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The aim of this paper is to present a more complete

Abstract—We analyze the use of induced aggregation generalization of the adequacy coefficient by usthg

operators in the generalized adequacy coefficien#Ve introduce
the induced generalized ordered weighted averagingdequacy
coefficient (IGOWAAC) operator. It is an extension of the
adequacy coefficient by using OWA operators, geneliaed
means and order inducing variables. We study somd ds main
properties and we see that the IGOWAAC operator caralso be
seen as an extension of the Minkowski distance. Thmain
advantage is that it provides a more complete genalization that
includes a wide range of situations. We further gesralize the
IGOWAAC operator by using quasi-arithmetic means. Tre
result is the Quasi-IOWAAC operator.

Index Terms—OWA operator; Generalized means; Induced
aggregation operators; Adequacy coefficient.

I. INTRODUCTION

The adequacy coefficient [4] is a method for calting the
differences between two sets, fuzzy sets, interahled
fuzzy sets, etc. It is very similar to the Hammitigtance with
the difference that it establishes a threshold freiich the

IGOWA operator in the aggregation process. We pitethe
IGOWA adequacy coefficient IGOWAAC) operator. ivgs

a very general formulation that includes a widegeamf
aggregation operators including the adequacy aoeffi, the
OWA operator, the IGOWA operator and the Minkowski
distance. We study some of its main properties aadee
different families of IGOWAAC operators. We further
generalize the IGOWAAC by using quasi-arithmeticame
(Quasi-IOWAAC). We also see that the applicabitifthese
new aggregation operators is very similar to thevipus
ones.

This paper is organized as follows. In Section  briefly
review some basic concepts about the induced agfipeg
operators and the adequacy coefficient. In SecBpmwe
present the IGOWAAC operator. Section 4 analys#erdit
families of IGOWAAC operators and in Section 5 wel ¢he
paper with the conclusions.

Il. PRELIMINARIES

results are always the same. In [9], Merigd and AM
Gil-Lafuente suggested a generalization of the mdey A. Induced Aggregation Operators

coefficignt by using generalized means and ordesghted The IOWA operator was introduced by Yager and Fil4]
averaging (OWA) operators [1-3,5-6,8-15]. Thus, ytheand it represents an extension of the OWA operfitee.main

provided a more general form of the adequacy auefft that
included a wide range of particular cases.

difference is that the reordering step of the |IO\W§&arried
out with order-inducing variables, rather than defieg on

An interesting extension of the OWA operator is th¢he values of the argumenés The IOWA operator also

induced OWA (IOWA) operator [14]. It is an extensithat
uses order inducing variables in the reordering@se of the
aggregation. Thus,
environments where it is not easy to establishattieudinal
character of the decision maker. In [10] it hasrbs#ggested
a generalization of the IOWA operator that includewide
range of particular cases by using generalized sm@aduced
generalized OWA (IGOWA) operator) and quasi-arittime
means (Quasi-IOWA operator).
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includes the maximum, the minimum and the average
operators, as special cases. It can be defineullaws$.

it is able to deal with complex

Definition 1. An IOWA operator of dimensiomis a mapping
IOWA: R" - Rdefined by an associated weighting veator
of dimensiom such that the sum of the weights is 1 and]
[0,1], and a set of order-inducing variablgshy a formula of
the following form:

IOWA((Ua0), (U, )., () = ﬁlw,-b,- (1)
J:

where by, . by is simply &, &,..., @) reordered in
decreasing order of the values of thg u; is the
order-inducing variable argj is the argument variable.

The IOWA operator can be generalized by using
generalized and quasi-arithmetic means. The rasuihe
IGOWA and the Quasi-IOWA operator. For example, the
Quasi-IOWA operator can be defined as follows.

Definition 2. A Quasi-IOWA operator of dimensiomis a
mapping QIOWA:R" — R that has an associated weighting
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vectorW of dimensiom such that the sum of the weightsis 1 Ill. THE INDUCED GENERALIZED ORDERED WEIGHTED
andw; O [0, 1], according to the following formula: AVERAGING ADEQUACY COEFFICIENT

In this Section, we present the IGOWAAC operatbis h

)J 5 new aggregation operator that uses induced aggpagat
@) operators, generalized means and the adequacyobemfin
the OWA operator. The main advantage is that ivides a
complete generalization of the adequacy coefficithat

where b, by) is simply @, &..., @) reordered in jnciydes a wide range of particular cases. It caddfined as
decreasing order of the values of thg u is the fgjlows.

order-inducing variableg; is the argument variable, agds a

strictly continuous monotonic function. Definition 5. An IGOWAAC operator of dimension is a
B. The Adequacy Coefficient mapping IGOWAAC: [0, 1] x [0, 1]"— [0, 1] that has an

associated weighting vectd, withw; O [0, 1] andz?zle

QIOWA((Uy,a0), (U2,89).., (Un,an) = g _l( gle g(b(j)
J:

The normalized adequacy coefficient [4] is an indsgd
for calculating the differences between two elemetwo =1, such that
sets, etc. In fuzzy set theory, it can be usetulgkample, for
the calculation of distances between fuzzy sets and N 1A
interval-valued fuzzy sets. It is very similar teetHammin ® ®yy = K4
distance with the dif)f/erence that it r¥eutralizesrthsult Whegr]1 U fo P50, oo CLe Flo £4073) [EWJKJ J ®)
the comparison shows that the real element is hitjiae the
ideal one. In [8], they proposed a new versiorhefdadequacy
coefficient that uses the OWA operator in the aggtien.
They called it the OWAAC operator. It can be defires
follows for two set$? andP,.

whereK; is the [10 (1 - 4 + 4%)] value of the IGOWAAC
pair {u;, &) having thejth largestu;, u; is the order inducing
variable ; 0 [0, 1], for theith characteristic of the ideal®
0 [0, 1], for theith characteristic of thkth alternativek = 1,

Definition 3. An OWAAC operator of dimensiom is a 2 M @ndAis a parameter such that (=eo, c0).

. ] n Note that it is possible to distinguish the desdasmd
mapping OWAAC: [0, 1] x [0, 1F" — [0, 1] that has an induced generalized OWAAC (DIGOWAAC) operator and

associated weighting vecta/, withw; 01 [0, 1] andXf W  the ascending induced generalized OWAAC (AIGOWAAC)
=1, such that operator by using; =w*n.1, wherew; is thejth weight of the
DIGOWAAC operator andw*,.; the jth weight of the
® g _ D AIGOWAAC operator.
OWAAC((h, f17), ooy s ) = X WK @) If B is the vector consisting of the ordered argumiits
)= and W' is the transpose of the weighting vector, then the

) o IGOWAAC operator can be expressed as
whereK; represents thigh largest of [10 (1 - 4 + )], g O

[0, 1], for theith characteristic of the ideB] 1 O [0, 1], for y y 1WA
theith characteristic of thth alternative under consideration| GOWAAC((Uy, £4, £4%), ..., (Un, th, 4)) = 6/\/ B)l (6)
andk=1, 2, ...m.

The OWAAC operator can be generalized by using Note that if the weighting vector is not normalized., W
generalized and quasi-arithmetic means. The rasulbe - yn . 21 then, the IGOWAAC operator can be
generalized OWAAC (GOWAAC) and the Quasi-OWAAC 171
operator [9]. The GOWAAC operator can be defined a@xpressed as
follows.

1A
n
Definition 4. An OWAAC operator of dimensiom is a  f(u, 14, 14®), ..., (Un, thy ")) = [i > Wi Kfj @
=1

mapping OWAAC: [0, 1] x [0, 1]'— [0, 1] that has an
associated weighting vectd, withw; 00 [0, 1] andZ’j‘zle
_ The IGOWAAC operator is a mean or averaging operato
=1, such that o : )
This is a reflection of the fact that the operatisr
1/ commutative, monotonic, bounded and idempotent.
n Analogously to the IGOWAAC operator, we can suggest
® My — kA gously p ) g9
GOWAAC(( 4, ), s (b ) = [J,Z::lwl Kj J 4)  a removal index that is the dual of the IGOWAAC ier,
becaus&((us, ta, 14Y), ..., (Un, thy 1) = 1= K(uy, 14,

®y, ., (U ®4). We will call it the IGOWADAC
whereK; represents thigh largest of [10 (1 - 4 + )], g O I(L)1|lae>r:’;\tor' (U s )

[0, 1], for theith characteristic of the ideal financial product = anoiher interesting issue to consider is that the

P, ¥ 0 [0, 1], for theith characteristic of thth financial |GOWAAC operator becomes the induced Minkowski OWA

product under consideration akd- 1, 2, ...,m, andAis a distance (IMOWAD) operator [6] under certain corulis.

parameter such that[ (—co, o). As it is explained in [7], the adequacy coefficiamd the
Hamming distance (and also further generalizatimnasing
generalized and quasi-arithmetic means) becomesahee
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measure when the adequacy coefficient fulfils thowing
theorem.

Theorem 1. AssumelMOWAD({uy, t4, 4%, ..., (Un, L,
1)) is the IMOWAD operator, aniSOWADAC((Us, 14,
165, o (Uny e 160)) is the IGOWADAC operatotf y; >
w® for all i, then

IMOWAD((Uy, £, t4%), ..., (Un, iy 1)) =

= IGOWADAC(Uy, 24, 4%, ..., (Un, th 1)) (8)

Proof. Let

IGOWADAC((Us, t4, t4%), ... {Un, Ly 16")) =

n 1/A
Ezlw,- [00(x —ui(k)n‘] )
J:

IMOWAD((Uy, £4, £4%), ..., (Un, th, 16%)) =

n 12
E_zlw,- =1 MJ (10)
J:

Sincew; > ® for alli, [0 0 (4 - ™)) = (i - ®) for alli, then

IMOWAD((uy, 4, 4™, ..., (Un, o, 16" =
= IGOWADAC(uy, £, t4%), ..., (Un, th ) =

Another interesting issue to analyze is the differe
measures used to characterize the weighting vexftdne
IGOWAAC operator. For example, we could considez th
entropy of dispersion and the divergenc&\bf

The dispersion is a measure that provides the ofpe
information being used. It can be defined as follow

HOW) = - _ﬁle In(w; ) (11)
J:

For example, ify, = 1 for somg, thenH(W) = 0, and the
least amount of information is usedwf= 1/n for allj, then,
the amount of information used is maximum.

The divergence can be defined as follows.

T

Another interesting issue is the problem of tiesthin

Div(W) = _ﬁle (ﬂ — a(W)
J:

) (12)

reordering step. To solve this problem, we reconunen

following the method developed by Yager and Filé4][
where they replace each argument of the tied 10OVEA Ipy
its average. For the IGOWAAC operator, insteadsifigi the
arithmetic mean, we replace each argument of thd ti
IGOWA pair the generalized adequacy coefficienteseling
on the parameter of.

The IGOWAAC operator is an extension of the adeguac

coefficient and the OWA operator. Therefore, iyplicable
in a wide range of situations already considereith Wiese
two methods. Moreover, it is also applicable to eoth
situations such as different problems
mathematics, economics, etc.

ISBN: 978-988-17012-5-1

Note that it is possible to further generalize the

in statistics

IGOWAAC operator by using quasi-arithmetic meanke T
result is the Quasi-IOWAAC operator.

Definition 6. A Quasi-IOWAAC operator of dimensianis a
mapping QIOWAAC: [0, 1] x [0, 1]"— [0, 1] that has an
associated weighting vectd, withw; 0 [0, 1] andzrj‘zle

=1, such that
f(<U1, i, /'Il(k)>l reny <un! Ho /'In(k)» =d _1[ gle g(b(J))J (13)
j=

where K; is the [1 0 (1 - & + w®)] value of the
Quasi-IOWAAC pairu;, &) having theth largesu;, u; is the
order inducing variable (1[0, 1], for theith characteristic of
the ideal,® O [0, 1], for theith characteristic of théth
alternative,k = 1, 2, ...,m, andg is a strictly continuous
monotonic function.

IV. FAMILIES OF IGOWAAC OPERATORS

Different types of IGOWAAC operators may be usethim
aggregation process. Mainly, we can distinguishwbenh
those families found in the weighting vectdf and those
found in the paramete.

Remark 1. By looking to the parametex, we find the
following particular cases:
» The IOWAAC operator if. = 1 (arithmetic).
The IOWGAC operator ifA approaches to O
(geometric).
The IOWQAAC operator if. = 2 (quadratic).
The IOWHAAC operator i = -1 (harmonic).
Etc.

Remark 2. If we analyse the weighting vect@v, then, we
find the following cases:

* The maximumy; = 1 andw, = 0, for allj # 1).
The minimum ¥, = 1 andw; = 0, for allj # n).
The generalized adequacy coefficiamt$ 1h, for all
i).
The weighted generalized adequacy coefficient (the
ordered position ofi is the same as the ordered
position ofu;).
The generalized Hurwicz adequacy coefficient dater
Wo=a,wg=1-a,w =0, forallj 2 p, g, andu, =
Max{a} andug = Min{a}).
The GOWAAC operator (the ordered positionj a$
the same as the ordered positiomu;pf
The step-IGOWAAC W = 1 andw; = 0, for allj # K).
The S-IGOWAAC (v, = (1) (1 - (a+ P + a, wy =
(1M1 - (a+ p) + B, u, = Max{ a} anduy = Min{a},
andw; = (1h)(1- (a + p) forj # p, g, wherea, S0 [0,
1landa + S<1).
The centered-IGOWAAC (if it is symmetric, strongly
decaying from the center to the maximum and the
minimum, and inclusive).
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The olympic-IGOWAAC operatomg =w, = 0, andy,
= 1/(n - 2) for all others).
Etc.

Step 5: Adoption of decisions according to the results
found in the previous steps. Finally, we shouldetake
decision about which investment strategy select/i@isly,
our decision is to select the investment strateifly the best

Remark 3. We could develop a lot of other families ofresults according to the type of IGOWAAC operatsediin

IGOWAAC weights in a similar way as it has beenaleped
in a lot of studies such as [1-3,5-6,8-15].

V. INVESTMENT SELECTION WITH THEGOWAAC

OPERATOR

The IGOWAAC operator is applicable in a wide ramde
situations such as in decision making, statiséogjineering,
economics, etc. In this paper, we will considerezision
making application in investment selection. The aéehe
IGOWAAC operator can be useful in a lot of situagpfor
example, when the board of directors of a compaaytsvto
take a decision. Obviously, the attitudinal chaeaaif the
board of directors is very complex because it ingslthe
decision of different persons with different intetise

The process to follow in the selection of investtaasith
the IGOWAAC operator is similar to the process deped
in [4-5], with the difference that now we are calgsing a
financial management problem. The 5 steps of thusiba
process can be summarized as follows:

Step 1: Analysis and determination of the significan
characteristics of the available investment stiatefpr the
company. Theoretically, it is represented@s: {Cy, C,,...

’

Ci,..., C.}, whereC;is theith characteristic of the investment

strategy and we suppose a limited numbef characteristics.
Step2: Fixation of the ideal levels of each charact&ris
order to form the ideal investment strategy.

Table 1: Ideal investment strategy
G &) G

M H2 Hi

G
Hn

P

whereP is the ideal investment strategy expressed byzayfu
subsetG; is theith characteristic to consider apd1 [0, 1];i
=1, 2, ...,n, is a number between 0 and 1 for tiie
characteristic.

Step3: Fixation of the real level of each characterifir
all the investment strategies considered.

Table 2: Available alternatives
G G

K K
#1( ) /lz( )

3
ﬂn( )

P

with k =1, 2, ...,m; wherePy is thekth investment strategy
expressed by a fuzzy subs&, is theith characteristic to
consider angs® 0 [0, 1]; i = 1, ...,n, is a number between 0

the analysis.

VI.

In the following, we present a numerical examplethef
new approach in a decision making problem. We stady
problem of investment selection where a decisiokenés
looking for the optimal strategy. Note that other
decision-making applications could be developedhasin
financial decision making [8], human resource managnt
and strategic decision making.

We analyze different particular cases of the IGOWAA
operator such as the NAC, the WAC, the OWAAC ardl th
IOWAAC. Note that with this analysis, we obtain tiopal"
choices that depend on the aggregation operatdrinssach
particular case. Then, we see that each aggregagierator
may lead to different results and decisions. Theinma
advantage of the IGOWAAC is that it includes a widage
of particular cases, reflecting different potentadtors to be
considered in the decision-making problem dependimthe
situation found in the analysis. Thus, the decigsimaker is
bble to consider a lot of possibilities and seldce
aggregation operator that is in closest accordavitte his
interests.

Assume that a company wants to invest some monay in
region. Initially, they consider five possible aitatives.

NUMERICAL EXAMPLE

A; = Invest in the European market.
A, = Invest in the American market.
Az = Invest in the Asian market.
As= Invest in the African market.
As= Do not invest money.

In order to evaluate these investments, the invekts
brought together a group of experts. This groupsictars that
each investment alternative can be described whi t
following characteristics:

C, = Bené€fits in the short term.
C, = Benefits in the mid term.
C; = Benefits in the long term.
C, = Risk of the investment.

Cs = Other variables.

The experts establish the values of an ideal invesst as
follows.

Table 3: Ideal investment strategy

ISBN: 978-988-17012-5-1

C, C, Cs
0.7 0.9 0.8

Cy
0.9

Cs
1

and 1 for thath characteristic of thigh investment strategy.
Step4: Comparison between the ideal investment strategy |

and the different alternatives considered using the

IGOWAAC operator. In this step, the objective iseixpress The results of the available investment strategiepending

numerically the removal between the ideal investmemn the characteristi and the alternativay that the decision

strategy and the different alternatives considexide that it maker chooses, are shown in Table 4.

is possible to consider a wide range of IGOWAAC rapar's

such as those described in Section 3 and 4.
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Table 4: Available investment strategies

Cl C2 C3 C4 C5
Ay 0.6 0.7 0.9 0.8 0.9
A 0.9 0.9 0.2 1 0.7
Ag 0.6 0.8 0.7 0.7 0.6
Ay 0.9 0.5 0.8 1 0.7
As 0.6 0.7 0.8 0.9 0.8

In this problem, the experts assume the followirgighting
vector:W = (0.3, 0.2, 0.2, 0.2, 0.1). Due to the fact izt
attitudinal character is very complex becausevibives the
opinion of different members of the board of dicest the
experts use order-inducing variables to represenfhe
results are shown in Table 5.

Table 5: Order inducing variables

Cl C2 C3 C4 C5
Ay 15 12 17 13 10
A 17 20 15 14 16
Ag 11 14 12 18 13
Ay 10 19 17 15 13
As 12 14 16 17 11

With this information, we can aggregate the expecésults
for each state of nature in order to make a datisioTable 6,

we present different results obtained by usingedéfit types [6]
of IGOWAAC operators such as the NAC, the WAC, the

OWAAC and the IOWAAC operator.

Table 6: Aggregated results

NAC WAC OWAAC IOWAAC
Ay 0.9 0.9 0.92 0.91
A, 0.82 0.85 0.88 0.82
Az 0.82 0.85 0.85 0.81
Ay 0.86 0.89 0.90 0.82
As 0.9 0.91 0.92 0.92

If we establish an ordering of the alternativestypical
situation if we want to consider more than oneraltve,
then we get the results shown in Table 7. Note tthaffirst
alternative in each ordering is the optimal choice.

Table 7: Ordering of the investment strategies
Ordering

NAC A=A A A=A
WAC AstA; HAL A=A
OWAAC Ar=As A A P A
IOWAAC AstA; tA=AL LA

As we can see, depending on the aggregation opersdd,
the ordering of the investment strategies may ferdit.

we have seen that it is an extension of the Minkows
distance. We have analyzed a wide range of famiies
IGOWAAC operators such as the OWAAC, the OWQAAC,
the step-IGOWAAC, the centered-IGOWAAC, etc. Wedav
also presented a further generalization of the 1GAW
operator by using quasi-arithmetic means (QuasiW@®@.C
operator).

In future research, we expect to develop furthéermsions
of this approach by using other extensions of ti@WA
operator and applying it to different problems swashin
decision making.
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Therefore, the decision about which investmenttetpa
select may be also different.

VII. CONCLUSION

We have presented the IGOWAAC operator. It is a new
aggregation operator that generalizes a wide raofje
aggregation operators by using order inducing e
generalized means, OWA operators and the adequacy
coefficient. We have studied some of its main prtoge and
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