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Spatial Disorder of Soliton Solutions for 2.
Nonlinear Schrodinger Lattices

Shih-Feng Shieh

Abstract—In this paper, we employ the construction of topo-
logical horseshoes to study the pattern of the soliton solutions to
the discrete nonlinear Schrodinger (DNLS) equations in a two-
dimensional lattice. The spatial disorder of the DNLS equations
is the result of the strong amplitudes and stiffness of the
nonlinearities. The complexity of this disorder is determined by
the oscillations (number of turning points) of the nonlinearities.
Nonnegative soliton solutions of the DNLS equations with a
cubic nonlinearity is also discussed.

Index Terms—discrete nonlinear Schrodinger equation,
horseshoe, soliton solution, spatial disorder

I. INTRODUCTION

UR principal focus in this paper is to study the soli-
ton solutions of the time-dependent discrete nonlinear
Schrodinger (DNLS) equation with the cubic nonlinearity

L%(bm’n =
_¢m,n+1 - ¢m,n—1 + 4¢m,n - ¢m+1,n - ¢m—1,n
+V|¢m,n|2¢m,n7
m,n € Z,
ey

where ¢ = +/—1. Equation (1) is a discretization of the
nonlinear Schrodinger (NLS) equation

6=~V + oo,

where ¢ = ¢(t,x), t € R and x € R2. The connection with
the NLS equations is clearer from the alternative form of (1):

L%gﬁm’n =

_%((bm,nJrl + (bm,nfl - 4¢m,n + ¢m+1,n + ¢m71,n)
+V| G |* G

m,n € 2.

Systems of NLS equations arise in many fields of physics,
including condensed matter, hydrodynamics, optics, plasmas,
and Bose-Einstein condensates (BECs) (see e.g. [1], [4], [12],
[23]). In the presence of strong periodic trapped potentials,
a NLS equation can be approximated by a DNLS equation
by using the “tight binding approximation” [24]. Equation
(1) describes a large class of discrete nonlinear systems such
as optical fibers [5], [6], small molecules such as benzene
[7], and, more recently, dilute BECs trapped in a multiwell
potential [2], [3], [25], [24].

The interplay between disorder and nonlinearity is a
central topic of nonlinear science. This raises a number
of mathematical questions related to the behavior of many
physical systems. In the context of ultracold atomic gases,
disorder may result from the roughness of a magnetic trap
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(A1) Denote ¢; < c3 < ---

[9] or a magnetic microtrap [27]. This motivates us to
study the spatial disorder of the soliton solutions of the
DNLS equation (1). To obtain such soliton solutions, we set
Gmn(t) = € MU ny A\, U € R, and transform (1) into
the time-independent discrete nonlinear Schrodinger equation

— Um,n+1 — Um,n—1 + 4um,n — Um+1,n

3
— Ump—1,n + VU, n = )\um,n~ 2

Here, (¢m,n) is called a “soliton solution” if w,, — 0
exponentially as max{|m|, |n|} — oo. By nature, discrete
solitons represent self-trapped wavepackets in nonlinear pe-
riodic structures and result from the interplay between lattice
diffraction (or dispersion) and material nonlinearity. Discrete
solitons in one-dimensional lattices were first experimentally
observed in a nonlinear AlGaAs array by the groups of
Silberberg and Aitchison [8]. In subsequent investigations,
discrete soliton transport dynamics were studied by [18] in
such arrays and it was observed in [21] that the nonlinearly
induced escape from a waveguide defect. Optical discrete
solitons in two-dimensional nonlinear waveguide arrays were
first observed in biased photorefractive crystals by Segev’s
and Christodoulides’s groups [11], [10]. Please refer to the
survey article [17] for more details in the developments in
the observation of discrete solitons.

Arising from the abundance of physical experiments on
discrete solitons, three relevant mathematical issues are pro-
posed: (i) the existence of soliton solutions to (2), (ii) patterns
of these soliton solutions and (iii) their complexity. To study
the patterns of soliton solutions, the formulation of five-point
difference in (2) enable us to study a more general form of
the second order elliptic partial difference equation (PdE)

— OUm n4+1 — ﬁum,n—l — Um+1,n
— YUm—1,n + f(um,n) = 07 (3)

where f € CY([a,b]) and o, B, v € R with v # 0.
We further assume the nonlinearity in f in (3) satisfies the
following:

< ¢y the turning points of
f in the interval [a,b]. Let ¢ = a, cy11 = b; &
and o, respectively, be the minimal and maximal value
of {ax + By + vz| a < z,y,z < b}; and d3 and
d4, respectively, be the minimal and maximal value of
{(ax+By+2)/7] a <z,y,z < b}. Assume there exist
closed intervals I; C [c¢;, ¢iq1], for i = 0,..., N, such
that

f(I;) 2 [a+ 61,0+ d] and f(1;)/y 2 [a+ 03,b+ 04].
By f(I;)/v we mean the closed interval {f(u)/v| u €
L}
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(A2) Let |y/| = max{1,|y|}. Assume

V5 +3

@) = o] + 18]+

forallue l;,:=0,...,N.
Our first theorem concerns the spatial disorder of PdE (3).

VI,

Theorem L.1. Suppose assumptions (Al)and (A2)hold. For
2

any k = (km.n)mmnez € {0,..., N}, there exists a unique

solution (Up,) to PdE (3) such that

Um,n € I

m,n )

for all m,n € Z.

We see in Theorem I.1 that the strong amplitudes (As-
sumption (A1)) and stiffness (Assumption (A2)) of the
nonlinearities in f lead the PdE (3) to the spatial disorder.
The complexity of this disorder is determined by the os-
cillations (number of turning points) of the nonlinearities.
More precisely, the spatial entropy of the PdE (3) equals to
log(N + 1). By applying Theorem IL.1 to (2), we can prove
our second theorem involving the spatial disorder and pattern
of soliton solutions to the DNLS equation (2).

Theorem 1.2. Let w* denote the largest value of real roots

of
2w—|—A 3w 2w — A 3w
= — and = =,
12 w—A 12 w+ A

where A = (7++/5) /2. Suppose v < 0 and 4—\ > w*. Then
there exist disjoint closed intervals Iy, I C RT, 0 € Iy, such
that for every (kn)mnez € {0, 1}22, there exists a unique
nonnegative solution (y, ,,) to DNLS equation (2) satisfying
Umn € Iy, .. In addition, if ky, , = 0 for |m|,|n| > Ny,
some given positive integer, then

o — Ot}
Here 0 < ju < (v/5—1)/2 is a constant independent of the
solution (U, ).

The solutions in the second assertion of Theorem 1.2 are
referred to as the so-called “bright solitons”. Here both the
existence and the variety of solutions to DNLS equation (2)
are presented. Specifically, the state at the (m,n)-th site,
Um,n, can be either dark (u,, , € Ip) or bright (uy, , € I1)
that depends on the configuration k., ,, = 0 or 1, respectively.
Considering only the soliton solutions, the DNLS equation
also exhibits the spatial disorder. For the DNLS equations
in the one-dimensional lattice (i.e., the case « = 8 = 0
and v = 1 in (3)), soliton solutions were studied in [22]
by the construction of homoclinic/hetronic orbits. In [26],
the spatial disorder in the one-dimensional NLS equations
equipped with periodic/quasiperiodic trapped potentials was
studied, in which a coherent structure ansatz was applied
to reduce the NLS equation to a forced Duffing equation.
In [20], [13], the soliton solutions of DNLS equations in
a two-dimensional lattice was studied in the case |v| > 1
and \/v = O(1) by variational techniques. Our result in
Theorem 1.2 is valid for A and x = O(1). The chaotic
behavior of DNLS equations in one-dimensional lattice as
well as its synchronization phenomena were studied by [19].
Bifurcation analysis of DNLS equations for the ground state
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as |m| or |n| are sufficiently large.

solutions was studied by [15]. Recently, it was reported by
[16] the occurrence of the phase separation for the ground
state solutions of the DNLS equation in lattices with a
general connection topology.

This paper is organized as follows. In Section 2, we prove
Theorem 1.1 by the construction of a horseshoe in I, for
the map F introduced in (4). We follow the standard process
for planner maps and generalize it to an infinite dimensional
case. In Section 3, we prove Theorem 1.2 by the using of
Theorem I.1.

Throughout this paper, we denote I, = {u =
(... u_1,up,u1,...)| sup, |u,] < oo} For any fi-
nite set {0,..., N}, we denote {0,...,N}? = {k =
(kn)nez| kn € {0,...,N}} and {07"'7N}Z2 = {k =
(Emn)momnezz| kmn € {0,...,N}}. We use the boldface
alphabets (or symbols) to denote operators (or vectors). We
say u <vifu, <w, foralln € Z. Weuse || - || = || - |0
to denote the infinity norm of an operator or a vector. Note
that for any bounded operator A on [, the infinity norm
of A can be computed by [[A| = supj, = [|[Auf =

SUp,, ez ZnGZ |G-

II. CONSTRUCTION OF HORSESHOE AND ITS
HYPERBOLICITY

First, we define the map F : [ X loo = loo X oo DY

F. {u:g(U)—vm (4a)
vV =nu,
where g : [ — [ is given by
gn(0) = —aupi1 + f(un) — Bup—1, n€Z. (4b)

Considering a bounded solution (um n)mnez of (3), let
ul™ = (... U1, Um0, Um1,---) for all m € Z, that
is, u(™ is the m-th row of (Wm,n)m,nez. Hence, we see
that (u(™+1) u™) = F(u™, u™=Y). This means that
(Um,n)m,nez forms an orbit of F in the m-direction. In this
section, we shall construct a horseshoe for F and prove the
hyperbolicity of its invariant Cantor set. To this end, we begin
with some basic settings for this construction adopted from
[28]. Let B C I denote the box B = {u € l| a < u, <
b, for all n € Z}.

Definition II.1. Let ;2 be a real nonnegative number. A -
horizontal surface in B x B is the graph of a differentiable
function v = r(u), u € B, satisfying ||Dr(u)|| < u. A
p-horizontal strip in B x B is the set

H={(u,v)|r1(u) <v <rs(u), ue B},

where r{ < ro are p-horizontal surfaces. Similarly, a -
vertical surface in B x B is the graph of a differentiable
function u = s(v), v € B, satisfying [|[Ds(v)]| < p. A
p-vertical strip in B x B is the set

V= {(u,v)|s1(v) <u<sy(v), v € B},

where s; < s are p-horizontal surfaces. The widths of the
horizontal and the vertical strips are defined, respectively, as

d(#t) = sup [lr (w) = ra (W)l , - d(V) = sup|[si(v) = s2(v)l].

Let E = {0,..., N}Z. For a given k € E, let
By ={ueB|u, €I, ncZ}.
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Here NN is the number of turning points of f and I, are the
closed intervals given in (A1). We define the horizontal and
vertical strips

Hyx = B x By = {(u,v) € (B x B)| v € By},
Vi =Bk x B={(u,v) € (B x B)| ue By}

Now we are ready to construct a horseshoe for F'. Before
giving any proof, we note from (4) that the inverse of F is
given by

F-1. u=yv,

v =(g(vV)—u)/r.
From Theorem II.2 to Lemma II.5, each result is associated
with a horizontal and a vertical case. Due to the symmetry of
F and F~!, we shall only give the proofs of the horizontal
cases by using the map F. The proofs for the vertical cases
can be similarly verified by using F~1.

Proposition II.1. Let A be a bounded operator on l.
Suppose A is diagonal dominant, i.e., there exists € > 0 such
that |Gpmm| > Zf;;_oo’n#m |@mn| + € for all m € Z. Then
A is invertible. In addition, if D is an invertible diagonal
bounded operator on l, such that |D~'(A—D)|| < 1, then

LRI
[D-1(A - D)]

-1
A7 < 1= 5)

Proof: Suppose Au = 0 for some u # 0. Then we
have a,ymtm = Zf:;foo’n#m Qmnty for all m € Z. Taking
absolute on both sides of the equation and applying the
triangular inequality to the resulting equation, we obtain
i) < 52 lamnll[ull < (@] — o)l
This is a contradiction since |ju|| = sup,cy |un|. The
proof of the first assertion is complete. For the second
assertion, note that A= = [[(I+D~}(A — D)) 'D7!|| <
[T+ D (A — D))" !||/D7!|. On the other hand, since
ID-}(A — D)|| < 1, we have [[I+D (A -D))7 ! <
>, ID-(A-D))~}|" = 1/(1— D~ (A ~D)]). This
gives (5). ]

Theorem IL2. Ler A = miny<;<n{|f'(v)|| v € L}—(Ja]+
18] + |'|) where || is defined in (A2). Suppose u is a
constant satisfying

B, VB

ASHSTT
Let k € E be given. If S is a p-horizontal surface, then
F(SNV,) N (B x B) is a p-horizontal surface contained in
Hy. If S is a p-vertical surface, then F~1(SNHy )N (B x B)
is a p-vertical surface contained in V.

Here we remark from (A2) that A > (V5 + 1)]y/|/2.
Hence the constant g in Theorem I1.2 is well defined.
Moreover, p is between 0 and 1.

From Theorem I1.2, we see that F(Vi) N (B x B) C Hy
and F~1(Hy) N (B x B) C Vi form a p-horizontal strip and
a u-vertical strip, respectively. Let

Hy =FWV)N(BxB), Vi=F(H)N(BxDB).
(6)

Thus the resulting surfaces in Theorem I1.2, F(S N Vx) N
(B x B) and F~1(S N Hy) N (B x B), can be accordingly
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rewritten as F(S)NH;. and F(S)NVy, respectively. We have
the following immediate consequence of Theorem II.2.

Corollary IL.3. Let p be the constant given in Theorem II.2
and k € E be given. If H is a p-horizontal strip, then F(H)N
Hy, is also a p-horizontal strip. If' V is a p-vertical strip, then
F~1 (V)N V; is also a p-vertical strip.

In Corollary 11.3, we see that F (resp., F~!) maps a yu-
horizontal strip (resp., p-vertical strip) to an uncountable
number of p-horizontal strips (resp., u-vertical strips), in
which exactly one strip is included in H;, (resp., Vi) for
each k € E. In the next theorem, we will see that every strip
becomes thinner under the mapping by a factor less than 1.

Theorem I1.4. Let i1 be be the constant given in Theorem
I1.2 and k € E be given. Suppose H is a p-horizontal strip
and V is a p-vertical strip. If H = F(H) N H;. and V=
F~1 (V)N VL, then

EpdH) . d) <

V).

Here we remark that the factor p/(1 — u?) < 1 by the
assumption that ;1 < (v/5 — 1)/2. Before proving Theorem
I1.4, we first prove the following lemma.

Lemma IL.S. Let 1 be be the constant given in Theorem I1.2
and k € E be given. Suppose Tu,v) is a point in B x B,

¢ = [ f; g } := DF(u,v)¢, and

€ loo X loo, ¢ =

¢ = [ g } = DF1(u,v)¢.

@ Suppose (u,v) € Vic and ||n]| < pl€]l If {n; )32, € Z
is any sequence such that |&, | — [|&|| as j — oo, then
there exists No > 0, independent of the choice of (u, V),
such that

plén; | > 1I<ll

fOVj > Ny.

(b) Suppose (u,v) € Hy and ||| < pl|ml|. If {n;}j2o C Z
is any sequence such that |n,;| — ||n|| as j — oo, then
there exists No > 0, independent of the choice of (u, V),
such that

1], | > [I€]
for j > Ny.

Later we will see that Lemma IL.5 plays an important role
in the proof of the hyperbolicity of F. Now we are in position
to prove Theorem IL.4.

Now, we are ready to prove Theorem I.1.

Proof of Theorem 1.1: Let u be the constant defined in
Theorem I1.2. Define

A= U Hlt_l y AO = U Vlt(p

k_1€E kocE

where Hy | and V are defined in (6). Note that B x B
is not only a p-horizontal strip, but also a p-vertical strip.
This implies that each H;  and Vy  are, respectively, a
p-horizontal strip and a p-vertical strip. Let
A i=A1NnFA_)N---NF*(A_y),
Ap =N NFHAg)N---NF"(A).
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Hence, we may set

_ *
A= U Hk,l,k,z,...,k,n,l
kijE
Jj=1,...,n+1
and
_ *
Ay = U Vico ko e
kjE]E
7=0,...,n
where
* —
kalvu-»k—nfl -

{(u,v) € Bx B| F’j(u,v)GHﬂ_j_l,j:O,...,n}
and
= {(w,v) € Bx B| Fi(u,v) € Vi ,j =0,.
I—HklmF(’;‘{k2 k.

*
Vk()akla“'7k

Note that 'kal ke

n—1

Viokiod, = Vi N F7'O% k). By Corollary 1.3,
an inductive argument shows that each My , .x., ,and
Vio k1,... k, are, respectively, a p-horizontal and a p-vertical

strip. In addltlon it follows from Theorem II.4 that

(M gt )) < (1 ”/ﬂ)nd(lﬁ’)

. po\"
d (Vo ker. k) < <1 —u2> d(B).

Hence, for any sequences (k_1,k_o..

) and

) and (ko,kl, .. ) S

On the other hand, p € ’Hl*(_l’k_%__' N Vf;o C ”Hf{_l_’k_%___ N
Vk,- From Theorem I1.2, it implies F(p) € Hico k1 ko
Together with (8), this shows

?(F[P)) = o(Hiy k1 k0. Vi) ko)

=(....,k_1,kolki,...) = o(¢(p)).

Before proving the hyperbolicity of A, we shall adopt the
following theorem in [14, p. 266].

Theorem I1.6. A compact F-invariant set A is hyperbolic
if there exists k > 1 such that for every p € A there is
a decomposition To,M = Sy @ Ty, (in general, not DF
invariant), a family of the horizontal cones Hp O Sp, and

}a Sfamily of vertical cones V, D Ty, associated with the

decomposition such that
DF(p)Hy C Int Hp(p)y, DF'(p)V, CInt Vi), (9)

and

IDF(p)C| = sl<l for € € Hy,
IDF~ (p)¢]| = &lCI| for ¢ € V().

(10)
(11)
Proof of Theorem I.1: The hyperbolicity of A: We

shall prove the hyperbolicity by verifying the conditions in
Theorem I1.6. First, let

EN
o0 X 0
ﬂn:l ,;L[k,l,k,g,.“,k,n (7) SP = { n € ZOO X lOO| ne lOO})
mn:O vltmkhm;kn £
are decreasing to two surfaces, say Hy . . = {v = Tp = {[ 0 } € loo X loo| € € 1o},
r(w)} and Vg = {u = s(v)}. Here we note that
r and s may not be differentiable. However, the uniform and
convergency of the upper and lower surfaces in (7) implies ¢
Fhey satisfy a Lipschitz condition with Lipschitz constant p; H, = {[ } € loo X I IImll < )€},
i.e., for any uy, ug, vy, ve € B, n
§
[r(ur) —r(ug)l| < plluy =zl fIs(vi) =s(vo)ll < pllvi = vzl Vo= {[ y | € Lo X Lol 1€ < plmll}

Since |u| < 1, by the contraction mapping theorem, the

equation

{V =r(u)
u=-s(v)

has a unique solution in B x B. This means Hj, | =

1k o,

(v =r(w}and Vg \, = =

{(--.,k_1lko,k1,...)| kn, € E, n € Z}. To see F|, is
topological conjugate to the full shift o on X, we define the
function

¢(p) = ( cey k_l‘k(),kl, .. .),

where p = Hk , k ,,... N Vi k.-

we have

F(Vlio,kl,.“)
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{u = s(v)} have a unique
intersection. Hence, the invariant set A = A_, N Ay
is a Cantor set. Denote ¥ the symbolic space ¥ =

It is easy to verify that
¢ is a homeomorphism from A to . We only need to show
that ¢(F(p)) = o(¢(p)). From the construction of Vi , .

:Vltl,kz,...' (8)

Here we see that S, C Hp and T, C V. Now, let p =
(u,v) € Aand ¢ = f’

for some k € E. Moreover, there exists a p-horizontal surface
S = {v =r(u)} containing p such that ¢ is a tangent vector
to S at p, i.e. § = Dr(u)€. Since F(p) € A C B x B, it
follows from Theorem II.2 that the connected component of
F(S) N (B x B) containing F(p), denoted by S, is also a
p-horizontal surface. Suppose S is the graph of v = ¥(i).

€ Sp be given. Hence, p € Wk

Consequently, ¢ = { 7§7 := DF(p)( is a tangent vector to

S at F(p). Hence 7 = Dr(u)§. From the result of Step 2
in the proof of Theorem II.2, we conclude that

7]l = IDE(@)E]| < pl€]-
This proves the first invariance condition in (9). The second
can be similarly obtained. Letting x = 1/u, the Contraction

and Expansion condition (10) follows from Lemma IL5
directly. This completes the proof. ]
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