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Abstract— During the element creation procedure of initial 

mesh generation using the standard advancing front technique 

(SAFT) , there is a possibility where a conflict of undecided 

element occurs which do not follow the normal cases. We 

proposed a direct approach to tackle this kind of problem by 

extending the two normal cases in SAFT to the total number of 

five cases of consideration during the element creation 

procedure in initial mesh generation. The approach is called as 

Enhanced Advancing Front Technique-1 (EAFT-1). The aim of 

the work is to improve the SAFT in order to tackle directly 

such problem of sudden invalid triangular element without 

having to re-order back the Front list and without erasing the 

existing element in the initial mesh generation. A simulation of 

this approach has been done and the quality of the mesh is 

examined using a number of defined measurements in Gambit 

software. The resulted mesh is applied for modeling the 

radiation heat transfer problem using Discrete Ordinate 

method. 

 
Index Terms— Initial mesh, Enhanced Advancing Front 

Technique, extended cases and radiation. 

 

I. INTRODUCTION 

TRUCTURED or unstructured triangular mesh 

formation is an important step for approximating 

solutions to boundary value problems. Recently, 

unstructured grid has been predominant because of its ability 

of modeling complex geometries, besides its natural 

environment for adaptivity [1]-[3]. Triangular element is 

chosen in this work since it is reported that these type of 

element are the most flexible for automatic mesh generation 

particularly when mesh grading is required [1], [2]. Among 

the famous method of generating unstructured mesh is 

Delaunay triangulation and Advancing front technique 

(AFT). The AFT is guaranteed to preserves boundary 

integrity as well as it has the capacity to create triangular 

elements with high aspect ratio in boundary-layer region [2].  

In the present paper, we extend the work done in [2] and 

the issue raised in [4] by illustrating two different conditions 
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of undecided element creation during the iteration,  regarded 

as conflict during element creation procedure using the 

Standard Advancing Front Technique (SAFT) which will be 

described in detail in section II. A brief concept of SAFT 

and numerical method is described in section III. We present 

our direct approach of encountering this specific problem by 

incorporating the five extended cases of consideration 

during the element creation procedure. The approach is 

called Enhanced Advancing Front Techniques-1 (EAFT-1) 

where each of the cases will be explained in Section IV. At 

the end of the paper, we apply the unstructured mesh for 

modeling the radiative heat transfer problem using Discrete 

Ordinate method for a simple two dimensional domain.  

II. PROBLEM STATEMENT   

In general, the following cases are possible during the 

procedure of element creation: 

(1) A new node (ideal point) is created and been selected 

as a vertex to form the new triangle element where 

this new node satisfies certain condition listed in 

the SAFT. 

(2) The already existing front node and active edges are 

selected to form the new triangle element where 

this existing node satisfies certain condition listed 

in the SAFT. 

 

However, there are also conditions which do not belong to 

any of the above cases. This issue has been raised in [4] 

where an efficient mesh generation algorithm should be able 

to tackle such problem when neither the normal case listed 

above occurs during the element creation. Before illustrating 

the problem in detail, a few terms need to be defined. We 

denote an edge as (a,b) which means that the edge is formed 

by node a and node b. The current selected edges being 

considered is called as base edge. Front is a list or a set of 

active edges which is currently available for element 

triangulation. It must be noted that all the edges belong to 

the current Front will be considered as active edges while 

edges that had been drop from the current Front list will be 

considered as passive edges. At the same time, any nodes 

which compose the active edges in the current position of 

the Front list are also known as active node. In the creation 

of the triangular element, once base edge has been 

identified, the position of ideal point (IP) on the 

perpendicular bisector of the base edge is computed in such 

a way that an equilateral triangle is formed with IP as vertex.  
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Figure 1 illustrates the first condition that does not belong 

to neither of the normal case. The boundary curve has been 

discretised into a set of boundary edges where edge (7,8) is a 

part of the boundary. The procedure of the triangular 

element creation is conducted smoothly as outlined in the  

SAFT for the first six elements but when it comes to create 

the next triangular element, with (7,9) as the base edge, the 

problem occur when the IP constructed as in Figure 1 is out 

of the boundary curve and at the same time there is no active 

node lie within the circle which is appropriate to replace the 

IP. Appropriate here means the node needs to be inside the 

boundary as well as the node do not lies within other 

existing triangular element.     

Another condition that might occur in which we classified 

as the second problem is illustrated in Figure 2 where the 

base edge being considered is (a,b). There is also a 

possibility that the IP created is still inside the boundary, but 

it is too close to the existing element, and one cannot 

connect the base edge directly to the IP because the side of 

the new element will intersect the existing side of the 

triangle element. Furthermore, no active nodes which can 

replace the IP appropriately lie within the circle. These 

second condition also leads to conflicts or undecided 

element creation procedure during the element creation. 

 

 

 

 

 

  

 

 

 

According to the algorithm of SAFT in [2], if these 

happen, one needs to re-order the Front and take the second 

shortest active edge and repeat the triangulation process 

again. At some later stage, the same condition may occur 

and again, one needs to re-order the Front again and select 

the next active edge. Imagine if we have thousand of edges 

in a bigger computational domain, this procedure might be 

complicated and may take longer time to complete the task. 

Other author in [4] suggests that one might consider to erase 

a few existing elements if this problem occurs.  

Therefore, this scenario shows that the algorithm is not 

sufficient to cover all conditions, hence an improvement 

need to be done to tackle the problem directly. Our work 

focus on how to improve the algorithm of SAFT in order to 

tackle such problem describe above directly without having 

to re-order back the Front list and without erasing the 

existing element in the initial mesh generation. The approach 

involves studying all types of entities or objects that fall into 

the circle for further consideration so that the triangular 

element can be generated directly.   

III. STANDARD ADVANCING FRONT TECHNIQUE AND THE 

NUMERICAL METHOD 

A. The general basic step of standard Advancing Front 

Technique with background grid 

 

The following basic steps of SAFT in this section are 

based on [2]. The boundary curves are discretized by 

dividing the boundary curves into straight line segments and 

hence, nodes are placed on each of the segment. The main 

approach of controlling the grid in terms of size and shape of 

the triangular element involves the definition of the required 

grid-cell characteristic through background grid generation 

[1]-[7]. The grid-cell characteristics or known as grid cell 

parameters are the size parameter , the stretching s  and 

finally the orientation of the cells . These parameters are 

required to be defined at each node forming the background 

grid.  

Grid cell parameters for all nodes in the Front are 

interpolated using the value defined at the background grid. 

The edge with shortest length l in the Front is selected as a 

departure zone, in order to create the triangular element. In 

order to obtain   for the next step of calculation, the 

interpolated values of   corresponding to the two nodes of 

the edges is averaging. The position of IP on the 

perpendicular bisector of the side is computed and the 

empirical formula is used to obtain the radius, r . A circle 

with centre at IP is constructed with the following empirical 

formula for the radius, 0 8r . *  , where 

 

       

0 55 0 55

0 55 2 0

2 0 2 0

. * l; . * l

; . * l . * l

. * l; . * l



 





 



         (1) 

 

Active nodes that lie within the circle are searched (if any) 

and their distances from IP are listed. The best candidate for 

the third vertex of the triangular element would be the 

closest one to the IP. The equilateral triangle will be formed 

if there are no such active nodes lies within the circle. 

However, the validity of the IP becoming the vertex must be 

check in which it need to satisfy the following conditions: 

(1) The coordinate of IP do not lie inside another 

existing triangular element. 

(2) There is no intersection between the side of the new 

triangular element and any existing sides of the 

active front. 

 

Generally, in a ‘marching’ process, the Front moved into 

the interior of the domain, in which new nodes and edges are 

created and at the same time old related edges are deleted 

from the Front list in order to produce triangular element. 

The new triangular element is constructed by two nodes of a 

segment of a Front and another node either a newly created 

or already been existed in the Front. The Front will be 

updated every time an element is constructed. If the above 

step of creating the triangular element failed, then one needs 

to re-order the Front and then select the second shortest 

active edges as the departure zone for element creation 

procedure. This process will be continued until there are no 

 
Fig. 1.  Edge (7,9) as the base edge. The IP is out of the boundary and 

no point lie within the circle 

 

 
Fig 2.  The second problem where the base edge is (a,b) and it cannot 

connect to the IP directly. 
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longer active edges in the Front or the whole computational 

domain has been triangulated completely. The general 

scheme for SAFT is illustrated in Figure 3.       

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

B. The concept of radiation and Discrete Ordinate 

method 

 

Radiation will be emitted more at higher temperature 

materials. Emissive power E is a rate of heat flow per unit 

surface area emitted by a radiating surface. For a black body 

emissive power, bE  is given by 

4
bE T                 (2)

 

Where 85 67 10.   is Stefan-Boltzmann’s constant and 

T is absolute temperature. The intensity I is the rate of heat 

flow received per unit area perpendicular to the rays and per 

unit solid angle. The formula for intensity of the black body, 

bI is  

4
b bI E / T /               (3) 

Equation (3) is used to compute the emitted radiation 

intensity from the surfaces and fluids.  

When combustion occurs, there exist large amount of 

carbon dioxide and water vapor where these combustion 

products are both strong absorbers/emitters in the infrared 

part of the spectrum and this fluid is termed as participating 

medium [8], [9]. The interaction between participating fluid 

medium and radiation can be measured in terms of 

absorption coefficient  and its scattering 

coefficient s where the sum of these two properties is called 

extinction coefficient s 
 
[9].  

The general relationship that governs the changes in 

radiation intensity at a point along a radiation ray due to 

emission, absorption and non-scattering in a fluid medium is 

as follows [10]

  

 
   b

dI
I I

ds
  

r,s
r r,s          (4)

 
 I r,s is the intensity of radiation at location indicated by 

position vector r , in direction s . The first and second terms 

in the right-hand side equation are the emitted intensity and 

the absorbed intensity respectively. Equation (4) is 

integrated over each triangular element in the mesh obtained. 

It is also subject to the boundary condition as follows [10] 

    
 

  i

2

1
dΩ

2
bI I I


  







w w w i ir ,s r r ,s n.s  (5)

  
wr is a position vector for a point on a diffusively emitting 

and reflecting opaque surface and  is surface emissivity. 

I is incident intensity and n is outward surface normal. 

Using Discrete Ordinate method, equation (4) is solved for a 

set of n various directions 1 2i , i , ,...ns . A numerical 

quadrature replaces the integral over direction, or [10] 

4

n

i i
i

f ( s )d w f ( s )


              (6)                                           

Where iw  is the quadrature weight associated with direction 

is . Therefore, the approximation of equation (4) is done by 

a set of n equations [10], 

 
   b

dI
I I

ds
  

i
i

r,s
r r,s         (7)  

With 1 2i , ,...n subject to the boundary conditions [10] 

     
 

 
1

1 n

b j
j

I I w I



  






w
w i w w w j j

r
r ,s r r r ,s n.s

                     (8) 

IV. THE EAFT-1 WITH THE EXTENSION CASES  

 

Our contribution in this paper is to introduce five 

extended cases which will be used as a guidance to decide 

the element creation directly. The first two cases are the 

normal cases as in SAFT while the third, fourth and fifth 

cases are newly created one. These direct approach involved 

in the consideration of triangular element creation procedure 

depends on the condition of objects lie within the circle or at 

the circum circle. The objects here mean any active nodes or 

active edges. This is where the construction of the triangular 

element will be based on.   

 

Case 1: 

The first case (Case 1) is the simplest one. Let say the 

current base edge being considered is (a,b), as shown in 

Figure 4a. A circle at centre IP with radius following the 

empirical rule is constructed. If there is no object lying 

within the circle, the IP will turn out to be the third vertex 

for the triangular element construction. The base edge will 

be the side of the triangle. The new second and third sides 

will be (a,c) and (a,b). Since all three sides have equal 

length, the triangular element formed will be an equilateral 

triangle element as illustrated in Figure 4b.   

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

 

 

 

 

 

 

 
Fig. 3.  The general scheme of SAFT 
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Case 2: 

Let say the base edge being considered is (a,b) as shown 

in Figure 5a to describe the construction of a triangular 

element based on Case 2. A circle at center IP with radius 

following the empirical rule is constructed again. There are 

two types of objects that lie within the circle. First is node d 

and the second type of object is two active edges intersected 

with the circle which are edge (c,d) and edge (d,e). Among 

nodes and edges, this category of extension cases gives 

priority to nodes when it comes to the selection if both 

objects occur simultaneously within the circle. If there are 

multiple active nodes in the circle, calculate all the distance 

of every active node to the IP. The node which is closest one 

to IP is selected as the third vertex for triangular element. As 

illustrated in Figure 5b, node d is selected as the vertex, 

therefore, a triangular element is constructed with edge (a,b), 

edge (a,d) and edge (d,b) as the three sides.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Case 3: 

At the same time, there is another triangular element being 

constructed automatically since the three edges are 

connected to themselves. This condition belongs to Case 3. 

As illustrated in Figure 5b, a triangular element is 

constructed automatically when edge (b,d) is formed. The 

three edges (b,c), (c,d) and (b,d) are connected to 

themselves, and they become the sides of the second 

triangular element.  

 

Case 4: 

Figures 6a and 6b show the construction of triangulation 

element following the fourth case (Case 4). Let say the base 

edge being considered is (a,b) where a circle with radius 

following the empirical rule and at centre IP had been 

constructed. Based on the figure, it can be seen that the only 

object involved is an active edge which is intersected with 

the circle. The active edge intersected with the circle is (b,c) 

as illustrated in Figure 6a. The intersection point of the 

circum circle with the active edge (b,c) has been marked as 

points p1 and p2. Based on the algorithm of EAFT, we need 

to determine the length between the intersection points. In 

other words, if referring to Figure 6a, we need to determine 

the length between point p1 and point p2. If the length is less 

than the radius of the circle, therefore, the intersected active 

edge is disregarded. Instead, the IP will become the third 

vertex of the triangular element. Based on Figure 6b, the IP 

has become node d in which a triangle element is formed 

with edges (a,b), (a,d) and (b,d) as the three sides of the 

triangular element.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Case 5: 

Slightly different from Case 4, if the length between the 

intersection point p1 and p2 is more than the length of the 

radius, the active edge intersected with the circle will be 

considered in which the node of the active edge will be 

selected as the third vertex. In other words, referring to 

Figure 7a, since the length of point p1 and point p2 is more 

than the length of the radius, therefore, node c, which is the 

node associated with active edge (b,c) will be the vertex to 

form triangle element as illustrated in Figure 7b. This 

condition belongs to Case 5. However, if there are multiple 

edges intersected with the circle and they are all satisfying 

the condition of Case 5, therefore, the associated node which 

is the closest to IP will be selected as the third vertex. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
Fig. 4a.  No object lie within the circle 
    

 
Fig. 4b.  An equilateral triangle is constructed 

    

 
Fig. 5a.  Two types of object lie within the circle which are active 

nodes and edges 

    

 
Fig. 5b.  Node d is selected as the third vertex for triangular element 

    

 
  Fig. 6a.  An active edge intersected with the circle    

 
Fig. 6b.  The IP become the new active node for triangular element 

 
Fig. 7a.  The intersected active edge is (b,c). The length of intersection 

point p1 and p2 with the circle is more than the length of radius  

 
Fig. 7b.  The triangular element is constructed by connecting the node 

associated with the intersected active edge with the base edge 
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The general scheme of EAFT-1is demonstrated as in 

Figure 8. It must be noted that most of the basic steps in 

EAFT-1 is still following the SAFT except that the 

construction of the element is now based on five extended 

cases. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

V. RESULTS 

 

Our approach is applied at a rectangular computational 

domain as illustrated in Figure 9 with its boundary segment 

discretized into a set of boundary edges. We use the default 

value for the size parameter which is five percent from the 

length of the diagonal of the background grid. The grid 

generation parameters on the background grid are specified 

to be 0 56.   and 1s   at each point of the background 

grid. The result of initial unstructured mesh with EAFT-1 is 

illustrated in Figure 10. No re-order Front or erasing a few 

existing element are needed during the element creation 

procedure since our extension cases offer a direct approach 

of deciding element creation when the problem describe in 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

section II occur. The total number of element generated 

using our approach is 72 and each of the triangular elements 

has been numbered from 1 to 72.  

In order to examine the quality of the mesh, the EquiSize 

Skew, EVSQ  which is the measure of skewness is used where 

it is defined as [11]  

 eq

EVS
eq

S S
Q

S




           (9)   

       
In the above equation, S

 
is the area of the mesh elements, 

eqS is the maximum area of equilateral triangle the 

circumscribing radius of which is identical to that of the 

mesh element. The value of the examined quality based on 

this equation provided by [11] is in the range of 

0 1EASQ   where 0EVSQ   if the element is equilateral 

triangle and 1EVSQ  if the triangular element is degenerate 

(poorly shape). It must be noted that generally, high-quality 

meshes poses average value of 0 1EVSQ . for two 

dimensional domain [11]. Figure 11a-11c illustrate the 

corresponding triangular element in the mesh with the range 

of the quality examined. It can be seen that 83.33% of the 

elements are in the range of 0 0 1EVSQ . 
 
which can be 

considered as a high quality meshes. Therefore, the 

triangular elements generated using our approach of 

extending the normal cases to five cases in the standard AFT 

for element generation procedure prove to work well when 

there is not normal conditions occur as described in section 

II.    

In order to prove that the triangular mesh work well and is 

appropriate for computational analysis, the governing 

equation of radiative heat transfer has been incorporated 

with the mesh. Using FLUENT version 6.0, simulation had 

been conducted to solve the radiative heat transfer by using 

the Discrete Ordinate Methods. Since this is a conceptual 

model, we imposed the value of the wall temperature (K) so 

that it can be used as boundary values in the calculation. The 

simulation is conducted until convergence is reached. Figure 

12 shows the flue gas temperature distribution contours 

between the walls respectively. As shown in the simulation 

result, the temperature distribution of the flue gas is non-

uniform, which will further influence the heat transfer 

between the walls. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
Fig. 9.  Rectangular computational domain with a set of boundary 

edges 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
Fig. 8.  The general scheme of Enhanced Advancing Front 

Technique -1.  

No 
Yes 

END 

Construct element based on 5 cases 

Update the Front list 

Define grid cell parameter at 

background grid and discretised 

boundary curve. 

Empty front 

Select shortest edge in the Front 

 
Fig. 11a.  Element with quality 0 0 1EVSQ .   

 
Fig. 10.  The resulted unstructured triangular mesh. 
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VI. CONCLUSION 

In the present work of initial unstructured triangular mesh 

generation using EAFT-1, the algorithm still uses SAFT 

method of specifying the grid cell parameter at the 

background mesh in order to control the mesh size as well as 

still using the empirical rule to construct the circle for 

element consideration. The only different is that we 

proposed the normal case in the SAFT to be extended to five 

cases in order to encounter the problem of conflict or  

undecided element creation during the mesh generation 

procedure. Our EAFT-1 approach of incorporating the 

extended cases of element creation is able to tackle the 

problem of element creation directly by considering the 

entities that lie within the circle constructed. The examined 

results of initial mesh proved that the approach is able to 

produce high quality meshes. The simulation results 

obtained from the FLUENT also support our findings in 

EAFT-1 for effectively approximating the radiation intensity 

and temperature values in the two dimensional domain.  
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Fig. 11b.  Element with quality 0 2 0 3EVS. Q .   

 
Fig. 11c.  Element with quality 0 4 0 5EVS. Q .   

 
Fig. 12.  The contour of flue gas temperature distribution between 

walls. 
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