | 2.78 | 265 | 061

12 [ 000 | 003 | 047 | 041 | 0.78 | 130 | 1.95 | 2.65 | 331 | 308 | 2.99 | 0.70

12 | 4 | 000 | 000 | 003 | 0.09 | 019 [ 033|052 | 077 | 1.03 | 0.88 | 0.76 | 0.16
6 | 000 | 0.00 | 003 | 012 | 025 | 044 | 070 | 1.02 | 1.38 | 1.09 | 0.89 | 0.22

10 [ 0000 | 001 | 0.05 | 016 | 0.34 | 060 | 0.5 | 1.40 | 1.88 | 153 | 1.41 | 0.30

12 [ 0000 | 001 | 0.05 | 018 | 0.37 | 066 | 1.05 | 1.54 | 206 | 1.77 | 165 | 031
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