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Stability of Numerical Schemes for the Delay
Blowflies Equation

Ekkachai Kunnawuttipreechachan

Abstract—In this paper the delay Nicholson’s blowflies equa- The general #-method solving (2) is in the form
tion has been solved by the f-mathod. The purpose is to analyse
stability of the numerical schemes using the linearisation Ynt1 = Yn +A[(L = 0)f(tn,yn) + 0f (tns1,Yn+1)], (3)
method. Our obtained results show sufficient conditions in
which the numerical solutions are stable. Moreover, we also Where n = 0,1,2,..., and h is the numerical step-size
show some nonlinear stability in the case that ¢ = 1, and show and 6 € [0,1] is a parameter. Here, v, = y(t,) where
that.i.t gives a well-defined discrete dynamical system on the t, =ty +nh. The cases # = 0,0 = 1 /27 and 6 = 1 corre-
stability. spond to the (explicit) Euler method, the Trapezoidal scheme
Index Terms—delay differential equation, Nicholson’s and the implicit Euler method, respectively. Moreover, the
blowflies equation, /-methods, stability analysis. cases § = 0 and 0 = 1 are called one-leg 0-methods, [1].
Throughout this paper, we call the explicit Euler method, the
Euler method. In general monograph on numerical analysis,
such as [2]-[3], it is shown that the §-method is convergent
HE 0-method is an iterative numerical method widely for every 6 € [0,1]. In addition, the method is of order two
used to approximate solutions of ODEs. In this paper, for § = 1/2, otherwise it is of order one.

we use it to find numerical solutions of the delay differential Next, consider the nonlinear DDE:
equation:
yl(t) = f(t7y(t)7y(t - T))7 t> 07 (4)

with the initial data

I. INTRODUCTION

N'(t) = =6N(t) + pN(t — 7)e” N7t >0, (1)

where p > § > Q, and .study t.heir numeri.c.al stability. M.any y(t) = o(t), —T<t<0, (5)

authors dealt with various kind of stability for numerical

methods for DDEs, only a few dealt specifically with the where f : [0,00) x RxR - R, y : R - R, 7 > 0,

f-method for (1). We aim to analyse the numerical stability and ¢(t) € R is a given initial function. Let & > 0 be the

and the long-term behaviour of the numerical solutions of the numerical step-size, and £ be the smallest integer greater

f-method for (1). First, we discuss the #-method for ODEs than or equal to 7/h. So, the delay 7 can be written as

and how it can be applied to DDEs. Some previous results — W — 6

on the stability analysis of the #-method are also provided =M &) ©)

in Section II. Next, in Section III, we apply the §-method where 0 < &€ < 1. Then (6) gives the relation

to approximate solutions of (1). Our results are presented

in Section IV. The steady-states of the DDE and of the tn =7 = tn— +&h,

f-method are the same, but their stability can vary. Under . hich is held for the points t, = to + nh, n > k.

the condition p > ¢ > 0, we show in Theorem 1 that the Approximating the delayed argument in (4) with a linear

zero equilibrium is unstable for the §-method, as it is for jhierpolation, the 6-method for (4) is:

the DDE. For the positive equilibrium, we provide sufficient

conditions for the numerical solutions to be asymptotically Yn+1 = Y +h(1=0) f (o, Yns Yp) +ROf (tnt 1 Ynt1s Yngr )

stable in Theorem 2 and Corollary 3. We show that the purely @)

implicit method is asymptotically stable independently of the ~Where 0 <6 <1, y, = y(t,,), and

numerical step-size h, unlike the Euler method. In addition, T = (1= )Ynor + EYn_rir ®)

Theorem 4 deals with the nonlinear stability analysis of the n " "

implicit numerical scheme. Finally, in the last section, we is an approximated value of y(¢,, — 7).

present numerical experiments to support our theorems. For the simplest case, we set £ = 0. Then h = 7/k € Z7T,
where k € Z*. Hence, y7 in (8) becomes y] = y,_k. In

II. THE 6-METHOD FOR DDES AND PREVIOUS REsuLrs  (is case the 6-method (7) becomes

We start here by recalling some properties of the 6-method Ynt1 = Yo+ (1= 0)f(tn, Yns Yn—r)
for ODEs. Consider the IVP: +hOf (tnt1, Ynt1, Yn—k+1), )

Y (t) = f(t,y(t), y(te) = o, t > to. 2) which is the the general 6-method for a DDEs with
constant delay. Calvo and Grande [4] proved that the order
properties for ODEs extend to the case of DDEs with con-
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The stability analysis of the 6-method for DDEs has
been investigated by many authors. Barwell [5] studied the
numerical method for the linear DDE:

Note that, after rearranging, (16) and (17) are actually
explicit schemes

Nouy = 1—46h/2 : hp/2 N,y pe—aNao
y'(t) = ay(t) + By(t =), >0, (10) L+ 0h/2°7 " 1+ 0h/2
) hp/2 N, —aNp_ k41
where o and 8 are complex numbers. He also introduced 1+ 6h/2 n—k+1€
the concepts of P-stability and GP-stability for DDEs,
linked to the concept of A-stability in ODEs, to explain the and
asymptotically stability regions for the numerical methods. Npir = 1 N, + hp Ny joyre=@Nn-rt1

Later, papers on the stability of the #-method for (10) have 14+6n " 146h
been published, for examples [1], [4], [6], [7], dealing with
its linear stability. In addition, Torelli [8] has introduced the

P N-stability and G P N-stability for the test equation:

respectively.

IV. STABILITY ANALYSIS OF THE §-METHOD FOR THE

NICHOLSON’S BLOWFLIES EQUATION

Y (t) = a)y(t) + Byt —7), t>to, (1)

which is a linear nonautonomous equation. His results in [8]
and [9] give sufficient conditions for the #-method to be
PN and GPN-stable and provided the definitions of RIN-
stability and GRN-stability in [8] for the general nonlinear
DDE:

y'(t) = fty(t), y(t — 7)), t > to,

This section contains our main contributions on the anal-
ysis of the stability of the #-method for the blowflies model
(1). We analyse the asymptotic stability of the numerical
scheme (14) when p > & > 0. Our main results provide
sufficient conditions for the equilibria of (14) to be asymptot-
ically stable using the linearisation method. In addition, the
second part in this section, we give a proof for the nonlinear

y(t) = @(t), t < to, stability analysis of the implicit Euler scheme (17).

12)
Tian [10] also studied the RN-stability and G RN -stability

of the §-method for a class of (12). A. Asymptotic stability of the 0-method

Consider the nonlinear DDE:

III. GENERAL CONCEPTS OF §-METHODS FOR THE y'(t) = f(t,y@),y(t — 7)), t > to,

y(t) = ¢(t), t <to,

NICHOLSON’S BLOWFLIES EQUATION (18)
. + + + .
According to (9), the §-method for the blowflies equation wher.e. f 2 [0,00) x R x RT — R and satisfies the
(1) is conditions
Re(f(tayhu) 7f(t7y27u)ayl *92> S U(t) |y1 *Z/2|27
Npt1 = Np+h(1=0) f(Nu, Np—i) +h0 f (Npy1, No—k41), |f(t,y,ur) — f(t,y, uz)| < y(t) lur — usl.
13) (19)

Note that when f satisfies the conditions (19), and o (t), (%)
satisfy the conditions

where 0 € [0,1] and f(u,v) = —du + pve~*". Then, after
rearranging, the numerical scheme for (1) can be written in
explicit form as

o(t) < =<0, ~(t) <—qo(t), 0<q<1, (20)
1—6h(1—6 ho(l — 6 then any two solutions y; = u(t) and y2 = v(t) of (18) with
Nppr = ( ) n il )Nn—ke_"’N"”“ different initial functions satisfy
1+ 6hb 1+ 6ho
0N e N (14) Jim Ju(t) = v(t)]| = 0.

1+ 6h0

The implicit numerical scheme is actually an explicit
difference equation. In case 6 = 0, (14) is the Euler method:

We expect that the numerical method has a similar behaviour.

A numerical method for DDEs is called an asymptotically
stable method if, when applied to (18) satisfying (19) and
(20), any two numerical solutions {u,}5°; and {v,}3°,

Nn+1 = Nn + hpNn—ke_aNnik .
satisfy

15)

The Euler method (15) is sometimes called the purely explicit
method for the blowflies equation. Next, if § = 1/2, (14) is
the Trapezoidal scheme:

lim |lu, —v,| =0,
n— oo

where t,, = nh,kh = 7,7 > 0 is a constant delay, and
kezt.
In this part, we focus instead on the asymptotic stability

h
Nn+1 = N+ 5 <—§Nn +pNn7ke_anL—k)
h

Finally, if 6§ = 1, (14) gives the (implicit) Euler method:

Npt1 = Ny + h(—=0Npy1 +pe”*Nn=s21N, 4 11), (17)

or, the so called, the purely implicit method for the blowflies

equation [1].
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+5 (Z0Nug1 + pNpgyre™ "N =450) (16)

of the numerical solutions for the Nicholson’s blowflies
equation using the linearisation methods. Our results give
sufficient conditions for the numerical solutions to be asymp-

totically stable.
Consider the numerical scheme (14):

_ 1-6h(1-0) hpd —aNy i
Not1 = Ttohe 0 T Txonglin-hre
hp(l — 9) —aN,, _i
T L ong Unke '
WCE 2012
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It is not difficult to see that if p > &, there exist two
equilibria: the zero equilibrium Ny = 0, and the positive
equilibrium N, = 1 < In%. Next, we investigate the asymp-
totic stability of the equ1hbr1a of (14). Let us first consider
the linearisation of (14) about an equilibrium N. We get the
linearised equation

1—0h(1—6) hpd(1 — aN)e N
It 1+on0 " 1+ o0 nokHl
hp(l —0)(1 —aN
o 1 +)5Sh9 i, @D

We start with the stability analysis of the zero equilibrium
Np.

Theorem 1. Assume that p > 6 > 0, then Ny = 0 is unstable
for all h > 0.

Proof: At the zero equilibrium Ny =0, (21) becomes

- _1—6h(1—0)$ hpo - +hp(1—9)x
K T T A W T R
(22)
Its characteristic equation is
. 1—0h(1—106) hpo hp(1 —6)
k+1 k _ _
A 1+ oho T+oho”~ 1400 O 3

When A = 1, the left-hand side of (23) is negative, equal
to %. Because the left-hand side blows-up as A — oo,
there is a real root larger than 1. Hence the zero equilibrium
Ny is unstable. n

Next, we consider the stability properties of the positive
equilibrium N .
Theorem 2. Let p,6,a > 0, and 1 < p/§ < €.

1) If 0 # 1 and h is sufficiently small, i.e.

ho(1—0) <1, 24)

the positive equilibrium N of (14) is asymptotically
stable.
2) If1/2 <0 <1 and the condition

h5(1—9)‘1—1n§’§1 (25)

holds, the positive equilibrium N, of (14) is asymp-
totically stable.

Proof: At the positive equilibrium N = L1In(p/s), the
linearised equation of (21) is
1—46h(1-0)

1+om0 "
hé(1 —0)(1 —In(p/d))
1+ 6ho

The characteristic equation is
1—6h(1—9))\k_
1+0h8

ShO(1 —1In(p/d))
1+ 6ho

Tn41 Tn—k+1

Tp—k-

0hf(1 —In(p/90)) N

14 6ho
-0 -n(/)
1+ 6ho )

)\k:+1 _

When
1—-0h(1-0) 0h8(1 —1n(p/9))
‘ 1+ 6ho ‘ ' 14 6ho ‘
hé(1 —0)(1 —1n(p/d))
T

‘ < 1, (26)
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the numerical method (14) is stable. We will next consider
the conditions in which (26) holds. The condition 0 < p/§ <
e? is equivalent to the inequality |1 — In(p/d)| < 1. We
discuss (26) by breaking it into two cases: oh(1 —6) > 1

and 0 < 0h(1—-0) <1

Case I:  6h(1—0) > 1.
From (26), it yields

'175/1(179)‘ '5h0(171n(p/5))’ ‘h5(179)(171n(p/5))

1+ 6h0 1+ 6ho 1+ 6h0
1 —6h(1 —0) + (6h0 + k(1 — 6)) |1 — In(p/d)]
= 1+ 6ho
1 —8h(1 — 6) + 6h6 + 5h(1 —6) .
= 1+ 6ho T

So it can be seen that when h is sufficiently small, i.e.
hd < 1/(1—40), the numerical method (14) is asymptotically
stable. The proof of the statement (/) is now complete.

Case II: 0 < Jh(1—10) <1.
We assume that

1
5S0<1 and 6h(170)‘171n§‘ <1
Then we have

' 1—0h(1—0) ‘ '6h0(1 —1In(p/d)) ’ ‘ hé(1 —6)(1 —1In(p/d)) '
1+0ho 1+6h0 1+0ho

—1+ 6h(1 — 6) + 6h|1 — In(p/6)|

1+ 0ho
Sh+ 6h|1 — In(p/d)]
= —1<1.
1+ 0ho 1=1 @D

We will next prove that (27) holds under the condition
(25). Let 1/2 < 0 < 1, and consider the inequality
Sh|1 —In(p/d)|(1 —0) <1, so

6h‘1—1n§‘(2—29)§2
then
5h’1—ln ‘<2+ 29—15h‘1—ln ‘
For § > 1/2, and |1 — In(p/d)| < 1, we have
5h‘1—1n§‘§2+(2@—1)5h.

Thus, it is easy to verify that

0h + 0h |1 —1In(p/d)] <9
14 0h6 -

As a result, we can conclude that if 0 < p/§ < €2 and (25)
also holds, then (27) holds. This finishes the proof of the
statement (2). [ |

Clearly, (25) is an improvement of (24), because |1 —
In(p/d)] < 1 when 1 < p/§ < e* for 1/2 < 6 < 1.
In addition, in Theorem 2, it can be seen that if § = 1,
(25) obviously holds independently from the step-size h.
Therefore we can conclude about the stability of the implicit
Euler method.

Corollary 3. If 1 < p/§ < €2, then the numerical solution
of the implicit Euler method (17) is asymptotically stable for
all h > 0.

Note that Corollary 3 means that when 1 < p/§ < e2,
the positive equilibrium N attracts all numerical solutions

WCE 2012
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even though the step-size h is big. On the contrary, from Take norms both sides of (34), we have
Theorem 2, the other methods (0 < 6 < 1) have a

2 _ _ 2
limitation on the numerical step-size h. For example, a lental® =" llen 42_ (—hdens1+ hpAg)|
sufficient condition of A for the Euler method (6 = 0) to be = |[lenll® + 2Re (en, —hden11 + hpAg)
asymptotically stable is that h < 1/§. For the Trapezoidal +h2p?|| — hdeni1 + hpAg|*(35)

method (§ = 1/2), a sufficient condition is h < 2/4. Hence,
when 6 is bigger, the value of the step-size h for stability is
also bigger. However, in practice, since we use the numerical
step size h = 7/k, for k € Z*, the maximum value of h for lent1ll? < llenll? + 2hllensll (0l Agll — 8llensal]) -
the numerical simulation is 7 (k = 1).

From (34), €, = €41 + hde, 11 — hpAg, then (35) leads to
the inequality

For p > §, we have
B. Nonlinear Stability of the Implicit Euler Method llEntt ||2 < H5n||2 +2hpllensl (1Ag] = llensal]) . (36)
Consider the following IVP:

") = flt,y@t),y(t — 7)), t >0, t) = (t), t <0,
y'() = fty(0)y(t = 7)) y(t) = ¢(t) 28) leall <8, where S =max |1 (t) — @2(1)].

where [ satisfies the conditions (19). Here, o(¢) and ()

We shall prove that

Suppose that for any n < j (j >0), |len] < S.

satisfy -
Case I:  if [leya ] < [ then [l < S.
o(t) <0, ~(t) < —o(t), (29)  Case II:  if |lej+1]] > ||&/]|, then (36) produces

for all ¢ > 0. Suppose that y(¢) and z(t) are solutions of (28) 0 < llejrall® = llgj 1> < 2hpllejaall (1Ag] = llejaall) -
with different initial functions 4 (¢) and 2 (t), respectively. (37)
If the conditions (19) and (29) hold, then y(t) and z(¢) satisfy ~ Consider ||Ag|| and use the mean-value theorem. We have

ly(®) = 2Ol < maxlln ) = @20l 1Ag] = 19" ©llgj—ks1 — zj—ks1ll = 9 ©)lllej—rs1]
Here, we expect that any two numerical solutions have a where & is a point between y;_r11 and z;_;41. Now, (37)
similar bound, i.e. can be rewritten as

1yn = znll < max o1 () — 2(8)]), B0) 0 < gl =llesll* < 2mpQllejall (lej—rsll = lejall) s

which is the concept of RN-stability and G RN-stability. ~Where
The condition (30) makes the numerical solution preserve Q = max{1, |¢g"(£)|}.

the contractivity properties of the analytical solution. In other A T

word, we can say that, if the condition (30) is satisfied, the Ej:juse 2hpQ > 0, then [|ej—tall = [lejall > 0. So, we
numerical solution is bounded and does not move away from |
its analytical solutions. In Jiaoxun and Yuhao [3], pp 193, itis

stated that the 6-method for DDEs is G RN -stable (and hence  for k£ > 1. Now we can conclude that ||e,,|| < 9, i.e.
RN-stable) if and only if # = 1. Here, we show that the

lejrall < llej—kt1ll < S,

implicit Euler method (@ = 1) for the Nicholson’s blowflies lenll = llyn = znll < 5,

equation (1) for all n > 1. Thus it follows that the implicit Euler method
Nos1 = Ny 4 h(—6Npi1 + pe~®Nn-ta1N, 1) 31) 831) is bounded by S = max;< ||¢(t) — (t)]], for all h i

satisfies the condition (30) by using similar techniques than Note that Theorem 4 shows that the implicit Euler method

in [3]. is contractive for all numerical step-size h > 0, i.e. the

numerical solutions will not move away as time tends to
infinity. In other word, we can say that the implicit Euler
method is bounded by the initial conditions and its stability

Theorem 4. Let p > ¢ > 0. Assume that {y,}5>, and
{zn}52, are two solutions of the implicit Euler method (31)
with different initial functions p1(t) and p2(t), respectively.

Then, for all h > 0 is independent on the step-size h.
1y = 2nll < max {1 (t) = @2(t)]]- V. NUMERICAL EXAMPLES
Proof: Here, we use similar techniques as in [3] to prove In this s'ection we present some numerical §Xamples per-
the result. Consider the two difference equations formed using the ¢-method. The examples given here are
. mainly focused on three methods: the explicit Euler method
— —aYn—k+1 . . ..
Ynt1 = Yn+ (hyni1 + hpe T Yn—k41)(32) (9 = 0), the Trapezoidal scheme (6 = 0.5) and the implicit
Znt1 = 2p+ (—hézpy1 + hpe”¥r—*+1z, 411).(33)  Euler method (6 = 1).

First, Figures 1 and 2 compare the numerical solutions
from the Euler method, the Trapezoidal scheme, and the
En+t1 = €n + (—hdent1 + hpAg), (34) implicit Euler method with a small numerical step-size
(h = 0.01). Here, the step-size h satisfies the conditions on

Let €, = y», — 2z, then, from (32) and (33), we have

where Theorem 1 and Theorem 2. In Figure 1 we use p = 2.0, =
Ag=e Wnktly, piq—e @bty gy, 1.1,a = 2.0,7 = 1.0, and the initial data ©(¢) = 0.5, ¢ < 0.
ISBN: 978-988-19251-3-8 WCE 2012
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The results show that the numerical solutions for all methods
are similar. They are monotone decreasing and converge
to the equilibrium N = 0.2989. In Figure 2, we use
different parameter values p = e%,6 = 1.1,a = 2.0 and
7 = 3.5. The initial function is the same as in Figure 1,
ie. o(t) = 0.5, t < 0. Again, the numerical solutions
from all methods are similar but their behaviour is different.
They oscillate at the beginning before they converge to the
equilibrium N = 0.9523. The differences here are caused
by the ratio p/d. In Figure 1, the ratio 1 < p/d < e, so the
solutions are monotone. In contrast, the ratio in Figure 2 is
close to but less than e2, so the solutions oscillate about the
equilibrium and they are asymptotically stable.

05

03

Fig. 1. Numerical examples of the §-methods for the Nicholson’s blowflies
equation (1) when p =2.0,0 = 1.1,a =2.0,7 = 1.0 and h = 0.01.

Next, we increase the numerical step-size to h = 3.5.
In this case, h does not satisfy the condition in Theorem 2
for the Euler method, but it satisfies it for the Trapezoidal
scheme and the implicit Euler method. As the result, the
numerical solutions from the Euler method cannot be per-
formed when £ is too large. Figure 3 illustrates the difference
on the numerical solutions between the Trapezoidal scheme
(Figure 3(a)) and the implicit Euler method (Figure 3(b))
with the same parameter values as in Figure 2. Here, we
can see that both solutions are asymptotically stable and
converge to the equilibrium N = 0.9523 as t tends to
infinity. However, when we compare the results with the
smaller A in Figure 2, the Trapezoidal scheme approximates
the exact solution better than the implicit Euler method.
This is because the Trapezoidal scheme is order two on the
approximation, while the implicit Euler method is only of
order one.

Finally, Figure 4 and Figure 5 represent the numerical
solutions obtained from the implicit Euler method. From
Theorem 4, we know that all numerical solutions from the
implicit Euler method are bounded by the initial conditions.
In addition, Corollary 3 states that if 1 < p/d < e?, all
solutions of the implicit Euler method are asymptotically
stable. The results in both Figure 4 and Figure 5 support
Corollary 3 and Theorem 4. However, like with general
numerical approximations, when the step-size h is bigger,
the numerical approximations are less accurate.
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6 =0.5and (b) 6 = 1.
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Fig. 4. Numerical examples of the 6-methods for the Nicholson’s blowflies
equation (1) when p = 300,06 = 50,a = 2.0 and 7 = 1.0; where (a)

h =0.01, (b) h = 1.0.
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Fig. 5.

Numerical examples from the implicit Euler method for(1) with

different values of h when p = e2,§ = 1.2,a = 2.0, 7 = 10; where (a)
h =0.01, (b) h=0.1, (¢c) h =1 and (d) h = 10.
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