
 
 

 
Abstract—  A vertex  v  in a graph  ࡳ ൌ ሺࢂ,  ሻ  is said to beࢄ

weak  if  ࢊሺ࢜ሻ ൑  ሻ for every  u  adjacent to v  in G.  A  set࢛ሺࢊ
ࡿ ⊆  is said to be weak if every vertex in S is a weak vertex   ࢂ
in G. A weak set which is independent is called a weak 
independent set (WIS).  The weak independence number 
 ሻ  is the maximum cardinality of a WIS. We proved thatࡳ૙ሺࢼ࢝
ሻࡳ૙ሺࢼ࢝ ൑ ࢖ െ  This bound is further refined in this paper  .ࢾ
and we characterize the graphs for which the new bound is 
attained. 

Index Terms— Weak Degree , Weak Independence Number, 
Weak Domination. 

I. INTRODUCTION 

or standard terminologies we refer [2]. The domination 
parameters are well studied in [5]. The strong 

domination is introduced by E.Sampathkumar and L. 
Pushpalatha [12] and further studied in [1], [3], [4] and [11]. 
Varieties of strong domination are studied in [7], [8], [9] and 
[10]. The strong (weak) independence numbers and vertex 
coverings are discussed in [6].  A vertex  v  in a graph 
ܩ ൌ ሺܸ, ܺሻ  is said to be strong   if ݀ሺݒሻ ൒ ݀ሺݑሻ (similarly 
weak if ݀ሺݒሻ ൑ ݀ሺݑሻ) for every  u  adjacent to v  in G.  A  
set ܵ ⊆ ܸ   is said to be strong (weak) if every vertex in S  is 
a strong (weak) vertex in G. A strong (weak) set which is 
independent is called a strong independent set [SIS] (weak 
independent set [WIS]).  The strong (weak) independence 
number 	ߚݏ଴ሺܩሻ	ሺ	ߚݓ଴ሺܩሻሻ  is the maximum cardinality of a 
SIS (WIS). For an edge  ݔ ൌ  v   strongly (weakly)  ,ݒݑ
covers the  edge x   if ݀ሺݒሻ ൒ ݀ሺݑሻ	ሺ݀ሺݒሻ ൑ ݀ሺݑሻሻ in G.  A 
set ܵ ⊆ ܸ   is a strong vertex cover [SVC] ( weak vertex 
cover  [WVC] )   if every edge  in G  is strongly (weakly) 
covered  by some vertex in S. The strong  (weak) vertex 
covering number ߙݏ଴ሺܩሻ	ሺߙݓ଴ሺܩሻሻ is the minimum 
cardinality of a SVC (WVC). 

The following results appear in [6]. 
 

Theorem 1.  For any isolate free graph G = (V, X )  with p 
vertices,  

଴ߙݏ ൅ ଴ߚݓ ൌ  ݌
଴ߚݏ        ൅ ଴ߙݓ ൌ   ݌
      

                                                           
 
Received 23rd Oct.2012; Revised  8th  Dec.2012 
         R.S.Bhat, Associate Professor, Department of Mathematics, Manipal 
Institute of Technology, Manipal, India, Pin 576104.  
(email: rs.bhat@manipal.edu ; ravishankar.bhats@gmail.com) , 
Phone: 09591506318. 
         S.S.Kamath, Associate Professor, Department of Mathematics, 
National Institute of Technology Karnataka, Surathkal, India, Pin 574 025. 
(email: shyam.kamath@gmail.com) 
         Surekha, Associate Professor, Department of Mathematics. Milagres 
College, Kalliuanpur, Udupi, India. 
(email:surekharbhat@gmail.com) 

 Theorem 2. For any connected graph G with  p vertices,  
    

ሻܩ଴ሺߚݓ ൑ ݌ െ   ߜ
 
         The following new degree concepts are defined in [7].  
For any vertex ݒ ∈ ܸ,ܰሺܸሻ ൌ ሼݑ ∈  .ሽݒ	݋ݐ	ݐ݆݊݁ܿܽ݀ܽ	ݏ݅	ݑ|ܸ
	 ௦ܰሺݒሻ ൌ ሼݑ ∈ ܰሺݒሻ|݀ሺݒሻ ൒ ݀ሺݑሻሽ and 	ܰ௪ሺݒሻሼݑ ∈
ܰሺݒሻ|݀ሺݒሻ ൑ ݀ሺݑሻሽ. Then degree of  v denoted as ݀ሺݒሻ ൌ
|ܰሺݒሻ|, strong degree of  v is ݀௦ሺݒሻ ൌ |	 ௦ܰሺݒሻ| and  weak  
degree of  v  is ݀௪ሺݒሻ ൌ |	ܰ௪ሺݒሻ|. We then have the 
following new graph parameters – maximum strong degree 
∆௦ሺܩሻ, minimum strong degree  ߜ௦ሺܩሻ, maximum weak 
degree ∆௪ሺܩሻ  and  minimum weak degreeߜ௪ሺܩሻ. It is 
proved in [7] that if v is a weak vertex then ݀ሺݒሻ ൌ ݀௪ሺݒሻ 
and if  v is a strong  vertex then   ݀ሺݒሻ ൌ ݀௦ሺݒሻ. 

Theorem 3 [7]. For any graph G, 

,ሻܩ௦ሺߜ ሻܩ௪ሺߜ ൑ ሻܩሺߜ ൑ ∆௪ሺܩሻ ൑ ∆௦ሺܩሻ ൌ ∆ሺܩሻ 

II. AN IMPROVED BOUND ON WEAK 

INDEPENDENCE NUMBER 

          We improve the upper bound obtained in Theorem 2 
using another graph parameter,  maximum weak degree ∆௪ 
of a graph defined above. 

Proposition 4.  For any connected graph G with p vertices 
and   maximum weak  degree ∆௪,     

ሻܩ଴ሺߚݓ                                  ൑ ݌ െ (1)    ݓ∆
   

Proof. Let D be any maximum WIS and 	 ∆ܸೢ  be the set of all 
maximum weak degree vertices in G. Then there are two 
possibilities.  

Case (i). ܦ ∩ 	 ∆ܸೢ ് ∅
.
. Let ݒ ∈ ܦ ∩ 	 ∆ܸೢ.

.
   Since D is 

independent  ܦ ∩ 	ܰ௪ሺݒሻ ് ∅.
.
 Therefore  we have  ܦ ⊆

ܸ െ ܰ௪ሺݒሻ. 
 Hence the result follows. 

Case (ii). ܦ ∩ 	 ∆ܸೢ ൌ ∅. Then there exists a vertex ݒ ∈
	 ∆ܸೢ

.
such that ݒ ∉ ݑ Let  .ܦ ∈ ܰ௪ሺݒሻ then ݀ሺݑሻ ൒ ݀ሺݒሻ. 

Suppose ݑ ∈  Since D is a WIS, every vertex in D is a  .ܦ
weak vertex. Thus u is also a weak vertex and hence 
݀ሺݑሻ ൑ ݀ሺݒሻ.  Therefore ݀ሺݒሻ ൌ ݀ሺݑሻ. Now, since u is a 
weak vertex, we have ݀ሺݑሻ ൌ ݀௪ሺݑሻ. But then ݀௪ሺݑሻ ൌ
݀ሺݑሻ ൌ ݀ሺݒሻ ൒ ݀௪ሺݒሻ. If ݀௪ሺݑሻ ൐ ݀௪ሺݒሻ   we get a 
contradiction to the statement that  v is a maximum weak 
degree vertex. On the other hand if ݀௪ሺݑሻ ൌ ݀௪ሺݒሻ,   then 
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we get a contradiction to the statement that  ܦ ∩ 	 ∆ܸೢ ൌ ∅.  
Hence we conclude that 	ݑ ∉   Since u is arbitrary we have .ܦ
ݑ ∉ ݑ for every ܦ ∈ ௪ܰሺݒሻ. This implies that ܦ ⊆ ܸ െ
ܰ௪ሾݒሿ. Hence ߚݓ଴ ൑ ݌ െ ሺ∆௪ ൅ 1ሻ ൏ ݌ െ ∆௪.       ■ 

 
       Since ∆௪൒ ߜ

 
the above bound is a better bound than the 

bound obtained in Theorem 2. For the graph, in Fig. 1, 
଴ߚݓ ൌ 6 ൌ 10 െ 4 ൌ ݌ െ ∆௪. Also for any complete 
bipartite graph ܭ௠,௡ 

the above bound is attained. 

 

 

 

 

 

 

 

       From the case (ii) of  Proposition 4, the above upper 
bound is further reduced by one.  

Corollary 4.1 Let G be a connected graph with p vertices,  
maximum weak  degree ∆௪.  Let D be the maximum weak 
independent set and ∆௪  be the set of all maximum weak 
degree vertices in G. If ܦ ∩ 	 ∆ܸೢ ൌ ∅  then   

଴ߚݓ  ൑ ݌ െ ሺ∆௪ ൅ 1ሻ.    
  

         For the graph shown in the Fig. 2,	∆௪ൌ 3   and v is the 
vertex with maximum weak degree and attains the bound  
଴ߚݓ ൌ 5 ൌ 9 െ ሺ3 ൅ 1ሻ ൌ ݌ െ ሺ∆௪ ൅ 1ሻ. Observe that in 
this case ∩ 	 ∆ܸೢ ൌ ∅ .  
 
 
 

 

 

 

 

 

 

 

 
 
 
Proposition 5.  Let G be any  graph. 	 ∆ܸೢ and  S be the set of 
all maximum weak degree vertices in G. Further,  W  be any 
maximum independent set of vertices in 〈	 ∆ܸೢ〉 and   let    
଴ߚݓ ൌ ݌ െ ∆௪. Then there exists a ߚݓ଴ set D such that 
ܦ ∩ 	 ∆ܸೢ ് ∅ . 
Proof. Let  ߚݓ଴ ൌ ݌ െ ∆௪. Then there exists a wβo set D 
such that ܦ ∩ 	 ∆ܸೢ ് ∅

.
 for otherwise  as in the proof of 

case (ii)  of Proposition 4, we get ߚݓ଴ ൑ ݌ െ ሺ∆௪ ൅ 1ሻ ൏
݌ െ ∆௪   – a contradiction.  If  W1 is a maximum WIS in G 
such that ݀ሺݑሻ ൏ ∆௪ for every ݑ ∈ ଵܹ  then ܦ ൌ ܹ ∪ ଵܹ  
is a ߚݓ଴ set.  Since ଵܹ ∩ 	 ∆ܸೢ ൌ ∅

.
 we have ܦ ∩ 	 ∆ܸೢ ൌ ܹ.

.
  

■ 
 

  We now characterize the graphs for which ߚݓ଴ ൌ ݌ െ ∆௪.   
 

Proposition 6.  For any connected graph G with p vertices   
଴ߚݓ ൌ ݌ െ ∆௪   if and only if  Vെܰ௪ሺݒሻ is a WIS for every 
ݒ ∈ ܹ.  
 
Proof.  Let ߚݓ଴ ൌ ݌ െ ∆௪. Then from the Proposition 5, 
there exists a ߚݓ଴ set D  such that ܦ ∩ 	 ∆ܸೢ ൌ ܹ ് ∅. Let 
ݒ ∈ ܹ.  If  ܸ െ ܰ௪ሺݒሻ is not a weak independent set then 
there are at least two vertices which are adjacent in ܸ െ
ܰ௪ሺݒሻ and hence we can remove one of the two vertices 
which are adjacent. But then ߚݓ଴ ൑ ݌ െ ሺ∆௪ ൅ 1ሻ ൏ ݌				 െ
∆௪ - a contradiction.  
Conversely, let ܸ െ ܰ௪ሺݒሻ  is a WIS and D be a maximum 
WIS of G. Then ߚݓ଴ ൌ |ܦ| ൒ |ܸ െ ܰ௪ሺݒሻ|.  Further since 
ݒ ∈ ܹ, as in Proposition 4, ܦ ⊆ ܸ െ ܰ௪ሺݒሻ. Hence 
଴ߚݓ ൌ |ܦ| ൑ |ܸ െ ܰ௪ሺݒሻ|.  Thus we have   ߚݓ଴ ൌ ݌ െ ∆௪.  
               ■ 
          When   ∆௪ൌ ଴ߚݓ  the above bound becomes  ߜ ൌ ݌ െ
    We have already characterized the graphs for which  .ߜ
଴ߚݓ ൌ ݌ െ ଴ߚݏ  and ߜ ൌ ݌ െ ∆  in [6] and we quote those 
results for our reference.   
 
Theorem 7 [6]. Let G be a connected graph  with ݌ ൒ 2  
vertices. Then  ߚݓ଴ ൌ ݌ െ ߜ

 
  if and only if  the vertex set of  

G  can be partitioned into two sets ଵܸ  and ଶܸ    satisfying the 
following conditions. 
(i)  ଵܸ  is a WIS.  (ii)   every vertex in ଵܸ is adjacent to every 
vertex in  ଵܸ.  

 

Theorem 8 [6]. For any connected  graph G with  ݌ ൒ 2  
vertices, ߚݏ଴ ൌ ݌ െ ∆,  if and only if  the vertex set of  G  
can be partitioned in to two sets  ଵܸ  and  ଶܸ  satisfying the 
following conditions. 
(i)  ଵܸ   is a SIS.      (ii)  there exists a vertex    ݒ ∈ ଵܸ  such 
that  ܰሺݒሻ ൌ ଶܸ. 
 
          We now characterize the graphs for which ߚݓ଴ ൌ ݌ െ
∆௪ when ∆௪൐  Since the proof is similar to the proof of .ߜ
Theorem 8, we state the theorem without proof. 
 

Theorem 9. Let G be a connected graph  with ݌ ൒ 2  
vertices. Then  ߚݓ଴ ൌ ݌ െ ∆௪ if and only if  the vertex set of  
G  can be partitioned into two sets   ଵܸ  and  ଶܸ    satisfying 
the following conditions. 
(i)  ଵܸ   is a WIS.  (ii)   there exists a vertex  ݒ ∈ ଵܸ   such 
that  ܰሺݒሻ ൌ ଶܸ. 
  
            In the next result we get a bound for the number of 
edges when the weak independence number is known. 
 
Theorem 10.  Let G(p, q) be a simple connected graph  with 
weak independence number  ߚݓ଴ ൌ ݇.  Let ∆௪൐   so that   ߜ
∆௪ െ ߜ ൌ     , where r is a positive integer.  Then   ݎ

ݍ ൑
ሺ௣ା௞ିଵሻሺ௣ି௞ሻିଶ௥

ଶ
  .  Further this bound is sharp. 

Fig. 1.  A graph for which  ߚݓ଴ ൌ ݌ െ  ݓ∆

v 

Fig. 2.   A  graph  for which  ߚݓ଴ ൌ ݌ െ ሺ∆௪ ൅ 1ሻ  
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Proof. Let ߚݓ଴ ൌ ݇ and W be the ߚݓ଴- set. Since ߚݓ଴ ൌ
݌ െ ∆௪, we have ∆௪൑ ݌ െ ݇ .  As  ∆௪൐  to have ,ߜ
maximum edges W must contain only one vertex of 
minimum degree   and the remaining vertices in W are of  
maximum  weak degree ∆௪.

 
 Hence there are at most  ݇ െ 1 

vertices of degree ∆௪ 
  and one vertex of degree .  Since W 

is a WIS the vertices in  WV    can be of maximum 
degree. Hence there can be at most  vertices of degree  
݌ െ 1  and the remaining ሺ∆௪ െ ሻߜ

 
 vertices can be at most 

of degree 	݌ െ 1. Hence 2ݍ ൑ ሺ݇ െ 1ሻ∆௪ ൅ ߜ ൅ ݌ሺߜ െ 1ሻ ൅
ሺ∆௪ െ ݌ሻሺߜ െ 2ሻ. Since  ∆௪൑ ݌ െ ݇  and ߜ ൑ ݌ െ ݇ െ   ݎ
we have 2ݍ ൑ ሺ݇ െ 1ሻሺ݌ െ ݇ሻ ൅ ሺ݌ െ ݇ െ ሻݎ ൅
ሺ݌ ൅ ݇ െ ݌ሻሺݎ െ 1ሻ ൅ ݌ሺݎ െ 2ሻ ൌ ሺ݌ ൅ ݇ െ 1ሻሺ݌ െ ݇ሻ െ
 ■                                                 .Then the result follows .ݎ2
              Let ܩ ൌ ௣ି௞ܭ ൅   ௞തതതതܭ

 with ܸ ൌ ଵܸ ∪ ଶܸ where 
| ଵܸ| ൌ ݇  and | ଶܸ| ൌ ݌ െ ݇ . Identify any one vertex  v  in ଵܸ 
and remove any  r edges incident on v. The new graph  ܩᇱ  
so obtained attains the upper bound in the Theorem 10. 
The graph ܩᇱ  obtained from  ܩ ൌ ସܭ ൅   ଺തതത   shown in theܭ
 

Fig.1,  satisfies   ݍ ൌ
ሺ௣ା௞ିଵሻሺ௣ି௞ሻିଶ௥

ଶ
ൌ

ሺଵହൈସሻିସ

ଶ
ൌ 28. 

   
           The above theorem suggests a better  upper bound for 
 .଴  in terms of order and size of the graphߚݓ
 
Corollary 10.1. Let G(p, q) be a simple connected graph. 
Then, 

଴ߚݓ ൑
1
2
ඨ݌ሺ݌ െ 1ሻ െ ݍ2 െ ݎ2 ൅

1
4

 

Proof. From Theorem 10, ݍ ൑
ሺ௣ା௞ିଵሻሺ௣ି௞ሻିଶ௥

ଶ
.   On 

simplification we get a quadratic equation in k. Solving this 
equation for k, we get the desired bound. 
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