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Statistical Performance Analysis of the RLS
Estimator for Retinal Oxygen Tension Estimation
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Abstract---For improved estimation of oxygen tension in
retinal blood vessels, regularization of least squares estimation
method was proposed earlier and it was shown to be very
effective. Optimum points of the regularized least squares
(RLS) cost function were found using iterative methods and
closed form solutions for the estimation, and bias and variance
of the estimators were not provided. In this study, we derive
the closed form solution for the RLS estimation and using the
closed form solution we derive bias and variance of the RLS
estimator. With the help of the bias and variance, statistical
performance analyses of the RLS estimator are realized
without the need of the Monte Carlo simulations and effective
examinations of the regularization parameters on the
performance become available. Therefore, preferable ranges
for the parameters that can be adjusted during the acquisition
and estimation can be found easily to have enhanced estimates.

Index Terms---performance analysis, bias and variance,
regularized estimation, retinal oxygenation.

I. INTRODUCTION

Accurate estimation of oxygen tension (pO,) in retinal
vessels is of primary importance since abnormality of
oxygenation in retinal tissue, in many cases, gives important
clues regarding devastating common eye diseases such as
diabetic retinopathy, glaucoma, and age related macular
degeneration [1]-[2]. Oxygen tension of retinal vessels can
be estimated using phosphorescence lifetime imaging model
(PLIM) [3]-[4] whose mathematical model was developed
by Lakowicz et al. [5] for fluorescence lifetime imaging
model (FLIM). In [3]-[4], the least squares (LS) estimation
method was used to obtain estimate of oxygen tension in
retinal vessels using PLIM. While the LS estimation
method is efficient in the computation sense, it produces
high variance, and artificial peaks in the estimates, and
therefore gives values outside of the physiological range. In
order to overcome these shortcomings, regularization of the
LS estimation method was proposed by Yildirim et. al. [6].

Regularization has been extensively used in several
problems such as image processing [7-9], biomedical
imaging [10-13], and astronomical imaging [14] and its
success in many problems was the main motivation of
Yildirim et al. [6] to develop a RLS estimation method in
the estimation of oxygen tension in retinal vessels
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In their study, after considering the physiology of retinal
tissue in which oxygen tension of a retinal vessel does not
vary rapidly in a small neighborhood [15], they assumed
that mean value of a pixel value in an oxygen tension map
of retinal blood vessel can be formulated as equal to
weighted mean of oxygen tension values of its neighboring
pixels. It was shown that their RLS method is much better
than the LS estimation approach in many senses such as
robustness to noise, having much less variance, obtaining
smoother pO, maps and therefore generating pO, values
which are in the physiologically expected range. However,
in their study, iterative procedures such as steepest descent
algorithm were used to find minimum of the RLS cost
function and a closed form solution was not provided. Bias
and variance of the estimator were also estimated using
some Monte-Carlo simulations.

In this study, we derive bias and variance of the RLS
estimator after obtaining closed form solution of RLS
estimation method proposed in [6]. With the help of the bias
and variance of the RLS estimator, we examined and
showed the effects of the regularization parameters, window
size and weighting coefficients of neighboring pixels, which
are used in formation of regularization term in the model,
and phosphorescence observation number on the statistical
performance of the estimator. Considering the outcomes of
the analyses, we give the preferable ranges for the
parameters that can be controlled to generate the pO, maps.

Il. DERIVATION OF THE CLOSED FORM SOLUTION
FOR THE RLS ESTIMATION

Phosphorescence intensity observation images are
represented in a vector form by reordering the matrix
elements column wise. For the ith pixel, the RLS cost
function can be given as follows:

chus = [y — axil;+yllx — = @)

where y?, y and A stand for noise corrupted observation
vector, regularization coefficient and the system matrix
(see Appendix A). Additionally, the parameter to be
estimated x* and its mean X are as follows:

x=[a} ai bi]" and
x =[K@,)a, K@ :a, K(@:)b;], @

where a,, a, and b, are vectorized parameter values and K
is weighted mean averaging matrix defining interrelations
between pixels’ a, , a; and b, parameters (see Appendix
B). Since the regularization term in (1) involves all
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pixels’a, , a; and b, parameters, there is no pixel-wise
solution and the problem must be handled for all pixels.
Therefore, the global RLS cost function is defined as:

Cris = Zliw=1 C}ins’ (3)

where M is number of pixels in the oxygen tension map.
Let X € R™ | ||X|| is called as Frobenius norm in R™*/
space and

Xl =

Jo®X) = (XN = [ 3 Xy Xy, (@)

where tr() denotes trace of inner matrix. The operation
tr(XTX) is called as Frobenius inner product [17].
Following that, the global cost function using Frobenius
inner product can be given as follows:

Crus = IY — AXIIZ +vIIX — XIIZ, ()

where A is the system matrix, y is the regularization
coefficient and:

aj ..af ..alf

X =|a}l al alf| =[x ..xt.xM],
o.M
y=\ .. I, .. L (6)
L (S

where 1;', and S are respectively pth phosphorescence
intensity observation for ith pixel and number of
observation per pixel.

Considering the definition of the X, equations (2) and (5)
can be rewritten as follows:

= (K@,)X™)T, (7
Cris = IY — AX|IZ +vIIX — (KX")T||3. (8)

For the PLIM parameters, the regularization term in the
cost function (8) can be fragmented as follows:

X — (KX")T||7 =
llag — Kao”% +lla; — Ka1"% + by, — Kb1"% 9)

The data fidelity term in equation (8) can be rewritten as:

lY - AX||% =
tr(YTY) — 2tr(YTAX) + tr(XTATAX) (10)
Since AT A is as follows:
S 0 0
ATA=10 S§/2 0 |, (11)
0 0 S/2

where S is number of observation per pixel, tr(XTATAX)
becomes:

tr(XTATAX) = Sa%a, +>ala, +3blb;. (12)

Additionally, from the definition of the Frobenius inner
product, tr(¥YT AX) can be rewritten as follows:

tr(YTAX) = tr(XYTA) =

(revised on 13 February 2014)

alYTA(:,1) + alYTA(:,2) + bTYTA(:,3). (13)
Considering the equations above, the global cost function
can be given as:

Cris = tr(YTY) + al(Sa, — 2YTA(:,1))
+aj (§a1 —2YTA(: ,2)) +b] (g b, — 2YTA(: ,3))

+y(llay — Kagll? + lla; — Ka,l|3 + |lby — Kb4||3).
(14
Finally, after taking gradient of the cost function with

respect to a, parameter and equalizing the gradients to
zero, we get the RLS estimate of the a, parameters.

Vo, Cris = (Sa; — 2YTA(:,2))
+2y(I — 2K + K*)a, = 0. (15)

Further, assuming that y = S8/2, we can rewrite equation
(15) as follows:
ValcRLS =
(Sa, —2YTA(:,2)) + SB(I — 2K + K¥a, = 0.
Finally, we get @,_g.s as:

@1_pis = (I +BU — 2K + K2))'GYTA(:,2)).  (16)

Since the same procedure is followed, we use the results of
the parameter a, for the parameter b, .
Considering the definition of 4 and its pseudo-inverse, it is

explicit that (%YTA(: ,2)) and (%YTA(:,3)) are the LS
estimates of the a, and b, parameters, respectively.

Therefore, we can rewrite the RLS estimates of a,
parameter as follows:

@ _ps=0+BU+K'K—-K-K")'a, ., (17)
To abbreviate the notation, we define a new matrix L as:
L=I1+BUI+K'K—-K-KD"), (18)

where, I stands for the identity matrix.

Using the matrix L, the RLS estimates of the parameter a,
and b, can be rewritten in a simpler form as:

Ay pys = L7Ma; 5, (19)

by_pis =L7'by_ys. (20)

A. Bias for the LS and RLS Estimators

We modeled our observation corrupted by the additive
zero mean i.i.d. Gaussian noise, therefore the expectation of
the LS estimation becomes equal to:

E{al} =al. (21)
Following this fact and using (19), we can define the bias
vector of the RLS estimator as:
By, = a; — E{@;_p;s} = a; — E{L™"a,}
By, = -LNa, (22)
In order to facilitate visualization of the bias in graphs, we
define a normalized scalar bias as follows:

Bias = (Z{L;[Ba, D))/ (EiLilar (D) (23)
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B. Variance for the LS and RLS Estimators

Oxygen tension depends on ratio of the model parameters
b, and a; [6]. However, variance of this ratio cannot be
found since ratio of two Gaussian distribution does not have
a defined variance value [16]. In this regard, we only
consider variance of a; which is equal to variance of b;.

We define the LS estimate of parameter vector as:

aj
xt=|at| = QY(, ), (24)
bi
where i denotes pixel number under consideration.

Covariance matrix of the observation vector is equal to the
covariance matrix of the noise.

[N

n g2 .. 0
Var{Y(:,D)} =Var<| : | = [ : : l (25)
nt 0 .. oil
Var{x'} = Q Var{¥(:,i)}Q" (26)
Since Var{Y(:,)} = 621 Var{x'} = 62QQTc?(ATA)!

1/S 0 0
= ag[ 0 2/S 0© l 7)
0 0 2/

Considering parameters of i-th pixel, as can be seen from
Var{x'}, cross-covariances of al,, a} and b} are equal to zero
and their auto-covariances are ¢2/S , 262/S and 202%/S ,
respectively. Since there is no relationship between pixels
in the LS estimation, auto-covariance matrix of a, can be
given as:

Var{@,} = (207 /S)Iyxn- (28)
Turning our attention to the RLS estimation, as shown
above, a;_gps is equal to L™'4,. Using this, we can write
variance of a;_g; as:

Var{@,_g.s} =

L War{@a,}(L ) = (262/S)L" 1L~ 1T (29)

IV. RESULTS

Fig.1. shows the simulated data and its estimates in the
presence of noise with 20 dB SNR and a beta value of 10
using the (2) LS and (3) RLS methods, respectively. This
simulated data is used to compare MAE performances of the
LS and RLS estimators given in Fig. 3.

Fig.2. gives variance and normalized bias of the LS
estimator and of the RLS estimator for different
regularization window sizes and parameters. As the beta
increases, variance of the RLS estimate decreases as
expected. Variance of the LS estimate is 0.2 times the noise
variance whereas for a beta value of 6 variance of the RLS
estimator gets lower than 0.025 times the noise variance for
3x3 and gets lower than 0.012 times the noise variance for
5x5 window sizes. Increasing values of the regularization
coefficient leads to increase in bias of the RLS estimation
method as expected whereas helps to obtain lower variance
values of the estimates. There exists a bias-variance
tradeoff. Therefore, the beta cannot be selected arbitrarily
large.

Between two different window sizes, we see that there is a
slight superiority of 5x5 window size over 3x3 window size
in the variance performance of the RLS estimation method.

However, in the bias sense, 3x3 performs considerably
better than 5x5 window size. Therefore, in the sense of bias-
variance performance of the RLS estimation method, 3x3
window size is more preferable than 5x5 window size.

Additionally, as can be seen from Figure 2 that for the
beta values greater than 5, bias performance of the RLS
estimation method decreases rapidly whereas there is a
relatively slow improvement in the variance performance.
In this regard, the beta values greater than 5 may not be
recommended.

The phosphorescence intensity observation number which
is an experimental set up parameter plays a key role in the
performance of the estimators. As the observation number
increases, performances of the both LS and RLS estimators
increase in both MAE and variance of the estimate senses as
shown in Figures 3 and 4. However, the experimental cost
increases with the increasing number of the observation
number.

Therefore, it cannot be chosen arbitrarily large. Since the
change in the performance of the RLS estimation method
gets less noticeable after the observation number 10,
observation number may be selected around 10 depending
on the experimental cost.

We also examined performance of the proposed method
for different values of weighting coefficients in the
regularization window that controls values of the matrix K.
In Figure 5, (1) and (2) denote the RLS estimates for two
different 3x3 regularization windows’ |, p and q coefficients
by considering the geometric distance and choosing
regardless of the distance in the window as follows:

1=2p=2+2¢,2) I=p=gq,

where |, p and q are the coefficient of the self, adjacent and
cross-adjacent pixels, respectively. We see that considering
variance performances of the RLS estimation method for
two different regularization window weighting coefficients,
there is a negligible difference. On the other hand, for
increased beta, bias performance of the RLS estimation
using the second type of window decreases faster than the
one using the first type of window. Therefore, the first type
of window becomes more preferable when compared with
the second type of window as expected.

V. CONCLUSION

In this work, we first derived the closed form solution for
the RLS estimation method of retinal vascular oxygen
tension using PLIM. Using the closed form solution, we
derived bias and variance of the RLS estimator. With the
help of the bias-variance analysis of the RLS estimator
carried out in this paper, further enhancements on the
performance of the RLS estimation method for oxygen
tension estimation in retinal vessels can be achieved.
Moreover, the results of this study can be applied to other
imaging problems using PLIM or FLIM where such
neighborhood information existing in retinal oxygenation
problem is present.
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||
Fig. 1- Simulated data (1) and its estimates in the presence of noise with 20 dB SNR and using the LS (2) and RLS (3) methods, respectively. The
color bar represents oxygen tension in mm-Hg.
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APPENDICES

Appendix A

1 cos(8,) sin(6,)

A=|: : : l
1 cos(Bs) sin(6s)
i1 Q12 Q13
ATA=|az1 az, ay3|, (A1)

azq1 04z 0Azs

where

a1 =S, a3, = Xi=1008(0,)%, az3 = Yy 5in(6;)?,
Q7 = Gy1 = Yieq €0S(6y),
@3 = 31 = Yi=15in(6y),
Ay3 = A3, = Yg=q Sin(6y;) cos(6y,).
If 6, is chosen as 8, = 2m(k — 1)/S which satisfies the

requirement of the classical Fourier transform, then from
the orthogonal properties of Fourier transform: a;, =

Ay1 =03 =03, =013 =037 =0,a, =5 and
a,, =a33=S5/2.
S 0 0
Then, ATA=|0 S/2 0 land finally:
0 0 S/2
Var{x'} = c2(ATA)"! =
1/S 0 0
o—,f[ 0 2/S 0 l (A2)
0o 0 2/
Appendix B

For 3x3 interrelation window size K is formed as:

First we assume that interrelation window for pixels in the
image has coefficients as:

q r q
p L p
q r q

where |, p and g denote weight of pixel to itself, weight of
direct adjacent pixels and weight of cross adjacent pixels to
the pixel under consideration, respectively. In order for
mean of the weighting window to be one, we equalize these
coefficients as:

(B.1)

l=a/(4*(b+c)+a),
p=b/(4*(b+c)+a),

qg=c/(4*(b+c)+a). (B.2)
After defining I, p and g, we form the K as follows:
l if j=k
p if j=k+1
o _)p ifj=ktM
KGO=Vg ifj=kime1 [ (B.3)

q ifj=k—-M=+1
0 otherwise

where K(j,k) denotes weight coefficient of the kth pixel on
jth pixel on the image or vice versa, and M denotes the
number of rows.

For the interrelation window having 5x5 size, the same
way described above for the 3x3 window size is followed.
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Change list

Figures
-> All figures were converted to monochrome form as
stated in

->Figl caption from

“(1) Phantom data and its estimates in the presence
of noise with 20 dB SNR and using the (2) LS and (3)
RLS methods, respectively. The color bar represents
oxygen tension in mm-Hg.”

To

“Simulated data (1) and its estimates in the presence
of noise with 20 dB SNR and using the LS (2) and RLS
(3) methods, respectively. The color bar represents
oxygen tension in mm-Hg.”

->Fig 4 caption from

“Variances of the LS and RLS estimators for different
observation number.”

To “Variances of the LS and RLS estimation methods
for different observation number.”

->Fig 5 caption from

“Bias and variance of the LS estimator and of the RLS
estimator for different regularization windows.”

To “Bias and variance of the LS and RLS estimation
methods for different regularization windows.”

->Previous beta values in the Figures 3 and 4 were 2
and 4 and we have changed them to 6 and 10 with
the appropriate graphs.

Others
->In result section at the first and second lines

“phantom” was replaced with ” simulated data”.

-> Required spaces before the titles were added.
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