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A Direct BEM with Higher Order Boundary
Elements for the Compressible Fluid Flow
around Smooth Obstacles

Ion Vladimirescu, Luminita Grecu

Abstract—By applying the direct boundary element
technique for solving the problem of the 2D compressible fluid
flow around obstacles a singular boundary integral equation,
formulated in velocity vector terms, arises. A boundary element
method with quadratic boundary elements of lagrangean type is
developed in this paper in order to solve this singular boundary
integral equation. The integral representation of the velocity is
reduced by discretization to an algebraic system. All coefficients
depend only on the nodes coordinates used for the boundary
discretization so it can be easily implemented into a computer
code, in order to get the numerical solution of the problem to be
solved. We test the method solving a particular case in which
the problem has an analytical solution. Comparing the values of
the exact solution with the calculated ones we remark a high
degree of accuracy.

Index Terms— direct boundary element method, singular
integral equation, compressible fluid flow, quadratic boundary
element.

I.  INTRODUCTION

When solving problems of fluid flows around different
kinds of obstacles, and in general boundary value problems
for systems of partial differential equations, which imply the
presence of an unbounded domain, a very efficient method
which can be used is the boundary element method (BEM)
((1LI2D.03D-

When applying this method there is no need to introduce a
fictive boundary at great distances as in case of using other
methods as finite differences, or finite element method, and
also there is no need to make a mesh of the whole domain
involved in the problem because BEM has the ability to
reduce the problem dimension by one. Because only the
boundary of the domain must be discretized the problems are
reduced to systems of linear equations much smaller than in
other cases. As a consequence the computational efficiency
is improved by applying this method.

To achieve this reduction of dimension it is necessary to
formulate the problem as a boundary integral equation,
which is usually a singular one. Two techniques can be used
to obtain the boundary formulation of the problem: the direct
and the indirect technique(see [2],[3]).
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In this paper we use higher order boundary elements to
solve the singular integral equation resulting as an
application of the direct integral technique to the
bi-dimensional problem of subsonic compressible fluid flow
around obstacles.

Different types of numerical methods, have been applied
by other authors (finite differences, finite elements, Galerkin
collocation methods, and other techniques) to solve problems
of fluid flow around obstacles. The BEM was used as well
but some authors have considered the incompressible case
only([4]), and mostly have used the potential or stream
function as initial unknowns of the problem. The velocity and
pressure fields were deduced through a differentiation
technique after finding the potential or stream function. In
this approach the singular boundary integral equation to
solve is obtained in velocity vector terms, so we find the
perturbation velocity, without any differentiation. Therefore
the errors which arise are expected to be smaller than in other
cases.

Using higher order boundary elements, we ensure a global
continuity for the unknown function and a better
approximation for it and for the geometry of the problem than
in case of using a collocation method to solve the boundary
integrals ([5], [7]), constant (see[8]) or linear boundary
elements (as in [9]).

II. THE SINGULAR BOUNDARY INTEGRAL EQUATION
-DIRECT TECHINQUE

We consider that a uniform, steady, potential motion of an
ideal inviscid fluid of subsonic velocity U i , pressure

P, and density p_ is perturbed by the presence of a fixed

body of a known boundary , noted C, assumed to be smooth
and closed. We want to find out the perturbed motion, and the
fluid action on the body.

Introducing dimensionless variables ¥ and p, through
relations:

Vi=U,+7V),p=p,+p.Up

we have:
28_U+8_V:0 , 6_V_6_U:0 )
oxX oY oX oY
The boundary condition is: (1+U )N, +VNy =0, (2)

where N is the normal unit vector outward the fluid (inward
the body).

Because it is also required that the perturbation velocity
vanishes at infinity we deduce relation: p=- U.
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For x=X,y=pY,u=pU,v=V , the system of
equations becomes:

ou Oov
ox oy oy =0
3)
o _ou_
ox Oy
the boundary condition:
(ﬂ+u)nx+ﬂ2vny =00onC, 4)

and lim(u,v) =0,

where nx,ny are the components of the normal unit vector
outward the fluid (inward the body) in the point
)_CO , B=~1-M" (for the subsonic flow, M= Mach number

for the unperturbed uniform motion).
Using a direct boundary element method integral
representations for the components of velocity in the fluid

domain, €2 , are first obtained, u(g_ ), v(g_ ) ,EeQ
(seee[5]). Considering é? — X, € C the perturbation

velocity in any point of the boundary is obtained:

L)~ o 5.5, ()2 e,

+ @ (3 o, (2)+ v (5% n, (£ s

c
(5)

—_— —_—f — * * .
where n, = n(xo), u ,v are the fundamental solutions

given by the following relations ( see[6]):

W (%,5,) = —— 2%
T 2w (x—x P +(r- e 6)
V(@ 5)= —

y
278 (x=xo ) + (=3, )

Denoting G = (ﬂ + u)n y —vn,,and supposing that G

is a holderian function on C, we get the representations:

/
u(%))=p+2 § v*—Mz%u* Gds
C n, y

* nxn *
v(x,)=2 iﬁ —u -M?—"2—v" |Gds (7
c
and the singular integral equation:
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G()?O)+2/§[u*n2 + v*ng]Gds +
c

/
2 Mny B _ 0
+2 iM s (v n, —u n )Gds 2pn,

®

The sign ' “denotes the principal value in Cauchy sense of
the integral (see[10]).

III. SOLVING THE SINGULAR BOUNDARY INTEGRAL
EQUATION WITH QUADRATIC ISOPARAMETRIC
BOUNDARY ELEMENTS

In [8] the boundary integral equation is solved by using a
constant boundary elements, and in paper [9] linear boundary
elements are used.

In the herein approach we consider quadratic
isoparametric boundary elements for solving equation (8).
Same kind of boundary elements were used in paper [11], but
for solving the singular integral equation obtained by an
indirect method with sources distribution on the boundary,
for the same problem.

So we consider that the boundary is divided into N

one-dimensional quadratic boundary elements, noted L, ,
each of them with three nodes: two extreme nodes and an
interior one. The extremes of the segment L; are noted

X{,X5,X3, in a local numbering. We have the relations:

1 _ i —N _ =l .
X" =xi,i=1,N—1, and X' =X, contour C being

closed.
We obtain the discrete form of equation (8):

+§: f[un +v'n ]Gds+

2¢ pn

—_

S nny * 0 %0 0

—————\Wwvn, —un, Jgds = pn
2, 32,2 x y ¥
ny +pn,

(€))

Considering that equation (9) is satisfied in every node
(Xy = )?j ), we obtain:

—G()?j)+ % nl jSM*Gds + n; fv*Gds +
Ak L (10)

N
2 J * _pnl * — J
+M?*Y | nl [0'Gds —n] [t Gds | = pn]
i=1 L L
where 7,7 are the components of 7/ = 17()7 j), and
n.n,
2 22
n, +p°n;,

For describing the geometry and the behavior of the

T =

unknown f , on a boundary element, we use a quadratic
model, with the same set of basic functions, noted
N,,N,,N; . Using a local system of coordinates (the

intrinsic system) we have:
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c=[V'f y =Vl 6 =[vlie')  an
where [N ] is a matrix with a single line,
[N]:(Nl N, N3)’

M©=2E v @1 w2, gef)

{x[ }, {yi} the column matrices made with the coordinates of

the nodes of element Ll. , and {Gi } the column matrix made
with the nodal values of the unknown function G on L,
. . . .\t
6'l=lci @ aif.
There are used two systems of notation: a global and a
local one (global- G; is the value of G for the node number

i,i =1,2N -and local- G,i,l = 1,_3,i = I,_N is the value for

the node number / of element 7).
Introducing in equation (10) the considered
approximation models, and doing some calculus we get:

([N]{xi}‘xj)

_[N]le' p(e)ae +

VTG (e as -

_[NYe! () =

(12)

Further we obtain a simple form of the above equation:
i=1 i=1

N (3 N (3
ﬂG()?j)+Z[ZG, ,,j+M2n;z[szB;,j—
[=1 [=1 (13)

(3 ,
—Mzn; (ZG;C;szrﬂn;
i=1

=1

Denoting by:
mi:xf+x§—2x§,ni:xé—xf,u”:xé—xj,
M=y +y;=2y5, Ny =y =3, Uy =0 -y,

m’+ M> n’+N; mn, +M,N,
a,=———7=_ aa; = bi: s
4 4 2
¢, = aaq, +mluU+MUU,d =nu, +NU
e; =u,; +U5, i,j=12N
:\/4ai§ +2b,¢ +aa, , (14)
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we get:
H[N]{fi}_fju —a b vy B dyE e, =
:Nij(é:):Nij

not

Then, denoting by

1

1 &
B=lve

J(&)dé, i,

j=12N,k=0,123,4, (15)

we obtain the following expressions for the first coefficients
in (13):

1 mi”xj"‘Min'yj 4 (ni_mi)n}{+(Ni_Mi)n;

a; = 2 i 4 I+
X (2u, —n n? + (U, — N, ! 2wl + U
4 y 2 y
a;:_m.n/ +M.nj ;_nin){ ;Nin;' (]3_15)_
(2u —m)n (2U M)n 5

0
]ij (“ljnx +Ul/ny)1

3 min){+Min‘}’: 4 (ni+mi)n){+(Ni+Mi)n; ;

I+ I+

a; = 2 i 4 i
(2u +n)n (2U +N)n uynx+Uyan} .

4 ’f 2 i

(16)

+

In order to be able to evaluate the coefficients B’ i C I we

n.n,
need to deduce expression of T(f) =——">— on
2 2.2
n, +p°n
element L;, where we have X = [N ]{)_C g }

By differentiating this relation we obtain the tangent field
on the geometric support of the boundary element, and,
taking into account the sense we have considered on the
boundary we deduce that

n, = {flg}{ } and n,, {fl—]g}{xl} on L;. (17)

We get the following expressions:

N. n.
=MéE——L n,=mE+— 18
6Ty S et (18)
We obtain:
2
. +r.c+S.
T(é:): pzf zé: i , (19)
Nmi(é:)
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where p, =-4m.M,

1 1 1

N, (&) = a(M?2 + g2 2+ a(M N, + prmpm, ) +

T; :_Z(miNi +niMi) §; =—mN;

+N7 +n?
Evaluating the last two terms in equation (12) we deduce:

[N]{x[ }— X

Jou'Gas = S ) N (Ve -6l
i i =

Ny (&
where
Cil' _pim; Ti'6 + pi(ni _mi)+rimi TS5 4+
y 4 y 4 y
pi(zuii _”i)"'”i(”i _mi)+simi 4
+ : 4 Tb +
ri(2uij —ni)+ si(ni —mi)—2uﬁpi 3
+ 4 Tij +
Si(Zuij —ni)—Zrluij ) Sy
+ 1y -,
4 y y
m; N +rm;
Cl]2 :_ptz i Ti;:_pt 12 i Tjjs_
p,-(Zul.j —mi)+ rng+sm;
_ Tij +
2
. r[(m,- —Zul-j)+sin,- + p;n; T; .
2 o
N S; (mi —2uij)+ Zpiuij +7n; 72, s;n, +2rl-uij e
4 y 2 y yTy
CS- _pin Ti'6 +pi(ni +mi)+rz’mi Ti§
4 y y
D, (2”17 +nl.)+ r; (n,- +mi)+ s;m;
T +
4 y
7; (Zuij +n, )+Si(ni +mi)+ 2ui].pi 3
+ 1 i
s-(2u-- +n-)+2r-u-- SU;
T
with

)J(g)dg, i,j=12N,k=0,..6

(20)

- ng j(2) [N]{Ny_l: E é)y ENYEM(§)d = li G!B}
with

. p.2U, = N,)+r(N, - M,)+sM, _,

1

p2U, —M,)+ 1N, +s,M, _,

2 14

. r(M, -2u, ); sy 2l
si(M, =20, )+2p,U, +1N, , s,N, +2rU,

2 ij 1 0
+ 2 Tij + 5 Tij +s,Ui].]",.j.

:Pii\/[ Pi(Ni+A;[i)+’”iMi Tijs+

P (U, + N, )+ 1 (N, +M,)+5.M,

3 i 6
<By Zb +

1 1

4
N, +M,)+2U;p, -
4 i

siQU, +N)+2rU, , sU

2, %Yy
+ 1 Tij+2]—;j

4
Ty +

U, +N,)+s,

l 1

+

(21)
Denoting by bé- =M2(n){Bé- —n)J,C[j) we can write

equation (13) in a simple form:
N (3 N (3 )
7G(¥, )+ Z(Z G; a5J+ Z(Z Gi’b;J =27pn] (22)
i=1 /=1 i=1\ /=1

By denoting Al.lj =aé~+bl§ , Lj=LN [=13

equation (22) can be written as:

N
(23)

3
65 )+ 33614, | -2
i=1\ /=1
The above equation is satisfied in every node which we
have chosen for the boundary discretization, so we obtain a
system of linear equations

Returning to the global system of notation, we obtain the
following linear algebraic system:

4G ={B}. 4eM,y(R). {G}.{B}e R*

B, =2xfn] .

{G} being the column matrix made with the nodal values of

24

the unknown function

For evaluate the coefficients of the above system we must
specify how we chose the global system of notation and the
connection between the two systems of notation.
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For that we consider the following schematic
representation for the nodes used at the discretization.

Table I Correspondence between local and global

numbering
Element nr. | Local numbering Global numbering
1 1 2 3

G G G G G,
2 1 2 3

Gy Gi Gi G, G,
3 1 2 3
k G, G} G G Gy
k+1 1 2 3

Giir G Gin Gz(k”)—l Gz(k“)
N Gy Gy Gy | Gaya Gay

The following relations hold:
Gl? = Gllc+1 =Gy, k=1LN -1

Gy =G, =G, (25)
We can write system (23) as:
2N
G, +Y A5G, =B,, (26)

i=1
where
Al Lif i=2k k=1LN
Ay = Ag, + Ay if i=2k+1,k=1,N-1

Al + Ay L ifi=1

27
and further we get the final form (24).
The expressions of components of matrix 4 in (24) are:
NEBEY o
T m+ Ay =

Solving system (24) we find the nodal values of function
G. After finding G, the velocity components can be found

with the following relations:

B 2”y (fio )Gi

,V,
— — 1
ni (xl-o )-i— ﬁzni (xl-o)

n (56,
ni (xio )+ ﬂ’znf (’fio) .
(29)

p+u, =

IV. NUMERICAL RESULTS

The calculation of the matrix coefficients requires several
evaluations of integrals with singular and non-singular
kernels. These integrals can be calculated numerically with a
computer but some of them are singular. For the singular
integrals ordinary rules can’t be applied so for dealing with
them we must use special formulas or techniques. Some of
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ISSN: 2078-0958 (Print); ISSN: 2078-0966 (Online)

them are presented in papers [11], [12], [13]. The use of any
of them makes possible the implementation of the method
exposed into a computer code to get the numerical solution.

As shown in paper [12] the best method that can be used to
treat the singularities which arise in such problems is the
regularization method, which we apply it in this case too.

Even the expressions of the coefficients are a little bit
complicated they depend only on the nodes chosen for the
boundary discretization, so they can be computed using a
computer.

The components of the velocity on the boundary are used
to evaluate the local pressure coefficient with relation:

e
2 y-1

c =2 22 [ 1] el gl G0y

oM 2 B

if M # 0, or in case of an incompressible fluid flow with
relation:

2 2
Cp:—u —v =2u.

The effectiveness and the efficiency of the method
proposed in this paper is shown through an analytical
checking, by making a computer code in MATHCAD which
is used to obtain numerical results for particular cases which
have exact solutions.

For an incompressible ideal fluid flow (f=1) and a

circular obstacle the analytical expressions for the
dimensionless components of the velocity and the local
pressure coefficient are given by the following relations, see
[6]:

u=-c0s826,v=-sin26, cp=-1+2co0s26.

We use the computer code to get the numerical solution in
this particular case. We have chosen 32 nodes for the
boundary discretization.

The numerical results are presented in Fig 1, where the

analytical solution is represented as well.

As we can see the error between the numerical and the
exact solution is very small.

cp
1.500 -

o0 L i\ /
0000 [+ [N ]

1 3\5 7 9 11 13%15 17 19\21 23 25 27 29%31

-0.500

-1.000 -
-1.500 \ / \ /
-2.000

-2.500

—&— num

—&— exact

-3.000

-3.500 -

Fig.1. Numerical and exact solution for f# =1and a
circular obstacle - 32 nodes on the boundary
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V. CONCLUSIONS AND FURTHER WORK

The Direct Boundary Element Method (BEM) is an
efficient numerical technique, which offers good numerical
results when solving problems of 2D compressible fluid flow
around obstacles, especially when higher order boundary
elements are used. Even when using a small number of nodes
for the boundary discretization the numerical results are of
great accuracy if suitable methods for the treatment of the
singularities are used. As one can sees the errors are indeed
very small, fact that shows the efficiency of the method.

Comparisons between the exact solution and the numerical
solutions obtained when solving the singular integral
equation with constant, linear and quadratic boundary
elements can also be performed, as well as a comparison
between the exact solution, the numerical one obtained when
an indirect technique with sources distribution and quadratic
boundary elements is used. This comparison will establish
which method offers better results in case of smooth obstacle.

Even if the boundary equation is more complicated than
the singular boundary integrals obtained when applying the
indirect techniques, the direct boundary method can
successfully be used in case of profiles with cusped trailing
edge, because it can handles easier with the Kutta-Jukovsky
condition.
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