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On the Equilibrium Points and Some Properties
of a SVEIRS Epidemic Model
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Abstract- This paper relies on the disease-free and
endemic equilibrium points of SVEIRS epidemic
model.

Index terms- Epidemic models, Equilibrium points,
SEIRS epidemic models; SVEIRS epidemic models,
positivity, vaccination control.

[. INTRODUCTION

Important control problems nowadays related to Life
Sciences are the control of ecological models like, for
instance, those of population evolution (Beverton-Holt
model, Hassell model, Ricker model etc.[1-5]) via the online
adjustment of the species environment carrying capacity,
that of the population growth or that of the regulated
harvesting quota as well as the disease propagation via
vaccination control. In a set of papers, several variants and
generalizations of the Beverton-Holt model (standard
time—invariant, time-varying parameterized, generalized
model or modified generalized model) have been
investigated at the levels of stability, cycle- oscillatory
behavior, permanence and control through the manipulation
of the carrying capacity (see, for instance, [1-5]). The design
of related control actions has been proved to be important in
those papers at the levels, for instance, of aquaculture
exploitation or plague fighting. On the other hand, the
literature about epidemic mathematical models is exhaustive
in many books and papers. A non-exhaustive list of
references is given in this manuscript, cf. [6-14] (see also the
references listed therein). The sets of models include the most
basic ones, [6-7]:

- SI- models where not removed- by — immunity
population is assumed. In other words, only
susceptible and infected populations are assumed.

- SIR -models, which include susceptible, infected and
removed- by —-immunity populations.

- SEIR- models where the infected populations is split
into two ones (namely, the “ infected” which incubate
the disease but do not still have any disease symptoms
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and the “ infectious” or “ infective” which do exhibit
the external disease symptoms).

The three above models have two possible major variants,
namely, the so-called “pseudo-mass action models”, where
the total population is not taken into account as a relevant
disease contagious factor or disease transmission power, and
the so-called “true-mass action models”, where the total
population is more realistically considered as being an
inverse factor of the disease transmission rates. There are
other many variants of the above models, for instance,
including vaccination of different kinds: constant [8],
impulsive [12], discrete - time etc., by incorporating point or
distributed delays [12-13], oscillatory behaviors [14] etc. .
On the other hand, variants of such models become
considerably simpler for the disease transmission among
plants [6-7]. Some generalizations involve the use of a mixed
regular continuous-time/ impulsive vaccination control
strategies for generalized time-varying epidemic model
which is subject to point and distributed time-varying delays,
[12-13], [22-23], [25]. Another well-known types of
epidemic models are the so-called SVEIRS epidemic models
which incorporate the dynamics of a vaccinated population
and the “infected” population without external symptoms of
the SEIR-type models is replaced with an “exposed”
population subject to a certain dynamics,[30-31].The
infected population E(t) of SEIR models, which includes
those infected which do not still have external disease
symptoms ( those having those symptoms are usually
referred to as the *“ infectious” population I (t) ), is replaced in
the SVEIRS models by the so-called “exposed” population E
(t) . Thus, in the context of SVEIRS models, the infected and
infectious populations of the SEIR models are joined in a
single “infected” population I (t) while there is an exposed
population E (t) present in the model. In this paper, we focus
on the existence and some properties of disease- free and
endemic equilibrium points of a SVEIRS models subject to
an eventual constant regular vaccination rather than to an
impulsive vaccination type. Some issues about boundedness
and positivity of the model are also investigated. The
following SVEIRS epidemic model, of a modified true-mass
action type, with regular constant vaccination is considered:

S

S(t):b(l—S(t))—ﬁl+ns(t) 7 1(t—w)e P2+ v(1-V,N(t)
(1.1)
v‘@);% ~ (+bV O+ vV N (D) (1.2)
ot S(u)i(u .\ SV (u)1(u) o -blt-u)g .
E®)=4[,_, ( 5@ Tenvid) J du (1.3)

i(0)= ge b [ St—o)lt—r)  ISt—o)V(t—r) ]_(ﬁm )l 0)

1+775(t—z') 1+77V(t—r)
(1.4)
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R(t)=—bR(t)+y1V(t)+;/(l(t)— | (t—a))e_b“’) (1.5)
where S, V, E, I and R are, respectively, the susceptible,
vaccinated , exposed , infected (or infective or infectious)
and recovered populations, N(t) is the total population
being the sum of the above ones, V. [O ,1] is a constant
vaccination action. There are potential latent and immune
periods denoted by 7 and @ , respectively, which are internal
delays in the dynamic system (1.1)-(1.5), b is the natural birth
rate and death rate of the population. v< b takes into account
a vaccination action on newborns which decreases the
incremental susceptible population through time, y; is the
average rate for vaccines to obtain immunity and move into
recovered population, £ (disease transmission constant) and
0 p are average numbers for contacts of an infective and a

vaccinated individual per unit of time, [30]. The periodic
impulsive, rather than regular, vaccination action of [1], can
be got from (1.1)-(1.5) with V, =0. A variant of the above
SVEIRS model (1.1)-(1.5) has been proposed in [31] without
regular vaccination with the alternative incorporation of an
impulsive periodic vaccination with a period T >0.

II. DISEASE-FREE EQUILIBRIUM POINT
The potential existence of a disease-free equilibrium point
is now discussed which asymptotically removes the disease if
v<b.

Proposition 1. Assume that v<b. Then the disease-free

equilibrium point E “=17=0 fulfils :

x_vyNeN” _ (b-v(I-V)N"-b
b(y +b) (71+b)b
vr VN b-v(VONT-b e VN (1)
}/1+b }/1+b

which leads to the following further constraints:

N = b s* 1:V(1—Vc)
b-v b-v
V*+R*=VVCN _ VVC
b b-v

Two particular disease-free equilibrium points are

R . L,E'=1"=V =R " =0ifV ,=0,and
b—v
S*:l’v*:VN _ Vb
71 +b (71+b)(b—")
R = — YL E'1720ifV =1

(71 + b)(b —V)
If v>b then there is no disease-free equilibrium point. O

Proof: The equilibrium points are calculated from (1.1) as
follows by zeroing (1.1), (1.2), (1.4) and (1.5) and making

(1.3) identical to a disease-free equilibrium value E” what
leads to:

b—|b+ Al
1+7S

*

J ST+y1Te PPLuNT(1-V,)=0 (2.1
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- 5ﬁ|*+y1+b Vv NV, =0 (2.2)
1+nV
EX=Lfebe)| S OV |- (2.3)
b 1+17S 1+nV
pe | S, OV 1" —(y+b+a)l =0 (24)
1+7S 1+nV

yIV*—bR*+7(1—e_b“’)I*:O (2.5)
The disease-free equilibrium point satisfies the constraints:

*

E'=1"=0 (2.6)
. . . N*(1-V.
b(l—s )+vN (1-Ve)=0=5 _ N 0Ve) @2.7)
nV - -bR" =0 v DR 2.8
7
—(+0)V YNV =0 y* YN Ve _BR (09
71+b 7

N*=S*+V*+R*=I+M+(1+b}q* (2.10)

b n

:1+vN*(1—vc)+ vN'Ve _b+vN*

b b b

=N = provided that v<b (2.11)

-V

The proof follows directly from the above equations. O

that if

V

AL . Note also thatif v=0, as
2b 2(b-v)
in the particular case of impulsive-free SVEIRS model
obtained from that discussed in [1], then the disease-free
equilibrium satisfies E"=v'=1"=R"=0 R N =s"=1.
In such a case, the model can be ran out with population
normalized to unity. i

Note that the exposed population at the equilibrium defined
by (1.3) can be equivalently described by a differential
equation obtained by applying the Leibniz differentiation
rule under the integral symbol to yield:

g(r):_bg(t)w[ T, oV j(ra)—i‘(r—w)e-b”)

1+778* 1+7]V*
(2.12)

The following assumption of sufficiently small disease
transmission constant is made:

Remark 1. Note then

R*:V*:VVCN

y1=b

Assumption 1. It is assumed that the diseasec transmission

constant is small enough such that the inequality
s” sVv” b+ae
—+ *£(7+ +a) holds. m
1+7S 1+nV
The local asymptotic stability of the disease-free

equilibrium point is guaranteed by that of the linearized
incremental system about it. The linearized model about the
equilibrium becomes to be defined from (1.1)-(1.2), (2.12)
and (1.4)-(1.5) by the state

WCE 2011



Proceedings of the World Congress on Engineering 2011 Vol III
WCE 2011, July 6 - 8, 2011, London, U.K.

vector i(t)::(g(t),V(t),E(t),r(t),ﬁ(t))T which satisfies the
differential system:

X(t)=ALX(M)+ AL X (t—)+ALX(t-w); X(0)=X, (2.13)

where, after using the identities in Proposition 1 and taking
in mind Assumption 1 related to the disease-free equilibrium
point:

Ao=A%a+Ag

VI-Ve)-b  v(-Ve)  vl-ve) v(-ve )L vi-ve)
1+7S
vV wWe—(r1+b) vV, vV —LV* vV
- 1+nV
0 0 -b S —+ oV < 0
1+7nS 1+nV
0 0 0 ~(y+b+a)
L 0 71 0 /4 -b |
V)b v vy wlovy) A0V
b+77b+v(1—Vc)N*
_ vVe wWe—(y1+b) vV, vVe —LN* vV
B y1+b+8 vV N
0 0 -b (+b+a)e®-z 0
0 0 0 ~(y+b+a
0 71 0 ¥ -b

(2.14)
for some real ¢ >0, where

ABd::Diag( v(1-Ve)-b, vW,=(y,+b),-b,~(y+b+a),-b )

(2.15)
0 v(-V,) v-V,) v(iov,)—Blbrvi=VeN V(-v,)
b+77[ b+v(I-VeN " )
/KB =lvVe 0 vVe VVC—LN* vV
71+b+ 6 vV N
0 0 0 (y+b+a)eb - 0
0 0 0 0 0
L O 71 0 7 0
(2.16)

and the matrices Aj and A’;, are entry-wise defined by:
y+b+a (AZJ)M:ye_bw ,

(A T )44

(A ® )34 =—(y+b+a)ee), (A » )54 =—ye P
(2.17)

with all the remaining entries being zero. The following

inequalities apply for equivalent norms of vectors and square
matrices M of dimension or, respectively, order n:

My <n T2 IM L < My <n 2 M <M

(2.18)
Thus, one gets from the above inequalities (2.18) that

I IR T R ([ IS AR
(2.19)
where
_ \E(7+ﬂ+a) if (90
_{ 5+ pra)ebl—e) if >0
(2.20)
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Note that from (2.20) that \/§(7+ f+a)e b(r-0) <y _, 0

for a given b and any given positive real constant b j <b if
(y+ B+a) and (z— w) , if positive, are small enough such
that, equivalently,

—oos%InSJrIn(;/+ﬁ’+a)+b(r—a))£In(b—bo) (2.21)
so that from (2.19)-(2.21)
—ooS%ln 5+In(y + B+ a)+b(r-w)

H A" (2.22)

) +“A’;,“ <7 <b-b,

On the other hand, we can use from L’Hopital rule the
following limit relations in the entries (1, 4) and (2, 4) of

Ap:
ﬁ(b+ v(l—VC)N*) B

B
b+77( b+v(1—VC)N* j A
SPrVe N

y1+b+nvV. N

——>0asb—> o (2.23)

and then
N"=S"=land E'=1"=V"=R" =0from Proposition
1. By continuity with respect to parameters, for any
sufficiently large Me R, , J ¢, :51,2(M )eR + With

if the remaining parameters remain finite

&1 2 —> 0 as t — oo such that for b>M :

plb+v(i-voN*) L Be
b+77( b+v(l—Vc)N* ) 17

SV N™
prVe _<e, (2.24)
y1+b+mvV N
and, one gets from (2.16),
0 v(-V) v(-Ve) v(1—vc)—% v(1-V,)
+7
~x| vV, vV, ‘VVC 752‘ vV,
A 0l = b
0 0 (y+b+a)e® 0
0 0 0 0 0
0 71 0 14 0
(2.25)

and for b being large enough such that it satisfies:

770 g Amax(lv)) ) ) )
y+b+a 7+b+a

b> max(l max(ln

T
with b, being some existing real positive constant,

depending on the vaccination constant V. , such that

+
v(l—Vc)ZﬂH—;l

(2.24)(2.25) that “ Al H _=(y+b+a)e® . Using again

(2.18)-(2.19), it follows that the following close constraint to
(2.21):

, it follows from inspection of

—ooS%m 5+In(y + p+a)+b(r-w)

<=In5+In(y + g+ a)+br+|n(1+e_b“’)£ In(b-b)

N | —

(2.27)
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guarantees that

|-

* ~%
SR X

= 5([A]. +| 2 <],

<\5(+ pra)max(1e-o))re )<y (228

where

_ oy \/g(y+ﬂ+a) 1+eb7) if <o
]/1(>7)_{ J5(y+ p+a) ebr(l+e_bw)) if >
(2.29)

Note that the linearized system about the disease-free
equilibrium point ) is asymptotically stable if and only if
det{sl - AQg —Apg—ATe™—A" e ™5 )20
; VseC, :={seC:Res>0}
which is guaranteed under the two conditions below:
1) det(sl - Agd);to , VseC,:={seC:Res>0} ,

(2.30)

equivalently, Af)d is a stability matrix

2) The ¢ , -matrix measure u 2(A8d )of (A;d) is negative,
and, furthermore, the following constraint holds

71 < b—max(‘yl -vV . ‘ ,v(l-v c))

which guarantees the above stability condition 2 via
(2.28)-(2.29) and (2.15):

Ry B L+ IR V56 pra)(max (162 )) s e )<,

|

:‘ A max (At)d)‘

T
A max [AOd +AOdJ

:b—max(‘yl -vV ‘ v(1=v c))

The following result is proven from Proposition 1, the
above asymptotic stability conditions for the linearized
incremental system about the disease- free equilibrium point,
which implies that of the nonlinear one (1.1)-(1.5) about the
equilibrium point, and the related former discussion:

* 1
<‘#2(A0d)‘:5

(2.31)

Proposition 2. It exists a large

sufficiently
b >max(‘;/1 vV . ‘ ,v(i-V C)) such that the disease-

free equilibrium point is locally asymptotically stable for any
constant vaccination V ; €[0,1]and a sufficiently small

amount (}/ + [+ a) , a sufficiently small delay r and a
sufficiently small (r —aJ) (this being applicable if 7> w). O

Note that the statement of Proposition 2 guarantees the
local stability of the disease-free equilibrium point under its
existence condition of Proposition 1 requiring v <b.

III. ENDEMIC EQUILIBRIUM POINT
The existence of one or two endemic equilibrium points
which keep alive the disease propagation is now discussed:

Proposition 3. Assume that @>0 . Then, the following
properties hold:
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e (y1b+a
gt
- 1+68

for and

(i) Ve >0

p=ne b7(7/+b +a) for V. =0. Thus, it exists at least one

endemic equilibrium point at which the susceptible,
vaccinated, infected, exposed and recovered populations are
positive and the vaccinated population is zero if and only if
Ve=0 ( ie. in the absence of vaccination action).

Furthermore, such an equilibrium point satisfies the
constraints:
E*zﬁ(l—e_b“’) S —+ N —[1">0
b 1+7S~ 1+nV
* * bz.
min(s*+5v*,1+5]2 S , SV e (y+b+a)
n 1+7S" 14V B

R*_71V*+7/(1—e_ba’)l* y yli—eb) 0
- b - b g

(ii) If the transmission constant is small enough satisfying

5 <Be nebr(ly+b+a)
+0

for Ve >0 and
p <ne br (7+ b+a ) for V. = 0 then there is no reachable

endemic equilibrium point. |

Proof: The endemic equilibrium point is calculated as
follows:

pe " S N _|-(y+b+a)=0 (3.1)
1+nS  1+nV
e =Llee) SV hiro @
b 1+7S 1+nV
with
E* >0, 1* >0 (3.3)
* * bT
S oV ¢ G+b+a) o for w0 (3.4)
1+7S 1+nV s

(since, otherwise, the above disease — free equilibrium point

would be being considered). S* >0 since, otherwise, the
following contradiction would follow:
O<b+y1"e P24y N"(1-V,)=0 (3.5)

V *=0 if and only if V=0, since otherwise for V. >0 and

V*=0, it would follow that vN*VC=O which is only

possible in the disease-free equilibrium point if the total
population is extinguished what is a contradiction at the
endemic point.

* _a—bao|* _a—bao|*
R S N L SO

for w#0
Remark 2. Note that if w=0 then it follows from (1.3) and

(2.3) that E(t)=E"=0; VteR, so that the SVEIRS

model (1.1)-(1.5) becomes a simpler SVIRS one without
specification of the infected population dynamics. mi
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Remark 3. Note that, under the constraints in Proposition 3
(i1) for S, if there is no reachable endemic equilibrium point

because B < S then the solution trajectory of (1.1)-(1.5)
can only either converge to the disease-free equilibrium point
provided that it is at least locally asymptotically stable or to
be bounded converging or not to an oscillatory solution or to
diverge to an unbounded total population depending on the
values of the parameterization of the model (1.1)-(1.5). Note
that the endemic free transmission constant upper-bound
E increases as 77, r and (7+ b+« ) increase and also as
o decreases. i
If V. > 0 then it follows from Proposition 3 that there exist

positive constants ag, oy , g, ) and a R satisfying

a §1 +a \71 +a El +a |_1 +a Ezl =1 such that the endemic
equilibrium points, if any, satisfy the constraints:
N =asS =ayV =agE =a,1 =agR" (3.7)

so that, one gets from (3.2)- (3.6) that
-bw
* 1- *
_nlay +yli-e /05|0[RR
b
)
+ 1-e *
_na) 7( )aVaRR
ba 1y

g(l—e’b“)%s

R

(3.8)

E" /1" =a, lag
ﬂ()[s fW**}ﬂ(l_e-bw)M
b 1+7S° 14V b n
(3.9)
if min(S* ,V*)Zl , otherwise if v=0, then only the
lower-bounding constraint holds in (3.9);

~ Bas s
’ {m a|(1+778*) ]

sv”
+ —=
1+nV

S 4+ E8 8% P9 ya g 8T (1-V,)=0
o

(3.10)

ayV’ e’ (y+b+a)

B

Eq. (3.8) is equivalent, since R* >0 at the endemic

” (3.11)
ag+nayV

equilibrium point, to

-b
710‘I05R+7(1_e w)aVaR _1
ba|0!\/

(3.12)

Eq. (3.10) is equivalent to
*2
[as n(va L=V o)+ ;/e_b“’)+ﬂ as—ba 77]8
+la S (7/e_ba’ +va | (1-V C))+ba |(77—1)JS* +
(3.13)
Eq. (3.13) is an algebraic equation of real coefficients of the

+b0!| =0

form aS” 2+dS” +c=0 with ¢>0 . Such an equation

has two positive real roots if a > 0,d <0and d 2 >4ac and

one positive real root if @ <0and d > 0. Thus, since there is
a nonzero susceptible population at an endemic equilibrium

point then either (3.14)-(3.16) below hold:
asnlva, (1=V,)+ye )+ Bag >ba, n (3.14)
as(ye_b“’+va|(I—VC))<da|(l—77) (3.15)
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provided that 7<1

[0: s (}/efbw+va | (I—VC))+da |(77—1)]2

ba’)+ﬂa3 -ba |7

(3.16)

>4ba, la s n(va V1=V )+ye”

or, alternatively,

B <Z—Ib77—(va L(1=Ve) + 7efbw)77
S

:Ii*[bs*—(vN*(l—Vc)+yeb”’)] (3.17)

and
as (7/efba’+va | (I—VC))_ e PO LuNT (1-V,)
a(l-n) B $*(1-7)
(3.18)
with 17 <1hold. On the other hand, Eq. (3.11) is equivalent

to
ay /30(1 +;7v*)v* +5ﬂ0V*(a S +77aVV*):(1 +77V*)(a S +77aVV*)
(3.19)

so that (3.19) is of the form

b<

B

where ﬂ 0= m

avV' 2+dv” +c=0 specifically as follows

(’7—(1+5)ﬁo)0‘v77V*2 +(av (7= Bo)+ (- Py )as)V* +ag =0
(3.20)
Now, the same reasoning as that used for the susceptible
endemic equilibrium component is applied to (3.20) to yield
that since there is a nonzero vaccinated population at two
endemic equilibrium points then

br bz 1 }
_n +b+ P 21
(y+b+a)e 1 <ﬁ<(}/ b Ol)e N (3.21)

which is obtained from (3.1), and either
ay (Bo-n)+(-nas =lay +ass)fy-nlay +as)>0

(3.22)
Bo< ey tnas < nay +770!sebf(y+b+a)
ay +agd ay +ago
(3.23)
(av(77—17’0)+('7—5ﬂo)as)2>4(77—(1+5)ﬂ0)avasf7
(3.24)

or, a<0,d >0in (3.20). The above discussion concerning
the endemic equilibrium point is summarized as follows:

Proposition 4. Assume that V e(0,1] and that

1+7
tb+a)e? L _<p<(y+b+a)e 1
(r+b+a)e™ = <p<(yrbrale™ —
(the upper-bounding condition does not hold if

R * *

mln(S R )<l)sothat

* * * * * *
N =agS =ayV =agE =a;l =agR for
some positive constants o g,y ,a g, o | and « 5. Then,

it exists at least one endemic equilibrium point, and at most
two endemic equilibrium points, with all the corresponding
partial populations being positive and the following
parametrical constraints hold:

as +ay' +a g +ai +a g =1
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b 1+7n n
The constants ag , o, and «ay satisfy either
(3.14)-(3.16), or (3.18), and (3.22)-(3.24). O

ﬁ(l—e ‘b‘”)ﬂs a,lag <§(l—e_b’”)ﬂ

IV.INFECTION PROPAGATION AND POSITIVITY
This section discuses briefly the monotone increase of the
infected population and the boundedness of the total
population as well as the positivity of the model

Proposition 5. If the infection propagates through (t -7 ,t)
with the infected population being monotone increasing then
S(o) sV (o) >7+b+aeb°';Vae(t*—Z‘[,t*—‘[)

1+7]S(c7) 1+77V(0') g
Proof: Note from (1.4) that for t € (t* =27 ,t* )
1t) pe ™™ ( s(t-7z) oV(t-7)
< +
It-7) y+b+all+nS(t-7) 1+pV(t-7)
and if , furthermore, | (t) > (t —r) fort (t* - ,t* ), thus
-b
e 1(t) _pe S(t-7) . sV (t-7)
It-7) y+b+all+nS(t-7) 1+pV(t-7)

Now, rewrite (1.3) in differential equivalent form by using
Leibniz’s rule as follows:

I(t)>0 <

E(t)=-bE(t)
S(t) 5S(t) S(t-w) 5S(t-o) _be
+ﬁ|: [ 1+75(t) * 1+;7V(t)]l(t) 7[ 1+7S(t-w) * 1+;7V(t—a))jl(t_w)e }
4.1)
Proposition 6. Assume that v < b . Then, the following
properties hold:

(i) The total population is uniformly bounded for all time,
irrespective of the susceptible and vaccinated populations,
for any bounded initial conditions with

! (b+ﬁ—1+5eb7]<oo
b—v 1+7

bz (1+7)
1+0 ne—ba}_(l_'_’])e—br

Then,

N (oo)£

(if) Assume that g> J subject

n
I+7

to >eP@7) and w<r .

N:R 0+ — is
monotone decreasing and exponentially vanishing.
Proof: Consider the SVEIRS model in differential form

described by (1.1), (1.2), (1.4)-(1.5) and (4.1). Summing up
the five equations, one gets directly:

N(t)= (v =b)N(t)+b—-a 1 (¢)

This yields directly Property (i). On the other hand, note
from (4.2) that:
a) If min(S(t),V(t))>1 then
lxs S(t) SV (t) 1x0 “3)
l+7  1+7S({t) 1+7V({)" 7
1 b (1+77)
1+6 ne‘b‘"—(1+77)e_b’ ’

N(t)< (v ~b)N () +b-r1 () +,B{ ”%bu”f”“ebw}

n I+7n
<(v-b)N(t)-alt) (4.4)
b) If max(S(t)V(t))<1 then the same conclusion as for
Case a arises so that Property (ii) is proven. m|
A brief discussion about positivity is summarized in the
next result:

0

so that , since >

Proposition 7. Assume that V €[0,1]. Then, the SVEIRS
epidemic model (1.1)-(1.5) is positive in the sense that no
partial population is negative at any time if its initial
conditions are non-negative and the vaccinated population

exceeds a certain minimum measurable threshold in the event
that the recovered population is zero as follows:

V(D) max[%(l(t—a))e_b‘” 4 (t)),O] if R()=0 . The

susceptible, vaccinated, exposed and infected populations are
nonnegative for all time irrespective of the above constraint.
If, in addition, Proposition 6(i) holds then all the partial
populations of the SVEIRS model are uniformly bounded for
all time.

Proof: First note that all the partial populations are defined
by continuous- time differentiable functions from (1.1)-(1.5).
Then , if any partial population is negative, it is zero at some
previous time instant. Assume that S(o )>0 for o <t and

S(t)=0 at some time instant t , Then from (1.1):

S(t)=b +71({t-we P+ v(I-VIN{)=0; vV, e[0,1]
Thus, S (t * )2 0. As a result, S(t) cannot reach negative
values at any time instant. Assume that V(o )>0 for o <t
and V(t)=0 at some time Then,
% (t):vVC N (t)ZO from (1.2) so that V (t * )20 . As aresult,
V (t) cannot reach negative values at any time. E(t)>0 for

instant t

any time instant t from (1.3). Assume that I(o )>0 for
o<t and 1(t)=0 Then,

| (t)ZO from (1.4). As a result, I(t) cannot reach negative

at some time instant t.

values at any time. Finally, assume that R(o )>0 for o <t

+p S(t_r)l (tf) + oV (t—r) ! (t—r) e Pr and R(t)=0 at some time instant t Thus,
1+7S8(t-7) 1+nV(-7) : T _
R(t)=nV(t)+ 7(| t)-1(t-w)e W)zo from (1.5) if
_p S(t-o)l(t-o) .\ SV (t-0)l(t-w) o -bo
1+7S(t-w) 1+7V(t-0) V(t)> max[l(l(t—w)e —bo | (t)),OJ Thus, if
N
1+06
=(v-b)N(t)+b-allt) +—— 4.2)
=0 © ( V()= max(l(l (t—w)e P2 - (t)),OJ when R(t)=0 then
. s(t) SV() _1+44 N
Since 1+7 S(t) + 147V (t) Ty all the partial populations are uniformly bounded, since they
are nonnegative and the total population N(t) is uniformly
bounded from Proposition 6 (i). ]
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V. CONCLUSION

This paper discusses the disease-free and endemic
equilibrium points of a SVEIRS propagation disease model
which potentially involves a regular constant vaccination.
The positivity of such a model is also discussed as well as the
boundedness of the total and partial populations. The model
takes into consideration the natural population growing and
the mortality associate to the disease as well as the lost of
immunity of newborns. It is assumed that there are two finite
delays, being associated with latent and immune periods,
affecting to the susceptible, recovered, exposed and infected
population dynamics.
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