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On the General Solution of the Two-Dimensional
Electrical Impedance Equation for a
Separable-Variables Conductivity Function
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Abstract— We analyze the structure of the general solution ¢ = qo + qie1 + gaes + q3es where ¢ € R, and ¢y, are the
of the two-dimensional electrical impedance equation in analytic  standard quaternionic units satisfying the relations
form using Taylor series in formal powers, for the case when
the conductivity o is a separable-variables function only once eiey = ez = —egeq,
derivable, using a quaternionic reformulation that leads us to a

special kind of Vekua equation. Finally, we broach its applications €263 = €1 = —€362;
in the field of electrical impedance tomography. e3e] = ey = —eqe3,
Index Terms— Electrical impedance, pseudoanalytic functions, ei =-1, k=1,2,3.

quaternions, tomography.
We will use the notation

I. INTRODUCTION q=qo+ q,

The study of solutions of electrical impedance equation where ¢ = Zi _, qrey, is usually known as the vectorial part
. . of quaternion q. Notice the set of purely vectorial quaternions

div (o grad u) =0, M g = ¢ can be identified with the set (ﬁ) three-dimensional

where o is the conductivity function and w denotes the vectors belonging to R®. This is, to every £ = (E_1> By, B3) €

electric potential, is crucial for approaching solutions of the R? corresponds one purely vectorial quaternion £ = Fie; +

inverse problem posed by Calderon in 1980 [3], whose two-  Eses + Eses. It is easy to see that this relation is one-to-one.

dimensional case is known as electrical impedance tomogra- Due to this isomorphism, we can represent the multiplica-

phy. In 2006 Astala and Paivérinta [1] posed the solution of tion of two quaternions ¢ and p as follows

this problem trough the path of relating the two-dimensional N SN SN

electrical impedance equation with the theory of pseudoan- g-p=qpotqpP +poqd—(q,p)+[dxPpP], 2

alytic functions [2], [16]. In 2007 Kravchenko and Oviedo \yhere (G, ) denotes the scalar product and [ x ] is the

[10], who had previously noticed the relations of the two- vectorial product. We shall notice ¢ - p # p - ¢ in general, so

dimensional stationary Schrodinger equation with a special e will use the notation

class of Vekua equation [8] (whose solutions are known as

pseudoanalytic functions), studied the structure of the general MPqg=gq-p

solution of (1) for the two-dimensional case in terms of Taylor

series in formal powers, and gave an explicit general solution

for a special class of o.

to indicate the multiplication by the right-hand side.
The Moisil-Theodoresco differential operator D is defined

We will analyze an alternative way for relating (1) with a as D ed P P
Vekua equation for the two-dimensional case, based onto a = €101 + €202 + €303,
quaternionic reformulation [11], [14], broaching the structure  \here 9, = -2, and it acts on the set of at least once-

. . . Oz
Of. its general solutlgn in terms of formal powers, andiwe derivable quaternionic-valued functions. Using the classic vec-
will study an analytical approach for the case when o is @  tgrial notation we can write

separable-variables function only once derivable, remarking _ _
the contribution of this general solution in the field of electrical Dq = grad go — div ¢ +rot ¢. 3)
impedance tomography.

B. Elements of pseudoanalytic functions

I PRELIMINARIES Following [2], let F' and G be a pair of complex-valued

A. Elements of quaternionic analysis functions such that

We will denote the algebra of real quaternions (see e.g. Im (FG) > 0, %)
[6], [9]) by H(R). The elements ¢ € H(R) have the form o
where F' is the complex conjugation of F':
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and ¢ denotes the standard complex unit 2 = —1 as usual.
Then any complex function W can be expressed as a linear
combination of the form

W = ¢F + G,

Definition 4: Let (F,G) be a generating pair. Its adjoint
pair (F*,G*) is defined by the formulas
. 2F .2

~ FG-FG’ - FG-FG’ ,
The (F,G)-integral of a complex-valued function W is

where ¢ and 1) are purely real-valued functions. A pair of posed as

complex-valued functions satisfying (4) is called a generating
pair. The derivative in the sense of Bers, or (F, G)-derivative,
of a function W is defined as

d(r.cyW
R = (0.0) F + (04) G ©)

where 0, = 01 — 105, and it exists iff

/ Wd(F’G)Z =
:F(zl)Re/ G*Wdz—kG(zﬂRe/ F*Wdz.

If W = ¢F + ¢G is (F,G)-pseudoanalytic, then
(0:¢) F + (0:4) G =0 (6) /Z dr.ey W

where 0z = 0y + 102 (usually the operators 0, and Oz are dz
introduced with the factor %, nevertheless it will result more =W (2) = ¢(20) F' () — ¥ (20) G (2),
convenient for us to work without it). Let us introduce the

d(F’G)Z =
0

) ) and since
following functions dirayF dire)G -0
F0.G — GO.F dz dz
Ara = T FC_FG (M) this integral represents the antiderivative of
Bipe = Fazg - gazF dipcyW
(Fe) FG-FG dz
_ FO:G — GOz F A continuous function w is said to be (F, G)-integrable iff
wre = TTEG-FG
Fo-G — GosF Rey{G*wdz—&—iRe%F*wdz:O.
"ro = TEg TG

This functions are known as characteristic coefficients of the
generating pair (F,G). According to this notations, equation

(5) can be expressed as
dip,ayW —
dz
and (6) will turn into

W — aip.ayW — bp,cyW =0, )

which is known as Vekua equation [16]. The complex-valued
functions that fulfill (9) are named (F,G)-pseudoanalytic

functions.
The following statements were originally posed in [2].

Remark 1: The complex-valued functions of the generating
pair (F,G) are (F, G)-pseudoanalytic, and in agreement with

(8) their (F, G)-derivatives satisfy

dra)F _ draG _

z 2 )
Definition 2. Let EIF, G) and ?Fl,Gl) be two generating

pairs such that their characteristic coefficients satisfy

ar,a) = ar,c) and Bra) = —br a)- (10)

Hence the generating pair (Fy, G1) is called successor pair of
(F, @), as well (F,G) is called predecessor pair of (Fy,G1).

Theorem 3: Let W be a (F,G)-pseudoanalytic function,
and let (F1,G1) be a successor of (F,G). Then the (F,G)-

derivative of W
dir,ayW

dz
will be (F1, G1)-pseudoanalytic.
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= (LW — A(RC,V)W - B(F,G)Wa (8)

Theorem 5: The  (F,G)-derivative of a
pseudoanalytic function W is (F, G)-integrable.

Theorem 6: Let (F,G) be a predecessor pair of (F1,Gy).
A complex-valued function £ will be (F;, G1)-pseudoanalytic
iff it is (F, G)-integrable.

Definition 7: Let {(Fp,Gm)}, m = £1,£2,43,... be
a sequence of generating pairs. If every (Fi11,Gm+1) 18
a successor of (F,,,G,,) we say that {(F,,,G,,)} is a
generating sequence. If (Fy, Go) = (F,G) we say that (F,G)
is embedded in {(Fy,,Gn)} .

Let W be a (F,G)-pseudoanalytic function, and let
{(Fin,Gm)} be a generating sequence in which (F,G) is
embedded. Then we can express the higher derivatives in the
sense of Bers of W as

— L(Fm’Gm)W[m] - m=0.1
dZ b ) AR

(Fv G)'

Wil = w;

Definition 8: The formal power z9 (a, z0; ) with center
at zp, coefficient a and exponent O is defined as the linear
combination of the generators F;,, and G,,, with real constant
coefficients A and p such that

AFp, (z0) + G, (20) = a.
The formal powers with exponents n = 1,2, ... are defined by
the formulas
Z5 (a, 20 2) = n/ Z5 D (a, 2059) d(ry 0)S-

It is possible to Verif%}(; that formal powers posses the
following properties:

VAR (a, z0; 2) is (Fp, G, )-pseudoanalytic.
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2) If a; and as are real constants, then

vaf) (a1 + a9, 20;2) =
= a2 (1,2052) + as 7 (i, 20; 2) -

m m

3) The formal powers satisfy the differential relations

d Fo .G, Zﬁ'?) ((I,Zo; Z) n—
(Fin,Gm) 7 = an+11) (a, 203 %) .

4) The formal powers satisfy the asymptotic formulas
lim Z (a,2052) = a(z — 20)" .
zZ—20

Remark 9: As it has been proved in [2], any complex-
valued function W, solution of (9), accepts the expansion

oo
W =Y 2" (an,2:2), (11)
n=0
where the missing subindex m indicates that all formal powers
belong to the same generating pair. This is: expression (11) is
an analytic representation of the general solution of (9).
The Taylor coefficients a,, are obtained according to the

formulas
winl (20)

an = ———.
n!

ITI. QUATERNIONIC REFORMULATION OF THE ELECTRICAL
IMPEDANCE EQUATION, AND ITS RELATION WITH
PSEUDOANALYTIC FUNCTION THEORY

Consider the electrical impedance equation
div (o grad u) = 0.
Indeed, the electric field vector E) for the static case is defined

as
—

E = —gradu, (12)
SO we can write
_
div (aE) —0.
But
— — —
div (UE) - <grada7 E> fodivE,
then

divﬁz—<grada,ﬁ>. (13)
o
Beside, from (12) we immediately obtain
—
rot £ = 0. (14)

Following [11], [14], let us consider now E as a purely
vectorial quaternionic-valued function

N
E = Eie; + Eses + Eses.

Substituting the equalities (13) and (14) in (3) we have
PR _ <grado',E>> ,

g

or using again (3)

Dﬁ-_<DJ,§>.
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According to expression (2) we can write

<DU7§>1<DU.§+§.DU>,
o 2 o o

and it follows

1 /D D
DE——; (2 E+E.27) ()
g g
Notice
1 Do Dyo
2 0 Lo
thus introducing the notations
€ =\oE, (16)
and D
7=V (17
Vo
equality (15) turns into the quaternionic equation
(D + M7) g =0, (18)
which is a quaternionic reformulation of (1).
A. The two-dimensional case
Let us consider the special situation when
€ =Eier + Eses (19)
and when o depends upon two spatial variables ¢ =
o (x1,22) . We obtain that (17) adopts the form
T = 61\/561 + 82\/562.
Vo Vo
Let us denote
0 0
_ oo _ %o (20)

g1 \/57 02 \/E

Substituting the expressions (19) and (20) in (18) we have
D (5161 + 5262) + (5161 =+ 5262) (0’161 =+ 0‘262) =0,
which is equivalent to the system

01861+ 028 = —&101 — Eq09,
01E — & = E301—Eog,
03E1 = 039 =0.

Multiplying the second equation by —¢ and adding to the first,
it yields

(%(51 — 152) =+ (0’1 — iO’Q) (81 — ’ng) = 0,
but according to (20)

o1 — 109 = aj/\?.
Taking this into account and introducing the notation
E=86 —1i&,
we have 0.7
0=E + \/E E=0. (21)
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This equation is closely related with a Vekua equation of the
form

o~ V0

22
Y @2)
as we shall expose in the following paragraphs [10].
Let .
F=yoad G=—= (23)

Vo
It is easy to verify that these functions satisfy (4), so they

constitute a generating pair whose characteristic coefficients,
according with (7), are

Ara) = ara) =0,
9.\ d.\/o
Bira) = N bira) =

In concordance with Degnition 2, a successor generating

pair (F1,Gy) of (ﬁ,ﬁ
cients

must have characteristic coeffi-

0:\0

\/g )
and a (F1, G1)-pseudoanalytic function £ must fulfill equation
(21). Thus by Theorem 3, the (\/E, ﬁ)—derivative of any
solution of (22) will be a solution of (21).

Moreover, since the general solution of (22) can be rep-
resented asymptotically by means of (11), once we achieve
to build a generating sequence where the generating pair

(ﬁ, ﬁ) is embedded, we will be able to express the general

a6 =0, by =-—

solution of (21) as the (\/E, ﬁ)-derivative of the general
solution of (22), in the way we have explained it in the last
paragraph of Preliminaries.

B. Explicit generating sequence for the case when o is a
separable-variables function of the form o = U?(z1)V? (2)

Since the early appearing of Bers pseudoanalytic function
theory [2], a very interesting problem was located around the
techniques for constructing explicit generating sequences, once
a generating pair for a Vekua equation is given. The explicit
generating sequence is required because it is the only way to
express analytically the solution of such Vekua equation in
terms of Taylor series in formal powers.

When considering the electrical impedance equation, a very
important physical case is referred to a conductivity o that can
be expressed as a separable-variables function of the form

o (z1,12) = U?(21)V? (2)

because this is a very useful approach for the problem of
electrical impedance tomography.

For this case, an explicit generating sequence was recently
introduced by V. Kravchenko in [7] as follows.

Theorem 10: Let (F,G) be a generating pair of the form

F = x/?:U(m)V(xz),
¢ = BT U@V

ISBN:978-988-18210-1-0

It is possible to check that this generating pair is embedded
in the generating sequence {(F,,, G,,)}, m = +1,£2 43, ...
defined as

Fpo = (z14iz2)" U(x1)V (22),
- (z1 + i)™
Gm o U($1)V ($2)’

for even m, and

(1 +ima)™

F, = e V (22),
. ,(.Tl + iZCQ)m
Gm = WU(xl)

for odd m.

Remark 11: Given the explicit generating sequence for two
arbitrary non-vanishing functions U(z;) and V (z3), such
that the conductivity function o = U?(z1)V? (x3), we are
in the possibility of calculating analytically the Taylor series
in formal powers that will constitute the general solution of
the Vekua equation (22). The (\/E, ﬁ)-derivative of such
solution, according to Theorem 3, will be the general solution
of equation (21). The real and the imaginary components of the
solution of (21) will constitute the general solution for the two-
dimensional case of the quaternionic equation (18). Hence,
using (16), it immediately follows we are able to write the
general solution of the two-dimensional electrical impedance
equation (1).

IV. CONCLUSIONS

Since the study of equation (1) is the base for well under-
standing the electrical impedance tomography problem, the
possibility to express the general solution of (1) by means of
Taylor series in formal powers, opens a new path for improving
the convergence speed of numerical methods designed for
image reconstruction.

We should notice that the mathematical methods exposed
before, minimally restrict the conductivity function o. Indeed,
it is only necessary for o to be a separable-variables function
in the Cartesian plane, and to be at least once derivable.
This is a very general case which includes most part of
mathematical approaches for physical situations in electrical
impedance tomography (see e.g. [4], [12]).

Beside, the numerical methods involved in these procedures
concern almost exclusively to the evaluation of the integral
operators related to the construction of formal powers, which
in fact can be accomplished by quite standard techniques.
This leads our further discussions to approach the constants
for Taylor series at the moment of solving the problem of
electrical impedance tomography.

Notice also that the equivalence of the electrical impedance
equation, in the two-dimensional case, with a Vekua equation
is precisely the key that warrants the uniqueness of the solution
of Calderon problem [1], hence from a proper point of view,
it is justified to compare directly the value of the computed
potentials with the physical lectures. In the opinion of the
authors, this will work as a powerful complement to the well
developed electronic systems [5][13] designed for detecting
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with high accuracy the potentials around the domains of
interest of tomography.

(1]
[2]
B3]

(4]

[3]

[6

i)

(7

(8]

[9

—

[10]

[11]

[12]

[13]

[14]

[15]

[16]

REFERENCES

K. Astala, L. Pdivarinta, Calderon’s inverse conductivity problem in the
plane, Annals of Mathematics, Vol. 163, pp. 265-299, 2006.

L. Bers Theory of pseudoanalytic functions, IMM, New York University,
1953.

A.P. Calderon, On an inverse boundary value problem, Seminar on
Numerical Analysis and its Applications to Continuum Physics, Soc.
Brasil. Mat., pp. 65-73, 1980.

M. Cheney, D. Isaacson, J.C. Newell, Electrical Impedance Tomography,
Society for Industrial and Applied Mathematics Review, Vol. 41, No. 1,
pp.85-101, 1999.

A. Gaona, M. Aguillon, J. Mendoza, L. Lopez, E. Gonzalez, Images
reproducibility of an electrical impedance tomography (EIT) prototype.
Analysis of the EIT sensibility in rats in pathological in vivo conditions
Engineering in Medicine and Biology Society, IEMBS’04. 26th Annual
International Conference of the IEEE, Volume 1, 2296 - 2298, 2004
K. Giirlebeck, W. Sprossig, Quaternionic analysis and elliptic boundary
value problems. Berlin: Akademie-Verlag, 1989.

V. V. Kravchenko, Recent developments in applied pseudoanalytic func-
tion theory, Beijing: Science Press "Some topics on value distribution
and differentiability in complex and p-adic analysis", eds. A. Escassut,
W. Tutschke and C. C. Yang, 267-300, 2008.

V.V. Kravchenko, On the relation of pseudoanalytic function theory to
the two-dimensional stationary Schrédinger equation and Taylor series
in formal powers for its solutions, Journal of Physics A: Mathematical
and General, Vol. 38, No. 18, pp. 3947-3964, 2005.

V. Kravchenko, Applied Quaternionic Analysis, Researches and Expo-
sition in Mathematics, Vol. 28, Heldermann Verlag, 2003.

V. Kravchenko, H. Oviedo, On explicitly solvable Vekua equations and
explicit solution of the stationary Schridinger equation and of the
equation div (cVu) = 0, Complex Variables and Elliptic Equations,
Vol. 52, No. 5, pp. 353-366, 2007.

V. Kravchenko, M.P. Ramirez T., A quaternionic reformulation of

Maxwell’s equations in inhomogeneous media, First International Work-
shop on Mathematical Modeling on Physical Processes in Inhomoge-
neous Media, Universidad de Guanajuato, IEEE, 2001.

J. Kim, G. Webster, W.J. Tomkins, Electrical impedance imaging of the
thorax, Microwave Power, 18:245-257,1983.

K. Holder, G. Cusick, Specification for an electrical impedance tomo-
gram for imaging epilepsy in ambulatory human subjects, Innov Tech
Biol Med, 15 Special Number, 1:24:32, 1994.

M.P. Ramirez Tachiquin, V.D. Sanchez Nava, A. Fleiz Jaso, O. Ro-
driguez Torres, On the advances of two and three-dimensional Elec-
trical Impedance Equation, 5th International Conference on Electrical
Engineering, Computing Science and Automatic Control (CCE), México
City, Mexico, (2008), IEEE Catalog Number: CFP08827-CDR, ISBN:
978-1-4244-2499-3, Library of Congress: 2008903800, 978-1-4244-
2499-3/08,IEEE.

M.P. Ramirez T., V.D. Sanchez Nava, A. Fleiz Jaso, On the solutions
of the Electrical Impedance Equation, applying Quaternionic Analysis
and Pseudoanalytic Function Theory, 12-th International Conference on
Mathematical Methods in Electromagnetic Theory, IEEE: CFP08761-
PRT, ISBN: 978-1-4244-2284-5, pp. 190-192, Ukraine, 2008.

IN. Vekua, Generalized Analytic Functions, International Series of
Monographs on Pure and Applied Mathematics, Pergamon Press, 1962.

ISBN:978-988-18210-1-0

WCE 2009



