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Abstract—For each cyclic quintic field F of discrim-
inant dF smaller than 2 · 107, we established lists of
quadratic relative extensions of absolute discriminant
less than 3 · 215 · d2F in absolute value. For each cyclic
field F , we proved the existence of 6 totally imaginary
cyclic number fields and between 2 and 4 totally real
cyclic number fields.
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1 Introduction

The discriminant dK of a number field K of degree n and
of signature (r, s) depends upon several elements of K
such that :

• The numbers r of real places and s of complex places.

• Its sign is (−1)s.

• To equal degree, the discriminants have tendencies to
grow with the number of real places.

• For every prime number p, the valuation of p in dK
can only take a finite number of values.

• It verifies the Stickelberger’s congruence :

dK ≡ 0 or 1 mod 4. (1)

• One can give lower bounds for |dK | depending only
on r and s.

• Finally, it is well known that the set of isomorphism
classes of number fields of a given discriminant is finite
(Hermite). It is therefore natural to try to sort the num-
ber fields by their discriminants.

In this paper, we enumerate all number fields of degree 10
and of absolute discriminant less than 3·215·d2F containing
cyclic quintic fields of discriminant smaller than 2 · 107.
For each one of the found fields, the field discriminant,
the quintic field discriminant, a polynomial defining the
relative quadratic extension, the corresponding relative
discriminant, the corresponding polynomial over Q, and
the Galois group of the Galois closure are given. For each
fixed field F , we proved the existence of 6 totally imag-
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inary cyclic number fields and between 2 and 4 totally
real cyclic number fields.

2 The method

If L is a number field of degree [L : Q] = n, we denote
by ϑL its ring of integers and by dL its discriminant. Let
J(L) be the set of distinct Q isomorphisms of L into C,
for β ∈ L we denote the corresponding conjugates by
β(1), ..., β(n) and we set T2(β) =

∑n
i=1 |β(i)|2.

To establish the lists of all number fields of degree 10 over
Q and of field discriminant smaller than a fixed bound
in absolute value containing a cyclic quintic subfield, we
have followed without major modification, the method of
explicit construction of quadratic relative extensions as
described in [4]. In the following, we are going to briefly
describe the main stages that led us to establish these
lists.

The basic tool that allowed us to construct explicitly all
relative quadratic extensions of a quintic field with dis-
criminant less than a given bound is the following theo-
rem due to J. Martinet [3].

Theorem 1 Let K be a number field of degree 10, of
signature (r, s) and of discriminant dK such that |dK | ≤
M , containing a cyclic quintic field F . There exists an
integer θ ∈ K, θ /∈ F such that K = F (θ) and

10∑
i=1

|θ(i) |2 ≤ 1

2

∑
σ∈J(F )

|
∑

τ∈Jσ(K)

τ(θ) |2 +

(
|dK |
4|dF |

) 1
5

(2)

where Jσ(K) = {τ ∈ J(K) : τ/F = σ}. This inequality is
also valid for all elements of K of the form θ + γ, where
γ is any integer of F .

Let then

P (x) = x2 + ax+ b ∈ ϑF [x]

be the minimal polynomial of θ over F . We denote by
Pσ(x), σ ∈ J(F ), the polynomial

Pσ(x) = x2 + σ(a)x+ σ(b)

To compute all polynomials P (x) having a root θ sub-
ject to inequality (2), we will work in the field F . We
assume that the discriminant dF and an integral basis
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W = {w1 = 1, w2, ..., w5} of F are known. All used quin-
tic fields F were taken from [2]. In the list below, the
polynomials defining the cyclic quintic fields of discrim-
inant smaller than 2 · 107 are given. We notice that the
discriminant of the cyclic quintic fields is of the form p4i

(1 ≤ i ≤ 2).

Discriminant Polynomial
14641 = 114 x5 − x4 − 4x3 + 3x2 + 3x− 1
390625 = 58 x5 − 10x3 − 5x2 + 10x− 1
923521 = 314 x5 − x4 − 12x3 + 21x2 + x− 5
2825721 = 414 x5 − x4 − 16x3 − 5x2 + 21x+ 9
13845841 = 614 x5 − x4 − 24x3 + 17x2 + 41x+ 13

In order to find all number fields of degree 10 and of
discriminant dK such that |dK | ≤M , containing a cyclic
quintic field, we choose M = 3 · 215 · d2F and set B =(
M
4dF

) 1
5

. Let us show how to determine the coefficients a

and b of the relative polynomial P .

2.1 Choice of a

According to theorem 1, the coefficient a of P can be
chosen in ϑF mod 2ϑF , therefore only 25 values must be
considered for a :

a =
5∑
i=1

aiwi with ai ∈ {0, 1} for i = 1, ..., 5.

Moreover, according to [4], each one of the 32 possible

values of a can be chosen so that C = 1
2

∑5
i=1 |a(i)|2 +B

is minimum.

2.2 Choice of b

Once a convenient value of a is determined, we compute
the set of suitable values of b =

∑5
i=1 biwi from the sec-

ond relative symmetric function

s2 = θ2 + θ′2 = a2 − 2b

where θ′ denotes the other root of P . The values of s2
are computed from the inequality

5∑
i=1

|s(i)2 |2 ≤ C2.

which is deduced from inequality (2) and this inequality∑5
i=1 |s

(i)
2 | ≤ C.

2.3 The main simplifications

We find ourselves in the presence of a long list of poly-
nomials P . The main simplifications used to reduce, as
much as possible, the number of polynomials to be con-
sidered to construct the complete lists of the desired fields
are described below.

2.3.1 Step 1

• For each of the constructed polynomials, we started
by determining whether it can define a field with the
desired signature. This question was solved by sim-
ply examining the sign of the polynomial discriminant
∆ = a2 − 4b of each conjugate of P .

• Then, we proceeded with the elimination of polynomi-
als having too large values of T2(θ) by checking whether
the inequality

5∑
i=1

|∆(i)| ≤ 2B (3)

is fulfilled. Indeed, since

T2(θ) =

10∑
i=1

|θ(i)|2 =
1

2

(
5∑
i=1

|a(i)|2 +

5∑
i=1

|∆(i)|

)
,

then the inequality

10∑
i=1

|θ(i)|2 ≤ 1

2

5∑
i=1

|a(i)|2 +B

is equivalent to inequality (3).

• Finally, we checked the irreducibility of the polyno-
mial P for the signature (10, 0).

2.3.2 Step 2

• For the polynomials that survived to the previous
tests, we used a theorem on ramification in Kummer ex-
tensions to compute the relative discriminant δ. Only
polynomials for which N(δ) ≤ M d−2F were kept. This
allowed us to obtain the value of dK directly

dK = (−1)s d2F N(δ).

• As we got several polynomials for a given discrimi-
nant, we used the function OrderIsSubfield in [1] to decide
whether or not such polynomials define the same field up
to isomorphism.

• Then, we computed the polynomial

f(x) =
∏

σ∈J(F )

Pσ(x) =

10∑
i=0

tix
10−i (t0 = 1)

and the Galois group of the Galois closure for each field
in the lists using KANT [1].
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Table 1: Results
dF 14641 390625

(r, s) (10, 0) (0, 5) (10, 0) (0, 5)
nb1 122 132 203 213

Smallest found discriminant dK
dK 35119 −119 517 −35516

k Number of k non-isomorphic field
2 − 1 6 4
dF 923521 2825761

(r, s) (10, 0) (0, 5) (10, 0) (0, 5)
nb1 105 246 380 396

Smallest found discriminant dK
dK 318433 −319 419 −35418

k Number of k non-isomorphic field
2 2 13 18 17
3 − 1 1 1
4 − − 2 2

3 Description of Results.

In this section, we give a brief discussion of some infor-
mation provided by these computations and a table illus-
trating the obtained results.

For each fixed quintic subfield, the number nb1 of ob-
tained fields, the smallest discriminant, the number
of discriminants for which there are exactly k non-
isomorphic fields having same discriminants are presented
in Table 1.

In Table 2, we present some data on the found cyclic
fields. Among the 4 found cyclic extensions of signa-
ture (10, 0), the first one is the composite field F ·Q(

√
5)

and the last one is the composite field F · Q(
√

2). The
two other fields contain the quadratic field Q(

√
3p) and

Q(
√
p) respectively.

On the six found cyclic fields of signature (0, 5), four are
composite fields F · Q(

√
d) where d = −1,−2,−3,−7.

The smallest discriminant dK = −p9 (p = 11, 31) cor-
responds to the subfield of degree 10 of the pi − th cy-
clotomic field. Finally, the last cyclic field contains the
quadratic field Q(

√
5p).

References

[1] M. Daberkow, C. Fieker, J. Klüners, M. Pohst, K.
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