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Optimal Prediction Intervals for Future Order
Statistics from Extreme Value Distributions
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provided a method of obtaining a prediction bound for the
largest observation from a future sample of the Type I
extreme value distribution, based on the maximum
likelihood estimates of the parameters. They used Monte
Carlo simulations to obtain the prediction intervals. Using
the well-known relationship between the Weibull

Abstract—Prediction intervals for future order statistics are
widely used for reliability problems and other related
problems. The determination of these intervals has been
extensively investigated. But the optimality property of these
intervals has not been fully explored. In this paper we discuss

this problem for extreme value distributions. Introducing a risk
function to compare prediction intervals, the interval which
minimizes it among the class of invariant prediction intervals is

obtained. The technique used here for optimization of
prediction intervals based on censored data emphasizes pivotal

guantities relevant for obtaining ancillary statistics and factors.

It allows one to solve the optimization problems in a simple

way.

Index Terms — Extreme value distribution, future order
statistic, prediction interval, risk function, optimization

I. INTRODUCTION

REDICTION of an unobserved random variable is a

fundamental problem in statistics. Patel [1] provides an
extensive survey of literature on this topic. In the areas of
reliability and life-testing, this problem translates to
obtaining prediction intervals for life distributions such as
the Exponential and the Weibull. One of the earlier works on
prediction for the Weibull distribution is by Mann and
Saunders [2]. They considered prediction intervals for the
smallest of a set of future observations, based on a small
(two or three) preliminary sample of past observations. An
expression for the warranty period (time before the failure of
the first ordered observation from a set of future
observations or a lot) was derived as a function of the
ordered past observations. Mann [3] extended the results for
lot sizes N =10 (5) 25 and sample sizesm=2 (1) n— 3 fora
specified assurance level of 0.95. This method requires
numerical integration. In addition, the tables provided are
limited to sample sizes less than 25 and are given only for
the assurance level of 0.95. Antle and Rademaker [4]
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distribution and the Type I extreme value distribution one
can use their method to construct an upper prediction limit
for the largest among a set of future Weibull observations.
However this method is valid only for complete samples and
limited to constructing an upper prediction limit for the
largest among a set of future observations. Lawless [5]
proposed a method for constructing prediction intervals for
the smallest ordered observation among a set of k future
observations based on a Type II censored sample of past
observations. These results are based on the conditional
distribution of the maximum likelihood estimates given a set
of ancillary statistics. This procedure is exact, but it requires
numerical integration, for each new sample obtained, to
determine the prediction bounds. Mee and Kushary [6]
provided a simulation based procedure for constructing
prediction intervals for Weibull populations for Type II
censored case. This procedure is based on maximum
likelihood estimation and requires an iterative process to
determine the percentile points.

To develop appropriate probabilistic models and assess
the risks caused by stochastic events, business analysts and
engineers frequently use the extreme value distributions
(EVD). In this paper we assume that the parent EVD are the
Gumbel distribution,

Pr{X >X}:exp|:—exp(x;’uﬂ, —00 < X < 00, (1)

where u is the location parameter, and o is the scale
parameter (¢ > 0), and the Weibull distribution,

15
Pr{Y >y} =exp —(lj . y20,

2
5 )

where both distribution parameters (J — shape, § — scale) are
positive.

Let Y be a random variable with the Weibull distribution
(2), and define X = InY. Then X becomes a random variable
with the Gumbel distribution (1) where g=InBand o= J".
Therefore it is enough to consider only the Gumbel
distribution, because the results for the Weibull distribution
are easily obtained from those for the Gumbel distribution.
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II. WITHIN — SAMPLE PREDICTION

A. Mathematical Preliminaries

Theorem 1.Let X; £ ... £ X be the first k ordered
observations (order statistics) in a sample of size m from a
continuous distribution with some probability density
function f5(X) and distribution function Fg(X), where @1is a
parameter (in general, vector). Then the joint  probability
density function of X; < ... < X, and the Ith order statistics X
(1 £k<l<m)is given by

BOXo %o X) = BO%s 0 %) To (4 [ %), (€)

where
m m
fo (X0 ) = k),|‘|fg<>s)[1 Fpxl™ . (4)
I-k-
_ (m-k)! Fo (%) = Fo(X)
f“’()“x")'(|—k—1)!(m—|)z{ 1= Fy(%) }

fo(X)
1= Fy(%)

Fa(X) - Fe(xkq’“'
1= Fa(%)

x{l_

_ (mekr RA(Tken)
_(l—k—l)!(m—l)!é[ j J( D

X[I_FH(XOT_IH fo(X)
1=Fy(%) 1=Fa(X)

__ (m-kt B(m=l)
_(I—k—l)!(m—l)!z( j j( )

=0

fo(X)

J R0 -Faxo ] -
1=Fp(x%)

1= Fy(%)

represents the conditional probability density function of X|
given X =Xy.
Proof. The joint density of X; < ... < X and X| is given by
m K
(%, X,x)=—— ] fo(x
g (X5 % X)) (I—k—l)!(m—l)!l:ll o(%)

X[ B(%) = B (X1 f () = FpO)I™

= HOf - %) fo (X 1%0)- (6)
It follows from (4) and (6) that
_ T4, % %)
f gy Xpg) = O = (%), (7
g (% | % k) (X X0) (X %), (7

i.e., the conditional distribution of X, given X;= x; for all i =

, k, is the same as the conditional distribution of X,
given only Xy = Xy, which is given by (5). This ends the
proof. [
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Theorem 2.Let X; < ... < Xy be the first k ordered
observations from a sample of size m, which follow the
Gumbel distribution (1) with the density

X ;'ujexp(— exp( X ;'UD (00 < X< 0),
(®)

where 8= (1, 0). Then the joint probability density function
of the pivotal quantities

o0 = éexp(

_H-H _0
== V,=—, 9
S pn 25 ©)
conditional on fixed
20 =(z,..,2,), (10)
where
7 =2TH iy (11
o

are ancillary statistics, any k=2 of which form a functionally
independent set, 4 and O are the maximum likelihood

estimates for ¢ and o Dbased on the first kK ordered
observations (X< ... £X,) from a sample of size m from the
Gumbel distribution (1), which can be found from solution

of
K
ﬁ=5lnﬂz &7 +(m k)exk““’}/k} (12)
i=1
and
k _ _
6=[Z x&'7 +(m- k)xkexk/”]
i=1
Ko N &
x(z é“/”+(m—k)e"k/”J sz, (13)
i=1 i=1
is given by

k
f(s,v, | 20) =8 (2%) 2 exp[VzZzi]

i=1

k
x e exp(- e’ {Z exp( Z¥)+(m- Kexp(Zv, )D

i=1

= (v |2%) f(5 |v,,2"%), §0(-, 00), V00, ®), (14)
where

® k
9" (2") :(r( W[ v exp(szaJ
0 i=1

K —k -
X{Zexp( Zy)+( m K’eXP(4<V2)} dv, | (15)

i=1

is the normalizing constant,
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k
f(v, [2%) =9z ex szzi]

i=1

K -k
x{zexp( zy)+<rrrk>exp(zkvz)} . v, 0(0,), (16)

i=1

o K
9(z") = (_[ ¥ exp[ vy Z Z )
0 i=1
-1

‘ —«
’{ZCXP( Zy)+(m- k)eXp(sz)} dv, | . (A7)

i=1

K k
f(s |v,,2%) =%{Zexp< Zy)+(m- k)exp(zkvz)}
i=l

Kk

x 9 exp(—eSl {Zexp( zy)+(m- k)exp(z,vz)D,
i=l

§H(-0, ). (18)

Proof. The joint density of X < ... £ X, is given by

_om K (x-u (x-u
f(xl,...,xk,u,a)—(m_k)!uaex;{ > exp( >

X exP(— (m=Kk) exp(u]}
ag

Using the invariant embedding technique [7-14], we then
find in a straightforward manner, that the probability
element of the joint density of S, V,, conditional on fixed

M= (z,..,2), is

(19)

15,4 |z")dsadv,

k
=" (") 7 exp( %z ]ek%

i=1

k
x exp(- e’ {Z exp( iz +( M Kexp( % \Q)D dsdv,,

i=1

Si(=0, @), v,0(0, ). (20
This ends the proof. [

Theorem 3.Let X; £ ... £ X¢ be the first k ordered
observations (order statistics) in a sample of size m from the
Gumbel distribution (1). Then the joint probability density
function of the pivotal quantities

X = Xk Xy —H
E— =, 21
p S == 1)

where X (1 <k < | <m) is the Ith order statistic from the
same sample, is given by
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fy. 8)= f(vls)f(s), (22)

where

_ 1 1-k-1 | -k-1 N 1
f(\/l|sz)_B(I—k,m—l+1)Z( i ]( D m-l+j+1

=0

xg (M E-D (|1 jip)e2el, 0<v <o, (23)

f(s ):;g(k_lj(_l)je—(m—k+j+1)e52 e
2T B(km-k+D S ’
—00 < S, <00, (24)

Proof. The joint density function of the order statistics X,
X (1 £k <1 =m) is given by
F O %)= T (41 %0 T (40). (25)

It will be noted that

. _ (m-k E(1-k-1
fe(x&)dn——(l_k_l)!(m_l)!Z( . )( 1)

o\

x[l— Fem}m"” o) g,
1= Fa(X) 1= Fa(X)

B 1 1-k-1 | —k-1 N 1
_B(I—k,m—l+l)z[ i J( b m-l+j+1

=0

- i 2 eVl - .
xg (MHFDEED (- 14+ j+1) 2 €'dy,

= f(y]s)dy, 0<vi <o, (26)
. m

f dx, =———

o = D m=ko!

[ FOOT L= FO3O1™* (%)%

— 1 g k-1 (_1)je—(m—k+j+1)e52 &2ds,
B(km-k+1) '

j=o\

= f(s)ds,, —w<s <o, 27

This ends the proof. [
Corollary 3.1. The probability density function of the
pivotal quantity V| is given by

Ty=[ T(vods=[ (yls)f(s)ds. (8

Corollary 3.2. The joint probability density function of
the pivotal quantities
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Vl :M’ V2 :E (29)
g g
is given by
f(v. %) = £7(v) f(vy | 2. (30)

B. Piecewise-Linear Loss Function

We shall consider the interval prediction problem for the
[th order statistic X, kK<I<m, in the same sample of size m for
the situation where the first kK observations X; < X, < [I& X,
1<k<m, have been observed. Suppose that we assert that an
interval d=(d,,d,) contains X. If, as is usually the case, the
purpose of this interval statement is to convey useful
information we incur penalties if d; lies above X or if d,
falls below X,. Suppose that these penalties are c;(d;— X))
and Cy(X;—d,), losses proportional to the amounts by which
X escapes the interval. Since ¢; and ¢, may be different the
possibility of differential losses associated with the interval
overshooting and undershooting the true 4 is allowed. In
addition to these losses there will be a cost attaching to the
length of interval used. For example, it will be more difficult
and more expensive to design or plan when the interval
d=(d,,d,) is wide. Suppose that the cost associated with the
interval is proportional to its length, say c(d,—d;). In the
specification of the loss function, o is clearly a ‘nuisance
parameter’ and no alteration to the basic decision problem is
caused by multiplying all loss factors by 1/a. Thus we are
led to investigate the piecewise-linear loss function

G(d-X) , ody —d)

(X| <dl)7
ag ag
r(e,d) = @ (d < X, <d,), 31)
qdz_d1)+cz(xl _d2) (X| >d2).
ag ag

The decision problem specified by the informative
experiment density function (1) and the loss function (31) is
invariant under the group of transformations, which takes y/
(the location parameter) and o (the scale) into ¢/ + b and
ca, respectively, where b lies in the range of &, ¢ > 0. This
group acts transitively on the parameter space. Thus, the
problem is to find the best invariant interval predictor of X,

O_ .
d-=arg min R(6,d), (32)
where @ is a set of invariant interval predictors of X,
R(0,d)=Eg{r(0,d)} is a risk function.

C. Transformation of the Loss Function

It follows from (31) that the invariant loss function,
r(0,d), can be transformed as follows:

r(0,d)=F(V.n), (33)

where
G-V +m\L) + o, -V, M <nV,),
F(V,n) =1an, —mN\, (Vs sV V),
oM —m\V,) 7, —mV, M >17V,),
(34)
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V:(VI,VZ), VIZ(X| - Xk)/a-s V2: 6-/0-9

nN=(7,17), m=(d -X)/a, n=(d,—-X)/d.(35)
D. Risk Function

It follows from (34) that the risk associated with d and 0
can be expressed as

R6.d) = E4{r(8,d)} = E{r(v.n)}

00 /7}V,

= ¢ Jeyrmw 0y, wdydy,
00

+ QT T( Y= ¥) (Y, v)dydv,

0722

ey =m)|[ [ v f(v, w)dudv,, (36)
00

which is constant on orbits when an invariant predictor
(decision rule) d is used, where f(v;,,) is defined by (30).

E. Risk Minimization and Invariant Prediction Rules

The following theorem gives the central result in this
section.

Theorem 4.Suppose that (U;,U,) is a random vector
having density function

-1
b€y y)[” u q)dudw] (.U, >0), (37)
00

where f is defined by f(v;,v»), and let Q be the probability
distribution function of U,/U,.

(i) If c/citc/c,<1 then the optimal invariant linear-loss
interval predictor of X, based on X is d*:(Xk+/715(, X113,
where

Q) =c/c, Q) =1-c/c,.

(i) If c/c;+c/c,21 then the optimal invariant linear-loss
interval predictor of X, based on X degenerates into a point
predictor X¢t+ 77, S, where

(38)

Q7.) = 6 (G +Cy). (39)
Proof. From (36)
oE{F(v.n)}
o,
o /]1Vp 00 00
= 1§ J v (fy M dvdy- ‘”‘ v f(y, v)dydy,
00 00
=[[ v tw v dydylaQu)-cl, (40)
00
and
EV-0 Ty () dyaul-c,0-Qn) vl
P 00
(41)
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where
U
Q) = | awdw, (42)
0
[ ¢ fwy,v)dv,
qw) =% ; (43)
[y 10y, wdvav,
00
W=V, /V,. (44)

Now OE{ i (V,n)}/0n, = 0E{ i (V,n)}/01, = 0if and only
if (38) hold. Thus, E{ (V,Nn)} provided (38) has a solution
with 77;<r, and this is so if 1-c/c,>c/c,. It is easily
confirmed that this N=(7;,7) gives the minimum value of
E{f (V,n)}. Thus (i) is established.

If c/c;+c/c;21 then the minimum of E{i (v,n)} in the
region /)21, occurs where /7,=1},=1., /]. being determined

by setting

OE{1 (V.(n.,n.))}/0n.=0 (45)
and this reduces to

GQn.)—G[1-Q.)] =0, (46)

which establishes (ii). [
Corollary 4.1 The minimum risk of the optimal invariant
predictor of X, based on X is given by

R(8.d%) = Eo{r(8,d)} = E{r(v.n)}

o 71V 0 00
== 1§ J vy M dvdy+ QI _[ y f(y, w)dvdv,
00 075v2
(47)

for case (i) with N=(,,/7,) as given by (38) and for case (ii)
with m7=r,=1. as given by (39).

Proof. These results are immediate from (36) when use is
made of OE{ ¥ (V,N)}/0m, = 0E{ T (V,n)}/017, = 0 in case (i)
and 0E{ 1 (V,(n.,n.))}/0n. =0 in case (ii). []

The underlying reason why C/C,+C/C, acts as a separator of
interval and point prediction is that for ¢/c;+c/c,=21 every
interval predictor is inadmissible, there existing some point
predictor with uniformly smaller risk.

Theorem 5Suppose that £=0 and

V=(V,Vy), Vi=(X =X ) /o, V=X, /0;

N° =007, 1 =00 = X))/ X, 175 = (0 = X))/ Xy
(48)

Let us assume that (U;,U,) is a random vector having density
function
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00 00 _1
by y)[jj ufCw q)dudw] (U, Uy >0), (49)
00

where f; is defined by fy(v,\,), and let Q, be the probability
distribution function of u,/us,.

(i) If c/citc/c,<1 then the optimal invariant linear-loss
interval predictor of X; based on Xy is d*:((l+l710 )X,

(1+175)X), where

Qu)=clc, Qyn;)=1-c/c,. (50)
(i) If c/ci+c/c,21 then the optimal invariant linear-loss

interval predictor of X based on X degenerates into a point
predictor (1+77.) Xy, where

QU1) =6 /(G +cy). (51
Proof. For the proof we refer to Theorem 1. [
Corollary 5.1 The minimum risk of the optimal invariant
predictor of X Based on Xy is given by

R®,d") = Eqfr@8,d9} =E{r(v,n")}

ool]f \4] © 00

== § [ ol v dvay+ ¢f [y iy wdydy,
0 0 0n5vy

(52)

for case (i) with n° =(/77,77,)as given by (50) and for case
(ii) with 7y =n; =n. as given by (51).
Proof. For the proof we refer to Corollary 4.1.

III. EQUIVALENT CONFIDENCE COEFFICIENT

For case (i) when we obtain an interval predictor for X, we
may regard the interval as a confidence interval in the
conventional sense and evaluate its confidence coefficient.
The general result is contained in the following theorem.

Theorem 6 Suppose that V=(V,V,) is a random vector
having density function f(v;,v,) (vi,v,>0) where f is defined
by (30) and let H be the distribution function of W=V,/V,,
i.e., the probability density function of Wis given by

0w= [y (W, v)dv,. (53)
0

Then the confidence coefficient based on X and associated
with the optimum prediction interval d*:(dl,dz), where
d1:Xk+/715, dzzxk+l72&, is

Pr{d”:d <X, <d, | u,0}

= HQ'(1- ¢ g)]- HQ(c/c)]. (54)
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Proof. The confidence coefficient for d" corresponding to
(14,0) is given by

Pr{(Xy,0): X\ +11,0 < X; <Xy +m,0| p,0}
=Pr{(M, )i <V /v, <175}

= Hm,) - Hm) = HQ'(1- ¢ 6)]- HQ ' (c/¢))]. (59)
This is independent of (1,0). [

Theorem 7 Suppose that V=(V,V,) is a random vector
having density function fo(vi,V,) (v; real, v,>0), where f; is
defined by

1
B(k,1 -K)B(I,m—-1 +1)

fo(%, %)=
X[ B (%1 TRa(%) = Fa ()17

X[1= BOOI™ fp(%) fa(%) (56)
where (£0, and let H;, be the distribution function of
WEV | /V,, i.e., the probability density function of W is given
by

BOW= [y (Wi, v)dv,. (57)
0

Then the confidence coefficient based on X, and associated
with the optimum prediction interval d*:(dl,dz), where

di=(1+ 7, Y h=(1+175 )X is
Pr{d”:d < X, <d, | u,0}

= H[Q'(1-do)l- HIQ'(c/e)l  (58)

Proof. For the proof we refer to Theorem 6. [J

The way in which (54) (or (58)) varies with C, ¢; and c,,
and the fact that ¢, and c, are the factors of proportionality
associated with losses from overshooting and undershooting
relative to loss involved in increasing the length of interval,
provides an interesting interpretation of confidence interval
prediction.

IV. CONCLUSION

In many statistical decision problems it is reasonable co
confine attention to rules that are invariant with respect to a
certain group of transformations. If a given decision problem
admits a sufficient statistic, it is well known that the class of
invariant rules based on the sufficient statistic is essentially
complete in the class of all invariant rules under some
assumptions. This result may be used to show that if there
exists a minimax invariant rule among invariant rules based
on sufficient statistic, it is minimax among all invariant
rules. In this paper, we consider statistical prediction
problems which are invariant with respect to a certain group
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of transformations and construct the optimal invariant
interval predictors. The method used is that of the invariant
embedding of sample statistics in a loss function in order to
form pivotal quantities which allow one to eliminate
unknown parameters from the problem. This method is a
special case of more general considerations applicable
whenever the statistical problem is invariant under a group
of transformations, which acts transitively on the parameter
space.
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