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Vibration Analysis of Flapping Wing Micro Air
Vehicle Using Finite Element Methods

A. Dr. M Afzaal Malik, B. Munzer Shahir Ahmed Qureshi

Abstract - This paper illustrates the vibration analysis of flapping
wing MAV, using FEM analysis. The wing is modeled using beam
and membrane elements. The wing’s natural frequencies are
computed by modeling the membrane as plate without pre tension
and initial bending. Whole wing geometry is modeled and analyzed
using eBeam26 and ePlate36% The code for FEM analysis and
finding the mode shapes is written in Matlab with the help of guide
lines provided in reference-1. Aerodynamic loads used in the FEM
analysis are derived from modified strip theory based on blade
elemental analysis for semi-elliptical wing®. Moreover the wing is
also modeled in ANSYS and mode shapes are also found. Finally
modes shapes obtained from both software are compared.

l. INTRODUCTION

The growing interest in unmanned aircraft, especially for
surveillance in constrained areas, has triggered much research in
the area of micro air vehicles (MAVs). Sensors and actuators are
becoming smaller and smarter, enabling new aircraft designs.
MAVs offer the potential to fly reconnaissance missions in
constrained areas, which are difficult for larger aircraft to
accomplish. Their small size allows them to navigate in tight
corners at low speeds and blend in with their surroundings. The
opportunity exists to build low cost systems that can hover or
take off in short distances, generate less noise, and be quickly
deployed in the field* .

In 1997, the Defense Advanced Research Projects Agency
(DARPA) initiated a program to develop and test MAVs for
military surveillance and reconnaissance missions. DARPA
defined the MAV in terms of size, gross weight, and payload —
requiring that the maximum dimension in any direction be no
greater than 15 cm, the gross weight should not exceed 100
gram, with up to 20 gram devoted to payload, and the MAV
should be able to reach altitudes of up to 100m. These MAVs
took the form of fixed-wing, rotary-wing, and flapping-wing
configurations, among others. Most operated below chord-based
Reynolds numbers of 100,000, where conventional aerodynamic
theories are inadequate. The Reynolds number is a ratio of
inertial to viscous aerodynamic forces used to characterize flight
regimes.

Re = Inertial forces/Viscous Forces
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DARPA’s current MAV initiative is the Advanced Concept
Technology Demonstration phase, which seeks to further
develop practical MAV systems for military use. Whereas the
initial phase focused on individual components in MAV flight,
the current phase focuses on technologies that will allow MAVs
to accomplish missions in restricted environments with
autonomous or semi-autonomous control. These technologies
focus on navigation, communications, and multi-task
subsystems, particularly because MAV missions could require
navigation inside building, in densely populated areas, or in
mountainous terrain, caves, or heavily forested areas. Other
MAV mission might include sensor dispersal, border
surveillance, electronic jamming, communications, counter-
drug operations, mine detection, mine detection, and biological
and chemical agent detection.

Il. MATHEMATICAL DERIVATIONS
Governing equations are to be derived using the extended
Hamilton principle, which states that*4?

0=[ (8T - &1+ oW, it

where t is the time, 6 T is the variation of kinetic energy, oI is
he variation of elastic energy, and dWnc is the variation of
non-conservative work due to aerodynamic loads.

Beam Deformed Reference Line &Initial curvatures

For a naturally curved and twisted beam, three coordinate
systems are needed for describing its deformation, as shown in
Fig. 1. The system xyz is an orthogonal curvilinear coordinate
system, where the axis x denotes the undeformed reference line
of the beam and s is the undeformed arc length from the root of
the beam to the reference point on the observed cross section.
The system abc is a rectangular coordinate system attached to
the beam root and is used for reference in calculating initial
curvatures. Moreover, the system &ng is a local orthogonal
curvilinear coordinate system, where the axis & represents the
deformed reference line and the axes m and { represent the
deformed configurations of the axes y and z if the cross section
does not warp. Moreover, ix, iy, and iz are unit vectors
undeformed reference line of the beam and s is the undeformed
arc length from the root of the beam to the reference point on
the observed cross section. The system abc is a rectangular
coordinate system attached to the beam root and is used for
reference in calculating initial curvatures. Moreover, the system
&ng is a local orthogonal curvilinear coordinate system, where
the axis & represents the deformed reference line and the axes 1
and ( represent the deformed configurations of the axes y and z
if the cross section does not warp. Moreover, ix, iy, and iz are
unit vectors along the axes x, y, and z, respectively; ia, ib, and ic
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are unit vectors along the axes a, b, and c, respectively; and i1, iz,
and iz are unit vectors along the axes &, 1, and (, respectively. It
can be shown that [2]

Uy iq lx Iy
{iy} = [To]{ib}, 4 ly = {i } where
i i

Lx Lx lx LX LZ 2
(k] = |i). iy i; lylz I o 1]_ Efs][ )T, (2)
ipiy ipiy  ipi, ki 0

where [T°(s)] |s a known transformation matrix relating the
coordinate systems abc and xyz, [k(s)] is the initial curvature
matrix, ()’ = 0() / 0s, k; is the initial twisting curvature, and k,
and ks are the initial bending curvatures. Moreover, the
deformed coordinate system &ng and the undeformed coordinate
system xyz are related by the transformation matrix [T] as

11 l.x T11 Tz Tis
L =Ty [T1=|Tor T T3

13 lz [T31 Tz Ts3
1 0 0 [ Tiq Ty, Tis
T —T12T13
= IO cos¢p sinq,')] Ty Tu+t 14Ty, 14Ty feenenn 3)
0 —sing cos¢p T —T12T13 Tt
L 713 14Ty, T
Where
1+u'-vk; +wk, v'+uks—wk, _ (W'—uk,+vk,)
Ti1 = Tre yTip = e , T3 = e (3a)
e= \/((1 +u —vk; + wky)? + (v 4+ uks —wky)? + (W' —uk, + vky)?2) — 1
Ty1 = —cos¢pTy, — singTy3, T34 = singTy, — cospTy;.......... (3b)
Ty, = cos¢ (T11 1TT 1) — sing :1:;”
= T ) _ TigTis
T3z = —sing (Tll 14T, ) cos$ 14Ty,
7, T15T13

Ty =sing | Ty + ——— | — cos¢p ———

z ¢<“ 1+T11> ¢1+T11

lez T15Th3

Tz3 =cos¢p | Ty + ——— | + singg ———

33 d’(“ 14Ty, ¢1+T11

Deformed Curvatures

Here, u, v, and w are the displacements of the reference point on
the observed cross section with respect to the axes X, y, and z, as
shown in Fig. 1. Moreover, ¢ is an Euler angle related to the
twisting angle of the observed cross section with respect to the
deformed reference axis & , and e is the axial strain along the
axis & . It follows from (3) that T,; and Ts; can be represented in
terms of ,Ty; Ty, , Ty3 , and ¢ , as shown in Eg. (3Db).
Differentiating Eq. (3) with respect to s and using Eq. (2) and
[T]7t = [T]" yields

s iy iy 0 P33 —P2 ’
{12} (K] [iz},[K] = [_93 0 m } = [TT[T]" + [T1lk][T]"

a ;
° l3 l3 p2 —p1 O

where p, is the deformed twisting curvature and p,and psare the
deformed bending curvatures. Note that p;are not real curvatures
because the differentiation is with respect to the undeformed
differential length ds, instead of the deformed length (1+ e)ds .
Using Egs. (4), (3), and (2), one can show that

P ' 1 ' ! ’
pP1 =l l3 = ¢ + m [T13(1/ + uk3 - Wkl) - T12 (W -
uky + vky)'| + Tyykey + Tigky + Tysks
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o 1 : '
Py = —iq.iz = —1—+e[T31(u —vk; + sz)

+T32(V'+uk3 Wkl) +T33(W’_uk2 +Uk1)’]
o 1 , ,
p3 =iq.ip = m[TH(u —vk; + wkz)’+ Tzz(v + ukz — Wkl)'
+ Tos(W' — uky + vky)'| + Tarky + Tazks,
+ Ts3ks
............ %)

For a geometrically exact beam theory, fully nonlinear stress-
strain and strain-displacement relations are given by?

~ 11 B11 _ [E 0 0
gy =1[el{B}, {5} = { 12}, {B}={2B12: & [Q]=|0 G 0]
J13 2., 0 0 G
(B) = [S)(¥), (6B} = [S1(6%), )
¥} = {erl’s:]’Srpl — ki, p2 — k3, p3 — k3:]’6"7/&;}
1 0 0 0 z -y y z
[]E[O 1+ yks zks -z 0 0 0 0]
0 —yk, 1—-zk, y 0 0 0 O
de su’ Su
{ (1+e)56s } =[T] {51;'] —[T][k] {51;],
—(1+e)do, ow' ow.
6p, (66,)’ 66,
{5.02} =41(386,)"¢ — [K] [592}
Sps (663)’ 863
_ Tizk3+Tiok, _ Tioky _ Ti3Ky
66, =5 + 1+e+Ty,+eTy, ou 1+e+Ty, +eTy, v 1+e+Ty,+eTy, ow +
T13 ! TIZ ’
1+e+Ti +eTyy 1+e+Ti +eTs,

where Jij are Jaumann stresses, Bij are Jaumann strains, E is
Young’s modulus, G is the shear modulus, and ys and ysare
transverse shear strains.

Membrane

For an initially curved membrane, three coordinate systems are
also needed for describing its deformation, as shown in Fig. 4.
The system xyz is an orthogonal curvilinear coordinate system
with the curvilinear axes x and y being on the undeformed
reference surface and the z axis being a rectilinear axis. The
system abc is a rectangular coordinate system used for
reference purpose in the calculation of initial curvatures. The
system &Eng is a local orthogonal curvilinear coordinate system
with the curvilinear axes & and n being on the deformed
reference surface and the Type equation here.l axis being a
rectilinear axis. Moreover, ji, j, , and js are unit vectors along
the axes X, y, and z, respectively; i,, i,, and i are unit vectors
along the axes a, b, and c, respectively; and iy, i,, and iz are unit
vectors along the axes & m, and { respectively. For a
geometrically exact membrane theory, fully nonlinear stress-
strain and strain-displacement relations are given by [1,2]

11 Bn _ B 1 v 0
]12], (B} =1 Baz o [0 = 5 [V 1o U]
J13 2p,, 00

1-v
{B} = {¥} = {(1 + ey)cosysr — 1, (1 + e3)cosye,
—1,(1 + eq)sinyg; + (1 + ey)sinyg, 3"
e, = \/(1 +uy — vk + wk)? + (v + uk? + wkQ)? + (w, —uk) —vk)2 -1

U3 =101¢B}, /3 =

e, = J(uy — vk + wk,gz)2 +(1+v, +ukd + Wkg)2 +(wy —ukd, — vkg)z -1
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_ A A PN PN
Yo = Vo1 +Vez = sin (T4 Toy + TipTop + T13To3) (7a)
_ (1+ey)sin _ (1+ey)sin

Ye1 = tan 1 (2—}/5 , Ve2 = tan 1(_tlFe)sinye
1+e;+(1+e;)cosye 1+e,+(1+e;)cosys
1+U—VKJ+WK) & vytuk+wkd, _ wy—uk{-vkd,
Tll - ' T12 - T13 -
1+e; 1+e; 1+e; (7b)
7o Uy—VKQAWK, o 1HvytukdHwk) s wy—ukd—vk]
21 = 1+e 1hez 1+e R 1+e
2 2 2

Here Vv is Poisson’s ratio, k? are initial curvatures, u, v,w are

displacement components of an arbitrary point on the reference

plane, and ux= du / Ox, uy=du / oy , etc. It can be shown that

the variations of extension strains e;and e,and shear strain

)1/6(= Ye1 + Ve2) ON the reference plane of the membrane are given

Sey = Ty18ty, + T1p0t, + TisStys,  Sey = Ty 8ty + Tpy8tyy + Thsbtys

&Ye

_ (Tn - Sinyeri‘u)é‘tn + (Tzz - Sinye’fn)gtu + (T23 - Sin75T13)5t13
cosys(1+e;)

4 (Tll - Sinys'fn)atn + (Tu - Smysfzz)gtzz + (T13 - Sin75T23)5t23
cosys(1+e,)

5 (14e,)c0SYe,8Y6—Sinyg e, +sinyg, 8e, (8)
Ye1 = €0sYe1(1+e1)+cosye, (1+e,)
6 _ (1+e4)cosY616V6+sinys 1 6e,—sinys, 8e;
Y62 =

coSYeq(1+e1)+cosyq, (1+e;)

8ty = Su, — k38v + k{6w, 8ty = 8, + k26u + k2, 6w,
Sty = 6wy, — kd6u — k2, 6v
8ty = Suy — k6v + k&, 6w,
8tys = 6wy, — kQ,6u — k9év
For both beam and membrane elements, it follows from Egs. (6),
(7a,b), and (8) that

8ty = vy, + k6u + k96w

awl

{6} = [YI{6U}, ¥;; =
Where

Beam {U}={U}={wu, v’ v,v,v ' ww,w’' ¢ ,¢.vs57s Ve yé}T
(%)

Membrane: (U} = {U,} = {w, uy, uy, v, vy, vy, w, wy, Wy}T (9b)
The way the components of {U} are approximated defines a
specific finite element. Using the finite-element discretization
scheme, one can discretize the displacements as

Beam: {w,v,w, ¢, 5,76} = [Nl]{q }where{ U]} ............ (10)

©9)

v T
= {ui; v, Wi, ¢i; Wi, Uin uir )/Sir Yeir Uk ?k: Wk, ¢k, Wk' Vi Uk, Vsks }/Gk}
Membrane: {u,v,w}" = [N,] {qg]} and
{Qg]} = {uil Vi, Wi, Uk, Vg, Wi, Uy, Uy, WI}T
where { [’]} is the displacement vector of the jth beam element

and [N, ] is a 6x18 matrix of 1D shape functions, and { } is the
displacement vector of the jth membrane element and[N,] is a
3x9 matrix of 2D shape functions. Substituting Eq. (10) into
Egs. (9a,b) yields

Beam: {U;} = [D]{q"} and [D1] = [8,][M,] (10a)
Membrane: {U,} = [D,]{q}"} and [D,] = [5, ][N,] (10b)
where[ 0 1] is a 15X 6 matrix and [ 0 2]is a 9 X 3 matrix

consisting of differential operators. For beams, the variation of
elastic energy is given by
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Beam:
Ml =
8By (3av =

T . .
S fa) DT edeids = 5 {al) k(e an
kP {al) = £ DT [, 1(W)ds, (6] = £, [S17(Q] [S)dA
Where V is the volume, N e is the total number of elements,
[LU1] jis the length of the jth element, and [KU] is the stiffness
matrix of the jth beam element. For membranes, the variation
of elastic energy is given by
Membrane'

8T = ZJA”

K {a)"} = DT 91 [p1(¥}da, [¢2]=f_z[é]dz (12)

where Ne is the total number of elements, AUl is the area of the
jth element, and [KV!] is the stiffness matrix of the jth
membrane element.

The variation of kinetic energy is given by

8T = — [, p(itdu + v + wéw)dV (13)
where p is the mass density. Only translational inertias are
included because rotary inertias are assumed to be negligible
for the thin rods and membranes used in an MAV. It follows
from Eq. (18) that the variation of non-conservative energy due
to aerodynamic loads is given by

Wy = [,(ri6u + 1,6v + 136w)dA = [ {6u v Swi{r ry 13} dA =

T {5qU} {RU} = (59)7(R} (14)
where 1, 2, and rsare distributed external loads per unit area
along the axes x, y and z , respectively. {RU} is the elemental
nodal loading vector, and {R}is the structural nodal loading
vector. Furthermore,

{RU} = [, [No]7{ry 7, 73 }TdA (15)

(917 [¢,](¥}dA = Z N i {q)

I1. RESULTS AND FIGURES

Before doing the analysis in the Matlab and ANSYS we have
to carry out the initial sizing of the ornithopter. Based on the
span of the ornithopter, initial parameters can be calculated
from following empirical formulae °:-

Mass = M = 0.606 (2B)?381 to 0.885 (2B)?3%!

Flapping Frequency = f = 3.03 (M)~03¢

Aspect Ratio = AR = 7.83 (M)%%5 to 8.15 (M)005

For an ornithopter with span of 40 cm, the calculated initial
value of flapping frequency is 6.96 Hz to 7.97 Hz and AR is
6.84 to 7.25. The selected root chord is 8 cm, which gives AR
just above 6.2, because the above equations are just initial
guess.

A MATLAB code has been written for Elliptical wing
model?.In this code eBeam26 and ePlate 362 are used and linear
analysis is done. Modal analysis is done and Mode shapes are
obtained. This code has 8 inputs namely a) Linear Analysis b)
Modal Analysis ¢) Element d) Number of natural Frequencies
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to be computed e) Mode shape plotting f) Mode number g)
Magnification factor h) Frequency response function. There are
also some options for plotting results like i) Original undeformed
geometry ii) Mode shapes.

The same wing is analyzed in ANSYS using Beam188 and
Shell181 elements. Modal/analysis is done and these modes are
compared with those obtained in Matlab.

£
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Fig 1: Coordinate system and displacement variables for initially
curved beam

Fig 2: In this figure wing geometries modeled in Ansys and Matlab
are shown. Upper geometry shown is undeformed geometry modeled in
ANSYS and the lower one is the same modeled in Matlab
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Fig 3: First vibration modes obtained from ANSYS and Matlab
are presented in this figure. Upper mode shape of this figure is the
first vibration mode obtained in ANSYS at OHz and lower one is
the same mode obtained in Matlab at 0 Hz.

NODAL SOLUTION
STEP=1

SUB =2

FREQ=2.784

/EXPRNDED
(avg

ANSYS 330581

Mode Shape # 2,1.98 Hz

Fig 4: In this figure second vibration mode shape is shown which
is obtained through both software ANSYS and Matlab. Upper mode
shape of this figure is the second vibration mode obtained in ANSYS
at 2.74Hz and lower one is the same mode obtained in Matlab at 1.98
Hz. There is little frequency difference between the modes obtained
from the two software. This difference can be minimized by refining
the codes further as a future work
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NODAL SCLUTION

STEP-1
SUB -3

ANSYS 11.0SP1

FREQ-5.01
/EXEANDED

UstM (S
RSYS-0
DMX —167.788
SMX —167.788

Fig 5: In this figure third vibration mode of wing has been shown
found through both ANSYS and Matlab software. Upper mode shape
shown in this figure is third vibration mode found in ANSYS at the
frequency 5.01 Hz whereas lower one is the same mode shape found in
Matlab at 6.325 Hz frequency. Both bending and torsional modes are
visible in these mode shapes.
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