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Abstract—In the General Theory of Relativity, the
expression of the Einstein tensor is deduced by requiring the
tensor to fulfil three conditions, among which the value zero of
its divergence. The proof of the value zero of the divergence,
has been carried out in literature, in fact, in two manners:
either by a considered to be a direct simple verification in a
book of Einstein or using the Bianchi identity by several
authors. In both cases the known solutions show certain
drawbacks.

In the present paper, the author aims at: a) to precise the
manner of calculating the divergence of a tensor, taking into
account its character, namely covariant and contravariant in
the respective index and certain required restrictions for
avoiding errors, what has not been examined in literature; b)
to show drawbacks of known proofs of the divergence of the
Einstein tensor; c) to bring a new proof avoiding the usage of
Bianchi identity what is also not found in the known literature.

Index Terms—Curvature tensor, Divergence of a
tensor, General theory of relativity, Field theory.

[. INTRODUCTION

The calculation of the divergence of a tensor occurs in
many problems of Physical Mathematics. We consider that
the notion of divergence of a tensor has not been enough
defined and analysed in literature. We shall try to establish a
consistent definition of a tensor including the calculation
procedure, and to apply it to the calculation of the
divergence of the curvature tensor of the four-dimensional
continuum space-time. In order to avoid any confusion, we
shall disregard the cosmological term, introduced by
Einstein, having in view his explanations in the book [1,
Appendix 1, pp. 129-130], and moreover that it has no
relation with the mathematical analysis for calculating the
divergence of a tensor.

Several studies on the divergence of tensors have been
carried out for a long time, [1]-[10]. In paper [10], a deep
study on the differential operations on tensors has been
performed without using the tensor calculus, but instead the
general method concerning the differential quadratic forms,
from the classical mathematical analysis, has been utilized.
The methods used in the other papers will be examined
further on.

In order to facilitate the understanding, and have a
uniform system of symbols, the paper includes three
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appendices: the first containing several tensor formulae
frequently used in the paper; the second presenting a
relatively simple deduction of the Riemann curvature; and
the third containing a very short deduction of the Bianchi
identity.

II. THE DIVERGENCE OF COVARIANT AND CONTRAVARIANT
TENSORS

The calculation of the divergence of a tensor, as known,
is based on the calculation of the derivative of that tensor.

The divergence of a vector in a Cartesian system of co-
ordinates is:

i OA

va'_GT, vk=i; iel0,3] (1)

We recall the symbols of the covariant and contravariant
V, and vk,
Correspondingly, we may use the denominations of
covariant and contravariant divergence, respectively.

The expression of the covariant derivative of a
contravariant tensor of rank 1, i.e., a contravariant vector, is:

derivatives, namely respectively.

VAi—aAi+FiA' Vi, I, ke[0,3
k —m k A 1, ke[0,3], 2)

where I, and F,ik = giv [, ik are the Christoffel symbols

of the first and second kind, respectively. The expression of
the divergence of a vector in any system of co-ordinates is
obtained starting from the relation (2), contracted in indices
i,k:
i oA :
ViA'z—i+F|'i A Vi lelo,3], 3)

and represents a tensor of rank zero, i.e., a scalar. Relation
(3) may also be written:

i i 1 0 i
DivA' =V.A' =—— . — |/t g A’
CO T T g 8x'( row) (3a)

vielo,3],

where g represents the expression of the determinant of the
fundamental tensor, and the plus and minus signs from
denominator and numerator correspond to each other, the
sign minus being taken if g is negative. The symbol Div,
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instead of div, has been used in order to emphasize the
general system of reference.

The covariant derivative of a covariant tensor of rank 1,
i.e., a covariant vector, is given by the following relation,
and its divergence results by contracting the expression in
indices i and k:

oA .
VkAiz_Ar(_gVIFl,ikA/’ k=i.
oX

“4)
The contravariant derivative of the same tensor is given
by the following relation, and its divergence results by
contracting the expression in indices i and k:
k k k| OA v
VEA =gPV A =g° —o 9 Dip Av s )

k=i, Vil,pelo,3].

The expression of the divergence of a contravariant
tensor of rank 2 may be written similarly, starting from the
formula of the covariant derivative of a twice contravariant

tensor G , contracted in indices j and k:

(9Xk : ’ ’ ’ ’ (6)
k - j.

Let us to consider a covariant tensor of rank 2, the
divergence can be expressed in several manners, as below:

V¥Gy = 0"V Gy = V"G =V G’ (6 a)

Remarks on the calculation of the divergence of a tensor
From the relations above, we may realize the following
properties:

a. The divergence of a given contravariant tensor
results from the expression of the covariant
derivative of that tensor, and due to the contraction,
the divergence will be a tensor of a rank less by two
units with respect to that of the mentioned
expression. In this case, the contraction is performed
in each pair of concerned indices, one subscript and
the other superscript. It may be called covariant
divergence.

b. The divergence of a given covariant tensor results
like for the preceding case, a, but in this case, b, the
contraction must be performed for each pair of
concerned indices placed in the same position, both
subscript. It may also be called covariant divergence.

c. For to keep the same manner of contraction as in
case a, the divergence of a given covariant tensor
results from the expression of the contravariant
derivative of that tensor. It may be called
contravariant divergence. The contraction will be
performed as for case a. The divergences of a tensor,
calculated by procedures b and c, are expressions
which differ by a factor representing the fundamental
tensor.

d. A convenient manner for simplifying the calculation
of the divergence of a tensor, in a geodesic system of
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co-ordinates, in the case in which the fundamental
tensor occurs as a factor in any term, is the transport
of the fundamental tensor before or behind the
differential operator. However, attention must be
paid in order to avoid the transport if in the
respective term including the differential operator,
besides the differential operator, there are tensors
with the same index as the differential operator. If
the respective index appears three times or more, the
transport may produce errors.

Each of the procedures from b and ¢ may be
advantageous in certain applications.

The calculation of the divergence in the case of a tensor
of any rank greater than unity, say of rank 2, yields not a
unique result as in the case of a contravariant tensor of rank
1, because the calculation has to be carried out with respect
to the pair of indices formed by that of the divergence
operator and by one of the tensor. Also, by choosing various
pairs of indices we may obtain different results for the
divergence.

III.  APPLICATION ON THE CASE OF THE RIEMANN
CURVATURE TENSOR AND EINSTEIN TENSOR

The equations of the classical General Theory of
Relativity contain the Einstein tensor developed starting
from the Riemann tensor of the four-dimensional continuum
space-time. For more clarity, in Appendix II, we have given
a relatively simple demonstration of the Riemann curvature
tensor for the four-dimensional continuum space-time.

In the work [1, pp. 99-101, formula (96)], Einstein gives
directly the tensor considered to satisfy the three required
conditions the value zero of the divergence included. Let us
consider the Einstein tensor:

Rj +ag;R, @)
where Rjj is the Riemann tensor of rank 2, also called Ricci
tensor, and R is given by the relation:

R=g"R; =R/, (72)

and a of (7) is a constant. For the third condition to be
-1
satisfied, the constant a should be equal to 7 . The same

expression is given in many works, among which [3,
Chapter 111, par. 44, p. 248], [4, p. 200], [5, p- 99]. Let us
examine this solution. For calculating the expression of the
divergence, we shall use the contravariant derivative. We
shall assume that the following relation exists:

. 1 i 1
DIV(RU —Egij Rj = VI(RIJ —Egij R]

—g"v [R -Lg.R

=g p| MNij 29|J

S ®)
:Vp(glpRij _Eglpginj

1
- p PR | =
_vp[Rj -5 9] Rj_o,
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where for the transformations, we have used the relations of
Appendix 1. We shall expand the last term of expression (8),
around any point, having in view the usage of geodesic co-
ordinates, also recalled in Appendix I. It follows:

1
p p
Vp(Rj—Zijj

| 0 no, 0 o1 0 oo 0 3
'(WR“WJ'*@?F*ﬁmRi} o

L9 g

2 ox!

We may examine in which way the divergence of the
tensor of the left-hand side of (8 a) can be calculated. In the
right-hand side, the first term (within parentheses) contains

. 0 . .
certain terms of the form 8_2 R32 , which cannot appear in
X

the second term, which contains only terms of the form

0

—.Rg . A simple method could be to transform this

ox!
relation by multiplying it with certain tensor factors. For

instance, by multiplying (8 a) with gFj) and having in view

that gg, is different from zero only for p = J, it is difficult

to reach a useful result because in each term the same index
p occurs three times, not twice. Therefore, other methods
have to be applied in order to calculate the divergence.

IV. CALCULATION OF THE DIVERGENCE GIVEN BY EINSTEIN

In his book [1, after formula (97)], he considers a certain
tensor containing the Riemann tensor of rank 2, and the
corresponding scalar quantity, at any point in a four-
dimensional continuum space-time. He has used a system of

co-ordinates for which the fundamental tensor gj; and g 4

have the value £1 if 1= j, and the value zero if i # j.

Although no mention is made, one may suppose that a
geodesic co-ordinate system has been in view. Further, he
considered that for the proof of above, namely the value
zero of the divergence of the considered tensor, it suffices to
prove that the divergence expression of the considered
tensor is zero, namely:

0 1
a_xs{\/_g gVS[Ruv _EguvRJ}:Oa

where g represents the expression of the determinant of the
fundamental tensor.

The expression of Riemann tensor of rank 2, hence a
Ricci tensor, he used in relation (9), has been:

oryy or'ly
w =T r %
OX OX

)

R

- Ih

r w
+ 1—‘UWFVI’ + rw»

(10)
where the capital letters gamma represent the Christoffel
symbols. Further, the explanations lead to the conclusion
that this expression is indeed zero. However, no complete
explanations are given.
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The subsequent authors have used in their works geodesic
systems of reference and resorted to certain corresponding
general tensor relations, including a deeper analysis.

V. REMARKS CONCERNING THE CALCULATION OF THE
EXPRESSION INVOLVING RIEMANN TENSOR

In order to clarify the -calculation of the tensor
divergence, avoiding certain errors, we shall consider an
example concerning the mixed Riemann curvature tensor of
rank four and its transformation into a covariant tensor of
the same rank. Although well known, we shall remake a
simple deduction in order to emphasize a very important
property accepted but never explicitly mentioned in the
known works. According to (A.IL.5), we have:

) SYP) SR i
Ri' = axusr ——axurs + st —Tge - (11)
Let us look for expressing the formula:
Rrsup =0ip Rfétil : (12)

There follows

i ori. eorl i i

Qip Rr's'u'I = gip[ axusr N axurs ] +0ip (Ffllsrl?f _FAFFL?S)
_ a(gip giwrw,ur)_ a(‘:‘Jipgﬂwl—‘w,us)_ri agip
ox® ox" T ox®

(13)

. ag. . .
+ FLIIS 87If+ gip (rc;srl?r _rérrt?s)

We shall calculate the parentheses, having in view that

gipgiw = g‘F’,V, w taking all values from zero to 3, and p

being fixed, we have Q \g = g{,’ =1. We shall obtain:

or

i or ur p,us i

i Ry =— P - — PO PP L 4T,
ip "rsu ox° ox" ur( p,is |,ps) (13 2)

+FLIJS (rp,ir +ri, pr )+ gip (rc:srl?r _Ft;rrgs)
or

. or or ;

p,ur p,us

gip RrsuI = ox - ox" _rl:r (rp,is +ri,ps) (13b)

+ FlIJs (rp,ir + Fi,pr )"’ gip glw (rw,qsrl?r _rw,qrruqs)

and, with the same remark as after (13), there follows:

. or or ;
p,ur p,us
Qip RrsuI = s r _FL:I' (rp,is +Fi,ps)
OX oX (13 ¢)
+ FI.IJS (rp,ir + 1—‘i, pr )+ g\pl)v (FW,QSFL?I’ - FW,quL?S )
Further on, we have:
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9ip R mf:armm m%us_rqﬁﬁ$ IHpJ
ox® ox" (13 d)
+E1ﬁhm qu+g (pwr rpmr)
There follows:
_g. B 8Fp’ur 8Fp,us
rsup ip rsu - T
ox® ox" (13 ¢)
- rlj]r Fq, ps + FI.?S 1—‘q, pr-
Replacing the Christoffel symbols, we obtain:
_ 0 1[99 090Gy
BPaxs 2 oxt o ox" axP
B 0 l agps_'_agpu _5gu5 (14)
ox"2{ ox' ox® oxP
q
F r L, ps +1us T, pr-
After reducing the like terms, we obtain:
2 2
zl 0 gpr _ 82gur _ 0 gps 82gus
P2l oxtoxt axtoxP axTox!  ax'oxP
— T g ps + T T pr - (15)

We shall make here a very useful remark, not found in

the known works. In general, the quantity g Ui expressed

starting from a Galilean system of reference by formula:

u=3 u u
Za 0

16
= ox' ox! {10
In this case:
90ii _ dgy
— =0, 16
axk ox! (162)

If we accepted this relation, then all curvatures would be
zero. The reason is that according to relation (16 a), the
obtained fundamental tensor may always be reduced to a
Galilean one, therefore the curvature will be zero. Hence,
for domains with curvature, the usage of relation (16 a) is
not allowed. This property although accepted in
calculations, in the known works, is never explicitly stated.

VI. CALCULATION OF THE DIVERGENCE BY THE AUTHORS
USING THE BIANCHI IDENTITY

The other known authors have used the Bianchi identity
for this purpose [1]-[5], [8]. In this case, they start from a
tensor of rank four, in order to establish the property of a
tensor of rank 2, what seems to be an indirect and more
complicated way. Further, a set of transformations bring the
expression from a vector of rank four to a vector of rank 2,
namely a mixed vector.
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For more facility in following this paper, in Appendix III,
we have given a very simple deduction of the Bianchi
identity.

These proofs, aiming the calculation of the divergence of
the curvature tensor are based on Bianchi identity and on the
usage of the geodesic co-ordinates, like in works [1]-[5].

According to relation (A.IIl.2) and the inversion of
indices, the following identity may be written:

\ R:su vsRll'ku \ Rlisu 0. (17)

By putting i = r, and contracting with respect to index i,
there follows:

kasu _vstu_viRli(su =0 (18 )

Multiplying the last relation by g%, and taking into
account relation (A.L.4 ¢), one will obtain:

~ V(RS +V R +ViR} =0, (18 b)
and replacing the index s by i in the second term of the left-
hand side of relation (18 b), both taking all values from zero
to 3, one obtains:

~ VRS +2V,R} =0. (18 ¢)

From here on, we shall modify the known procedure [4,
p- 201], avoiding the Kronecker symbol. Starting from
relation (18 c¢) and changing the first index of the first term,
we get:

~V,giR$ +2V,R! =0, (19)
and taking into account (7 a), we obtain

where the term within parentheses corresponds to that of
Einstein tensor, but in a mixed form.

III. THE PROPOSED NEW PROOF

Unlike the other methods, we shall consider the tensor we
are looking for as not known. Let us start from the general
formula of the Riemann curvature of rank 2, hence the Ricci
form, of Appendix II, in geodesic co-ordinates:

e L,

Ry =|—4-=— 1 vrelo,3], Q1)
ox®  ox

and s and u are fixed values chosen from the set [0, 3].

Then, from formula (21), also using geodesic co-ordinates,
we get:

V.R,, =V, oLy Oy |_ 0 [ahy, Ol
U oxs  ox" ) oxflox®  ax'
o or, 0 ar .
=— . vrelo,3],
ox® oxk 8x OX
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and k, s, u are fixed values chosen from the set [0, 3].

Therefore, according to formula (21) or (22), by adding and
subtracting the same term, we can write:

é3rt1rr _ alﬂurk
ox¢  ox"

0
VkRSU = axs (

r r
v 2| P s |y p o, 3],
ox | ox OX

(23)

and k, s, U are fixed values, like in the preceding relation.
Consequently:

r r
ViR, = 0 OFukr 3 Ol“urk
ox*| ox*  ox
w w (23 a)
I, I,
aw 0 uk 0 us |\, vrelo,3]
ox" | Ox oX
or, with the symbols of Appendix II, we have:
ViR = VR + VyRiey, Ywelo,3]. (24)
After rearranging the terms, we obtain:
ViRe = ViR — VRt =0, Ywel0,3]. (24a)
By multiplying both sides with g*", it follows:
~V RE+VRE+V,RY =0, Vs,wel0,3] (29
Therefore:
~V(R$ +2VR¢ =0. (26)
Let us use the contravariant derivative:
-VPg,Rs +2VP g Re =0. (27 )

Taking into account relation (7 a), and changing the order
of terms, relation (27 a) yields:

1
VP[Rkp—EgkpRjzo, v pelo, 3] (28)

Therefore, we have deduced, within parentheses, just the
Einstein tensor, by a say inductive way, without resorting to
the Bianchi identity. Due to its form, relation (28) represents
the contravariant divergence.

APPENDIX I
Tensor Formulae
According to formulae of Appendices A.1, A.2, A.3 of
[6], and starting from those formulae, we shall obtain:
9Ygui=9/; 9/ =1, Vi=j;

_ o (AL1a,b)
=0, Vi#j.
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gijgij = gii , 1=const;

i L. (Al2a,b)
g'gj =4, Vi, je[0,3].
gijgij =1, i=const;
i i .. (Al3a,b)
9igj =4, Vi, je[0,3].
O00;i
aX—E=Fi,jk +T ks
ij (A.L4 a-c)
Vi =0; Vig' =0,
Vi, j,k €[0,3].
Vgl =0, Vi, j,ke[0,3]. (A.LS3)
.oact .
ViC] ZaTk]HTkC} ~T}C. (A.L6)

All formulae of this Appendix are useful for the
transformations occurring in the previous treatment.

Besides the relations above, the geodesic co-ordinate
system has been used in certain applications [3, Chapter III,
par. 42, p. 232]. We recall, more detailed than usually, that a
geodesic reference system, generally, could be considered in
a small space around any chosen point. The elements of the
fundamental tensor are assumed to be functions of point, the
first derivatives of which have, at the chosen point, the
value zero, but their derivatives of higher orders may exist.
If a tensor is zero at that point, it will keep the value zero, at
that point, in any other system of reference.

The corresponding expressions of the co-ordinates when
passing from any co-ordinate system, to a geodesic system,
can be obtained from the formulae of transformation of the
Christoffel symbols when passing from a system to another
one. Also, for this scope, we can use the expressions of the
covariant derivative of a covariant vector, when passing
from the former system to the latter.

It is to be mentioned that at any point there is an infinity
of geodesic reference systems [9, p. 77], and it is possible to
choose the more convenient for the purpose we are looking
for.

APPENDIX IT
The Expression of the Riemann Curvature Tensor
Let us consider the covariant derivatives:
_OA
ox'

VA +T0 A", (A.IL1)
where the left-hand side of each relation is a tensor of rank
2, once covariant and once contravariant. The following
covariant derivatives will be expressed by using relation

(A.L6):

WCE 2010



Proceedings of the World Congress on Engineering 2010 Vol III
WCE 2010, June 30 - July 2, 2010, London, U.K.

. 2 Al i ) u
VS(VrA'): OA O pu +T, oA
ox*ox"  ox® ox®
i [ oAd oAl (AIL2 a)
+T | —+T3AY -3 —+T' AY |,
qs( axr ur J rs[axq uq J
vaq,uelo,3]; vi,r,sel0,3],
and
. 2 Al i ] u
Vr(VSA'): oA M A“+ru's—aA
ox"ox®  ox" ox"
(A2 b)

T N R T R
+1"q{§+FUSA Iy 6><_q+rqu ,
vaq,uel0,3]; Vi,r,selo,3]

Now, in order to obtain a simple expression we shall
subtract the last two equations, side by side, and we shall
take into consideration that the terms in which certain
indices are denoted by different letters, but take the same
values from zero to 3, are like terms. There follows:

. (erl or!
V.V, -V VA =| U _ s |al
( S r r S) {axs 8Xr J

(AIL3)
+(Fésl"l?r ~ T )Au , Vi,q,r,s,uel0,3]
The expression (A.I1.3) may be written:
(V,V, —V,V,)Al =R, A", it

vi,r,s,uelo,3]

The right-hand side of expression (A.I1.4), apart from the
contravariant vector as factor, satisfies the first two
conditions, and is just the Riemann curvature tensor, in
which we have separated, by parentheses, two terms:

oLy Oy
ox®  ox'

Rsy = Rr'sfu'I =

rsu

(AILS)
+ (r(;sru“r ~ T ) vi,r,s,uelo,3]
We should remark that the positioning of the superscript

is not absolutely necessary. By contracting the expression
(A.IL5) in indices i and r, we shall obtain:

oy _orl
oxs  ox'
vr,s,uelo,3].

R. =

su

+(r'rq - Iy I )
gs— ur qr+us (AIL6)

It is to be noted that in geodesic co-ordinate reference
system, the expression (A.Il.6), also called Ricci tensor,
becomes much simpler, as it will be explained in Appendix
II1.

APPENDIX III
The Bianchi Identity

We shall give a simplified proof starting from the
expressions of Appendix II.
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As known, in geodesic co-ordinate system, the Christoffel
symbols are zero, but their derivatives with respect to co-
ordinates may be different from zero. Therefore the
covariant derivative of expression (A.IL.5) will concern only
the first parenthesis and will be:

O’y 97T
oxkox®  axkox"’

and the obtained result is valid in any system of reference.
Using relation (A.III.1), there follows:

VR, = (ATIL1)

Vi R;su +Vs RIi<ru +V, R;ku =0, (AIIL.2)

which is the Bianchi identity.
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