
 
Abstract — In the preaent paper, we examined 

the generalized stochastic differential equation 

( , ) ( , ) dS S t dt S t dXμ σ= + under the 

assumption that both the drift and the volatility 

are functions of the price of an asset S  at time t 

respectively. The generalized Black-Scholes 

equations are derived based on the special 

conditions of ( ( , ) ) / ( , ) ( , )S t rS S t t rμ σ ω− = . 

The stochastic differential equation can be used to 

describe the generalized Black-Scholes option 

pricing dynamic process with unique continuous 

solution. Especially, we obtain the classical 

Black-Scholes equation when the drift and 

volatility are both homogeneous functions of asset 

price S in the form of StS μμ =),(  and 

StS σσ =),(  with ( , ) ( ) /t r rω μ σ= − . The 

mathematical technique employed in this paper 

also has the significance in studying some other 

problems. 

 

Index Terms — Black-Scholes equation, 

generalized stochastic differential equation,option 

pricing. 

 

I. INTRODUCTION 

Derivative instruments are contracts that 
promise some payment or delivery in the future 
contingent on the evolution of the price of some 
other asset, which is called the underlying.  
Derivative markets provide an excellent setting 
for mathematical analysis because the price of 
the underlying asset can be modeled as a 
diffusion process, and in this case finding the 
correct price for the derivative contracts gives 
rise to interesting mathematical problems. The 
most popular example is provided by option on 
stocks, where the option is the derivative 
contract and the stock is the underlying [1-2].  

The pricing of options is a central problem for 
financial investment in derivative markets. It is 
both theoretical and practical problem since the 
use of options thrives in the financial market. An 
option is, like a contract, an agreement between 
to parties on buying of an asset by one party, and 
selling it by the other. In option pricing theory, 
the Black—Scholes equation is one of the most 
effective model for pricing option. The equation 
assumes the existence of perfect capital markets 
and the security prices are log normally 
distributed or equivalently, the log—returns are 
normally distributed. To these, they add the 
assumptions that trading in all securities in 
continuous and that the distribution of the rates 
of return is stationary [3-11]. 

Black-Scholes assumed that the stochastic 
differential equation 

dXSdtSdS   σμ +=            (1) 
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as dynamics of the asset price, as the starting 
point and derived their partial differential 
equation by an arbitrage argument 

0
2
1 22 =−++ rVrSVVSV ssst σ     (2) 

This is the fundamental Black-Scholes equation. 
Where μ  is the expected increase rate of S , 
σ is volatility, r is the risk-free interest 
rate( μ , σ , r are constants), and X is a 
normally distributed random variable with zero 
mean and dtdX ≈2)(  as 0→dt . 

In this paper, we examined the generalized 
stochastic differential equation under the 
assumption that both the drift and the volatility 
are functions of the price of an asset at time t 
with a view to derive the condition for the 
stochastic differential equation can be used to 
describe the generalized Black-Scholes option 
pricing dynamic process. 
  

II. MODIFIED BLACK-SCHOLES 

EQUATION MODELS 

 
We assume that the price S  of an asset at 

time t ( 0 t T< < ) follows the stochastic 
differential equation of the general form 

dXtSdttSdS  ),( ),( σμ +=     (3) 

Where ),( tSμμ = and ),( tSσσ = are 

functions of S and t respectively. The 

coefficient ) , ( ⋅⋅μ  is called the drift and 

) , ( ⋅⋅σ is called the diffusion coefficient. In 

financial modeling, ) , ( ⋅⋅σ is called the 

volatility of S .  
  In following, we show that under appropriate 

conditions on ),( tSμμ =  and ),( tSσσ = , 

the stochastic differential equation (3) can be 
used to describe the Black-Scholes dynamic 
process with unique continuous solution and 
they will be strong Markov processes. We derive 

two modified Black-Scholes differential 
equation models of which one is characterized 

only by volatility coefficient ),( tSσσ = but 

another model characterized by the coefficients 

of both drift ),( tSμμ =  and volatility 

),( tSσσ =  of S . 

     Consider an option whose value is 

),( tSV , then from It ô ’s Lemma 
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Model (I): 
We construct a portfolio Ψ of one option 

and a number Φ− of assets, the value of the 
portfolio is:  

SV Φ−=Ψ  
The change of the portfolio over dt is  
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In order to cancel the random term of Ψd , we 

choose 
S
V
∂
∂

=Φ , to obtain 

dt
S
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This implies that the portfolio is risk-less over 
time dt and the portfolio must instantaneously 
earn the same rate of return as other risk-free 
securities. The return on an amount Ψ  
invested in a risk-less asset over dt is dtrΨ . 
Then 

dtS
S
VrrVdtrd ][
∂
∂

−=Ψ=Ψ     (7) 

After rearrange Eqs.(6) and (7), we obtain a 
modified Black-Scholes parabolic partial 
differential equation for call option price 

),( tSV of the form : 

0),(
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(8) 
  It is seen that the model is no relation with 
drift coefficient and it is only affected by 

volatility coefficient ),( tSσ . Specially, if we 

let Sts σσ =),( , then Eq.(8) reduces the 

classical Black-Scholes equation  
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Model (II): 

   Consider an option whose value is ),( tSV , 

formula (2.2) indicates that  
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We rewrite the above formula as: 

dXtSgdttShtSdV ),(),(),( +=      (9) 

Consider construct a portfolio 

CVV +−=Ψ 21 λ  of two options with 

maturity 1T  and 2T  respectively. In terms of  

It ô ’s Lemma, the change of the portfolio over 
time internal dt is  

rCdtdXλggdtλhhdΨ +−+−= )()( 2121

                     (10) 
In order to cancel the stochastic term of the 

risk free portfolio, we choose the parameter 

21 / gg=λ , in terms of 

)( 21 VVC λ−−Ψ= , obtain 
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It follows from dtrd Ψ=Ψ , that 
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This yields  

222111 /)(/)( grVhgrVh −=−    (11) 

It is seen from Eq.(11) that its left-hand is 

independent of 2T  while the right-hand side is 

independent of 1T . Therefore, the both sides are 

independent of both 1T  and 2T . So that the 

quantity  grVh /)( −  is only depends on t  

and S . Let this value is ( , )t rω , i.e.  

( , )h rV t r
g

ω−
=  

Then  
( , )h rV t r gω= +  

In terms of Eqs.(4) and (9), we obtain 
finally the second modified general 
Black-Scholes parabolic partial differential 

equation for call option price ),( tSV of the 
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form : 
2
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Eq.(12) indicates that the second model 
affected by both the coefficients of both drift 

),( tSμ and volatility ),( tSσ of S . 

It is seen that if Eqs.(6) and (12) be used to 
describe the same Black-Scholes dynamic 

processes, then the coefficients ),( tSμ  and 

),( tSσ must satisfied the following conditions.   

( ( , ) ) / ( , ) ( , )S t rS S t t rμ σ ω− =  

Especially, we can obtain the classical 

Black-Scholes equation when StS μμ =),(  

and StS σσ =),(  with ( , ) ( ) /t r rω μ σ= − . 

III. CONCLUSIONS 

   In the preaent paper, we examined the 
generalized stochastic differential equation 

dXtSdttSdS  ),( ),( σμ += under 

the assumption that both the drift and the 
volatility are functions of the price of an asset at 
time t respectively. It is shown that under 
conditions ( ( , ) ) / ( , ) ( , )S t rS S t t rμ σ ω− = , 

the stochastic differential equation can be used 
to describe the generalized Black-Scholes option 
pricing dynamic process with unique continuous 
solution. Especially, we can obtain the classical 

Black-Scholes equation when StS μμ =),(  

and StS σσ =),(  with ( , ) ( ) /t r rω μ σ= − . 
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