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Numerical Simulations of Reactive Flow
Displacements in Porous Media

S. H. Hejazi and J. Azaiez®

Abstract— The viscous fingering of miscible flow
displacements in a homogeneous porous media is examined in
the case involving non-autocatalytic chemical reactions between
the fluids. The problem is formulated using continuity equation,
Darcy’s law, and volume-averaged forms of
convection-diffusion-reaction equation for mass balance. Full
nonlinear simulations using a pseudo-spectral method, allowed
to analyze the mechanisms of fingering instability that result
from the dependence of the fluids viscosities on the
concentrations of the different species. In particular, the study
examined the effects of varying important parameters namely
the Damkohler number that represents the ratio of the
hydrodynamic and chemical characteristic time scales, and the
Peclet number that accounts for the inertial versus diffusive
effects.

Index Terms—Viscous fingering, miscible displacements,
convection-diffusion-reaction, numerical simulations

I. INTRODUCTION

Flow displacements in porous media can result in an
interfacial instability between the two fluids involved in the
displacement process. This instability is manifested in the
form of finger-shaped intrusions of the displacing fluid into
the displaced one, hence it is referred to as the fingering or
Saffman-Taylor instability [1]. When the instability is driven
by a mismatch between the viscosities of the two fluids, it is
referred to as the viscous fingering instability. There is a
very rich literature on this instability that has focused on
displacements in the absence of chemical reaction. For an
extensive review of experimental and modeling studies one
should consult [2-4].

Such instability may also develop in conjunction with
chemical reactions in processes as varied as chromatographic
separation, fixed bed regeneration, polymer synthesis and
processing, oil recovery and oil-bearing treatment as well as
flow induced spreading of chemical pollutants and their
interaction with the environment. The subtle feedback
between the flow dynamics and chemistry can result in
hydrodynamic instabilities that are not observed in non
reactive systems. There are a limited but growing number of
experimental studies on reactive viscous fingering [5-10]. In
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these studies the effects of stoichiometry, medium
orientation, external electrical field, chemical composition
and interactions with surrounding porous media were
investigated. There is an equally growing interest in
modeling this reactive flow instability [11-23].

The vast majority of the above cited works on reactive flows
dealt only with the buoyancy-driven Rayleigh-Taylor
instability and focused on vertical tubes or Hele-Shaw cells
or auto-catalytic reactions. Furthermore, the non-linear
simulations were mainly focusing on auto-catalytic reactions.
In the present study we propose to use numerical modeling to
analyze the development of the instability in the presence of a
chemical reaction where the two fluids involved in the
displacement react and produce a third separate component.

1. MATHEMATICAL MODEL

A two-dimensional displacement is considered in which
both fluids are incompressible and fully miscible. The flow is
taking place in horizontal direction in a homogeneous
medium of constant porosity ¢ and permeability £. A fluid
(A) of viscosity u, is injected from the left-hand side with a
uniform velocity U. This fluid displaces a second one (B) of
viscosity up. Here, the direction of the flow is along the x-axis
and the y-axis is parallel to the initial plane of the interface. A
chemical reaction occurs between the two fluids leading to
the formation of a product (C) of viscosity u(:

A+B—->C 1)

A schematic of the two-dimensional
medium/Hele-Shaw cell system is shown in Fig. 1.
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Fig.1. Schematic of rectilinear Hele-Shaw cell /
two-dimensional porous medium.
The length, width and thickness (z-direction) of the
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medium are L, W and b respectively. The governing
equations are those for the conservation of mass,
conservation of momentum in the form of Darcy’s law and
the convection-dispersion-reaction mass balance equation.

Vv=0 ¥}
U
Vp=-— ®)
P K
04 uod vod
ot ¢ Ox ¢ Oy 4
2 2
(A 2y
ox oy
0B L udB vOB _
ot ¢ Ox ¢ Oy (5)
2 2
p,[TB L B
ox oy
9C  woC  voC
ot p Ox ¢ Oy (6)
2 2
D 0 E‘+6 (j + kA.B
Ox oy

In the above equation, V= ui+ vj is the velocity vector
with « and v the x- and y- components respectively, p the
pressure, 4 the viscosity, k the reaction constant, K the
medium permeability and ¢ its porosity. The concentrations
of the two reactants and the product are denoted by A, B and
C, respectively while D,, Dy and D are their corresponding
diffusion coefficients. In the present study, it will be assumed
that all species have the same diffusion coefficient, i.e.
D,=Dg = D= D. Since the characteristic velocity for the
fluid flow through the porous medium is U/¢, we adopted a
Lagrangian reference frame moving at a velocity
U/¢ . Furthermore, diffusive time D¢2/U?and diffusive
length D@U are chosen to make the length and time
dimensionless. The constant permeability K is incorporated

in the expression of the viscosity by treating ,u/K asu,

and we shall refer to ratios of . as either viscosity or mobility
ratios. The rest of the scaling is as follows: the velocity is

scaled with U/g, the viscosity and pressure with £, and

1, D¢, respectively, and the concentration with that of the
pure displacing fluid, 4,. The dimensionless equations are:
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In the above equations, dimensionless variables are
represented with asterisk while D, :kAOD/U2 is the
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Damkohler number representing the ratio of hydrodynamic
to chemical characteristic times. Two more dimensionless
numbers are also involved, the Peclet number
Pe=UL/D and the cell aspect-ratioc 4= L/W that
appears in the boundary conditions [24]. To complete the
model, a form for the dependence of the viscosity on
concentration and temperature must be specified. Following
previous studies, we assume that the viscosity varies
exponentially with concentration [23-25],

u zexp(R,,B+RcC) (12)

where Rb and Rc are the log-mobility ratios between the

species as follows:
R Cc=05
R, = |n(/‘_3] e |n(Mj (13)
2y 2 My
For convenience, in all that follows, the asterisks will be
dropped from all dimensionless variables.

I1l. NUMERICAL TECHNIQUE

The problem is formulated using a

streamfunction-vorticity formulation, where the
streamfunction y and the vorticity o are related as:
Vi =-o (14)
where V2 is the Laplacian operator. With the
streamfunction-vorticity formulation, the continuity equation
is satisfied automatically and the convection dispersion
equations take the forms:
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Taking the curl of equation (14) one gets:
B B OB
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Equations (14)-(17) form a closed set that can be solved
for the concentration and velocity fields. Following the
approach in [23] for auto-catalytic reactions, the system of
partial differential equation is solved by decomposing the
variables as a base-state and a perturbation. The perturbation
terms consist of a random noise centered at the interface
between 4 and B that decays rapidly in the stream-wise
direction. The base-state, is a solution of the equations at a

given short time 7, . The resulting equations are solved using
Hartley transform based pseudo-spectral method [26, 27].
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Fig 2. Concentration iso-surfaces for Pe=1000, Rb=3, Rc=5:
(@ non-reactive system: Da=0.0, (b) reactive system:
Da=0.5, reactant (A) iso-surfaces, (c) reactive system:
Da=0.5, product (C) iso-surfaces

IV. RESULTS

The pseudo-spectral code has been validated first by
simulating non-reactive cases that have already been
published in the literature. It has been found that the time
evolutions of the viscous fingers are identical to the results
presented in [4]. Convergence of the numerical results has
also been tested by varying the spatial resolution and the time
steps. In what follows, results of the numerical simulations
are presented for different values of the major dimensionless
parameters that characterize the flow displacement.

In order to follow the nonlinear interactions of the fingers,
time sequences of concentration iso-surfaces are presented
for a fixed cell aspect ratio 4=2. For brevity, the time
sequences are not always presented at the same time
intervals, and only the frames that reveal new finger
structures and help understand the growth mechanisms of
these structures are shown. Moreover the initial system
without chemical reaction is considered to be unstable, i.e.

My < Hp:
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Fig 3. Concentration iso-surfaces for Da=0.5 Rb=1 Rc=-1:
(a) Pe=1000 (b) Pe=1500

Fig.2a-b show concentration iso-surfaces of the displacing
fluid for non-reactive and reactive flows. Clearly there are
more fingers that tend to be narrower in the reactive case.
Furthermore, the displacing front is sharper when reaction is
present. Fig.2c depicts concentration of the product which is
surrounded by fluids A and B, hence one can distinguish two
fronts; a trailing (A-C) and a leading (C-B) front. A
comparison of part b and ¢ in Fig.2 shows that the finger
structures shown in (b) are well captured by the (A-C)
trailing front in (c). Therefore plots of the product
concentration are a good representation of the fingering
phenomena in the system and from now on only plots of the
product concentration are presented.

Figs. 3 and 4 depict the effects of the Peclet number p and

the Damkohler number p_ respectively for a flow where the

viscosity of the product is smaller than that of either
reactants; . < u, < u, - As expected, in this case the

instability is mostly developing at the leading (C-B) front
while the trailing (A-C) front is virtually stable. Fig. 3 reveals
that a larger number of fingers results from a larger Peclet
number, however these fingers extend less in the downstream
direction. It is not however clear whether a larger Peclet
number results in smaller or larger chemical production. A
comparison between two different Damkohler numbers in
Fig. 4 reveals that the Damkohler number does not seem to
have a strong effect on the fingering patterns. The only
difference that one may mention is that for higher Damkohler
number (p, =0.5) the instabilities start to grow at earlier

time and the leading (C-B) front tends to be more unstable.
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Fig 4. Concentration iso-surfaces for A=2, Rb=1 Rc=-1,
Pe=1000: (a) Da=0.1 (b) Da=0.5

A quantitative analysis of the variation of the amount of
chemical product with time (eq. 20) for different values of p

and p_ has been conducted. In all the plots, the log mobility

ratios are fixed as Rb=1, Rc=-1 which implies that the initial
front between the reactants is unstable and that the trailing
front (A-C) is stable while the leading one (C-B) is unstable.
For illustrative purposes and as a reference case, we also
included results for a displacement where all fronts are stable
(Rb=Rc=0).

1 ¢ ew
_ 20
<C(t)> LWJO IO C(x,y,t)dydx (20)
Fig. 5 depicts the variation of the amount of chemical
product for different values of the Peclet number and for
D,=05. As expected, the amount of chemical product

increases monotonically with time. Furthermore, it is
apparent that the amount of chemical production varies as a

power of time (oct") and that there are two regions each

with a constant exponent index N . The first region is
characterized by a low rate of increase while in the second
one, the rate of chemical production increases fast with time.
Note that the power exponent seems to be independent of p,

at least in the first region. For the fixed Damkohler number
(D, =0.5); the amount of chemical product decreases with

increasing p . This result is counter-intuitive as larger Peclet

number is usually associated with stronger instabilities and
therefore more mixing between the different species.
However this result may be explained by the fact that once
the reaction sets in, a layer of chemical product (C) forms
between the two reactants and it is speculated that the mixing
between the reactants is dominated by diffusion. Therefore,
larger Peclet numbers which imply a weaker diffusion result
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in less mixing and as a consequence less chemical
production.
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Fig 5. Normalized number of produced moles for Da=0.5

Changes of the amount of chemical product with time for a
fixed Peclet number (2 =1000) but for different Damkohler

numbers are shown in Fig.6. In this case and for the set of
parameters chosen, the variation of the amount of chemical
product with time seems to be less sensitive to the Damkohler
number. In fact, in the first region there is an indication that
the small value of Damkohler numbers leads to slightly larger
amounts of the chemical product than the large p, . In the

second region, the amount of chemical product increases
sharply with time and is larger for larger Damkohler
numbers. Note that in this region, the power index n seems to
be independent of the values of p .

Rp=0 Ro=0 D,=0.5
Rp=1 Re=-1 D =0.1
Rp=1 Re=-1 D_=0.5
Rp=1 Re=1 D =1.0

0.01 A

Normalized Number of Produced Moles

0.001 T 1
1 10 100 1000

Dimensionless Time
Fig 6. Normalized number of produced moles for Pe=1000

These trends may be explained as follows. At early times,
larger p, lead to stronger rates of production that tend to

reduce the contact area between the reactants as the chemical
product C fills the gap between the reactants 4 and B.
Consequently, diffusion plays a more important role and
explains the higher rate of production for small p . At later

times, the strong instability that develops at the leading (C-B)
front as a result of a larger reaction rate at large p_, leads to

stronger mixing and better contact between the two reactants.
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This can be seen from frame (t=500) in Figure 4. In this case,
narrower gaps separating the reactants are found when
D, =0.5 in comparison with the case p, = 0.1.

Few last comments regarding the reference case (Rb=0
Rc=0, Pe=1000, Da=0.5) need to be made. First, for this case
where the fronts between all species are stable, the two
separate regions identified earlier do not exist, and the rate of
chemical product is constant throughout the whole process of
displacement. Second, at large times the amount of chemical
product in the reference case is less than any of the other
cases where the reactants front and the leading front are
unstable. Finally, for short times the reference case shows the
same amount of chemical product as the case (Rb=1 Rc=-1,
Pe=1000, Da=0.5), which may indicate that in the first region
the amount of chemical production does not depend on the
mobility ratios of the different species. This inference needs
to be further examined by looking at a wider range of
mobility ratios for the chemical reactants and the product.

V. CONCLUSION

The effects of different parameters on the finger structure
in miscible displacements with second order chemical
reaction were examined by conducting full nonlinear
simulations. It was found that the efficiency of the chemical
reaction which can be measured in terms of the rate of
chemical product depends on two major dimensionless
groups, namely the Peclet number p representing the ratio of

convective to diffusive times and the Damkohler number
D, representing the ratio of hydrodynamic to chemical times.

The viscosities of the reactants and product are also expected
to affect the efficiency of the chemical reaction but were not
analyzed in this study

It was found that, for the range of parameters examined,
larger Peclet number lead to less amounts of chemical
production. This implies that diffusive effects play a more
important role than convective effects, and that for practical
purposes smaller injection rates should be preferred if one
wants to attain higher rates of chemical production.
Furthermore, the rate of the chemical reaction represented by
the Damkohler number does not have strong effects on the
finger structures and the development of the instability, at
least in the early stages of the displacement. It was also found
that changes in the Damkohler number have less effects on
the efficiency of the chemical reaction than changes in the
Peclet number. Finally, for large times, curves for the amount
of chemical product do not change much with increase in the
Damkohler number beyond a certain critical value of p .
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