
  

Numerical Investigation of Conjugate Natural 

Convection Heat Transfer from Discrete Heat 

Sources in Rectangular Enclosure 
 

F. A. Gdhaidh, K. Hussain, and H. S. Qi 
 

 
Abstract— The coupling between natural convection and 

conduction within rectangular enclosure was investigated 

numerically. Three separate heat sources flush mounted on a 

vertical wall and an isoflux condition was applied at the back 

of heat sources. Continuity, momentum and energy 

conservation equations were solved by using control volume 

formulation and the coupling of velocity and pressure was 

treated by using the “SIMPLE” algorithm. The modified 

Rayleigh number and the substrate/fluid thermal conductivity 

ratio were used in the range  𝑹𝒂𝒍𝒛

∗ = 𝟏𝟎𝟒 − 𝟏𝟎𝟕 and 𝑹𝒔 = 𝟏𝟎 −

𝟏𝟎𝟎𝟎 respectively. The investigation was extended to compare 

results of FC-77 with Air and also for high values of   𝑹𝒔 >
𝟏𝟎𝟎𝟎. The results illustrated that, when the modified Rayleigh 

number increases, dimensionless heat flux and local Nusselt 

number increases for both fluids. Opposite behaviour for the 

thermal spreading in the substrate and the dimensionless 

temperature   𝜽, they were decreased when  𝑹𝒂𝒍𝒛

∗  is increased. 

Also with increasing the substrate/fluid thermal conductivity 

ratio for a given value of the modified Rayleigh number the 

thermal spreading in the substrate increased which is the 

reason of the decrease in the maximum temperature value. The 

present study concluded that, for high values of  𝑹𝒔 > 𝟏𝟓𝟎𝟎, 

the effect of the substrate is negligible. 
 

Keywords— Natural convection, modified Rayleigh number, 

thermal conductivity ratio, control volume. 

I. INTRODUCTION 

Coupling between natural convection and conduction heat 

transfer is evident in many practical applications. In natural 

convection the fluid movement is created by the buoyancy 

force due to the temperature difference. Therefore no 

external force is needed such as fans or coolers which could 

be the main cause of noise and vibration. Also the 

conducting solid wall gives additional heat transfer from the 

heat source to the fluid. The main drawback of natural 

convection is the rate of heat transfer is small compared to 

forced convection. Previous researches showed, this 

problem could be overcome by immersing the system in 

dielectric liquid [1]. 
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Zinnes [2] was the first investigator who studied the 

conjugate effects in natural convection. He observed that, 

the coupling between conduction in a substrate and 

convection in a fluid is hugely affected by the substrate/fluid 

thermal conductivity ratio. 

Most of the published works in the field of natural 

convection from rectangular enclosures [3-5] whether these 

enclosures considered vertical or horizontal revealed that, 

the isothermal condition was applied to create the 

temperature gradient. Several numerical investigations [6-7] 

considered the conjugate natural convection from a heater 

mounted on a substrate immersed in liquid within an 

enclosure. It was concluded that most of the generated 

power was dissipated by the substrate for high value of 

fluid/substrate thermal conductivity ratio and the maximum 

temperature of the heater decreased. Heindel et al. [8] 

carried out three dimensional numerical and experimental 

studies for heat sources mounted on one vertical wall of the 

cavity and the opposite wall at constant room temperature. 

The study performed using different coolant fluids (water 

and FC-77). Their results show that, increasing the modified 

Rayleigh number, the convection coefficients along the 

heater face and vertical velocity were also increased. 

Numerical predictions of steady state natural convection in a 

square cavity was given by Banerjee et al. [9] to determine 

the sizes of heaters and the value of applied heat fluxes to 

ensure the operation within the specified thermal limit. 

Wroblewski and Joshi [10-11] noticed that, at high 

substrate/fluid thermal conductivity ratio when  𝑅𝑠 > 10, the 

effects of the substrate conductive especially on the 

maximum temperature were found to be very important due 

to the low thermal conductivity of the coolant liquid which 

was used (FC-75). Experimental and numerical studies of 

conjugate heat transfer on a heated vertical wall were 

studied by Bilgen [12]. It was noticed that the Nusselt 

number depends on the Rayleigh number and wall thickness 

but it is a weak function of conductivity ratio. The thermal 

performance of the enclosure is improved with an increase 

in the Rayleigh number as it is noticed by [13-14].   

From previous studies, many efforts have been spent for 

both numerical and experimental methods to investigate the 

effects of Rayleigh number   𝑅𝑎 , substrate/fluid thermal 

conductivity ratio  𝑅𝑠  and different fluids on the flow and 

temperature fields. It was shown that the maximum 

temperature is decreased with increasing  𝑅𝑠  especially 

when   𝑅𝑠 > 10 . In the present study the numerical 

investigation has been used to show that, although the 

maximum temperature is reduced by increasing 𝑅𝑠, but there 

is a limit on  𝑅𝑠 where the maximum temperature remains 

constant with increasing  𝑅𝑠 over that limit. 
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II. PROBLEM DESCRIPTION 

A numerical investigation of the coupling between 

conduction and natural convection heat transfer from three 

discrete heat sources mounted on vertical wall of a cavity 

has been investigated. The opposite vertical wall and the 

horizontal walls are assumed to be at constant temperature 

(isothermal) and adiabatic respectively. Figure 1 show 

Schematic of the two-dimensional rectangular cavity filled 

with different fluids FC-77 (a dielectric fluorocarbon liquid) 

and air individually. The isoflux condition is applied at the 

back of each heat source whereas the back of the substrate is 

adiabatic.  

The height and length of the cavity are 𝐻  and (𝐿𝑠 +

𝐿𝑓) respectively. Aspect ratio of the cavity is fixed for all 

cases with  (𝐴𝑧 = 𝐻 𝐿𝑓 = 8⁄ ) . Table I illustrates the 

dimension of the parameters in 𝑚𝑚. 

 
Fig. 1.  Schematic diagram of the physical model 

 
Table I.  Physical Model Parameters  

 
𝐻 𝐿𝑧 𝑃𝑧 𝐿𝑓 𝐿𝑠 𝛼 

96 12 16.8 12 6 25.2 

III. MATHEMATICAL MODEL 

The mathematical model is constrained by the following 

assumptions: 2-D steady state heat transfer, laminar natural 

convection flow without viscous dissipation, contact 

resistance between the heater/substrate interfaces and the 

radiation effects are neglected, the Boussinesq 

approximation is applied and the gravity acts in the vertical 

downward direction. 

By using the above assumptions in the differential 

equations of continuity, momentum and energy, the 

governing equations could be written for both solid and fluid 

regions in dimensionless form as: 

 

 Fluid region: 

Continuity: 

𝜕𝑈

𝜕𝑋
+

𝜕𝑉

𝜕𝑌
= 0                                                                 (1) 

X-momentum: 

𝑈
𝜕𝑈

𝜕𝑋
+ 𝑉

𝜕𝑈

𝜕𝑌
= −

𝜕𝑃

𝜕𝑋
+ 𝑃𝑟 [

𝜕2𝑈

𝜕𝑋2 +
𝜕2𝑈

𝜕𝑌2]                      (2) 

Y-momentum: 

𝑈 [
𝜕𝑉

𝜕𝑋
] + 𝑉 [

𝜕𝑉

𝜕𝑌
] = − [

𝜕𝑃

𝜕𝑌
] + 𝑃𝑟 [

𝜕2𝑉

𝜕𝑋2 +
𝜕2𝑉

𝜕𝑌2] + 𝑅𝑎𝐿𝑧
∗ 𝑃𝑟     (3) 

Energy: 

𝑈
𝜕𝜃

𝜕𝑋
+ 𝑉

𝜕𝜃

𝜕𝑌
=

𝜕2𝜃

𝜕𝑋2 +
𝜕2𝜃

𝜕𝑌2                                        (4) 

 Solid region: 

In this region there is only energy equation because the 

velocity components are zero. 

𝐾1
𝜕2𝜃

𝜕𝑋2 + 𝐾2
𝜕2𝜃

𝜕𝑌2 = 0                                               (5) 

Where 𝐾1  and 𝐾2  could take the values of 𝑅ℎ  or 𝑅𝑠 

depends on the position of the calculation whether in heater 

or in substrate region and: 

𝑅𝑠 =
𝑘𝑠

𝑘𝑓
 ,        𝑅ℎ =

𝑘ℎ

𝑘𝑓
 

The above equations were obtained using the following 

dimensionless parameters: 
 

𝑋 =
𝑥

𝐿𝑧
,         𝑌 =

𝑦

𝐿𝑧
,         𝑈 =

𝑢𝐿𝑧

𝛼𝑓
,        𝑉 =

𝑣𝐿𝑧

𝛼𝑓
      (6) 

𝑃 =
𝑝

𝜌(
𝛼𝑓

𝐿𝑧
⁄ )2

,                𝜃 =
𝑇−𝑇𝑐

(𝑞′′𝐿𝑧 𝑘𝑓⁄ )
                     (7) 

𝑅𝑎𝑙𝑧

∗ =
ℊ𝛽𝑞′′𝐿𝑧

4

𝑘𝑓𝛼𝑓𝜈
,               𝑃𝑟 =

𝜈

𝛼𝑓
                                 (8) 

In order to complete the mathematical model, the 

following dimensionless boundary conditions were used:  

 At  𝑋 = 0, 

𝑈 = 𝑉 = 0, 𝜕𝜃/𝜕𝑋 = {
−1 𝑅ℎ     𝑎𝑡 ℎ𝑒𝑎𝑡𝑒𝑟⁄

0       𝑎𝑡 𝑠𝑢𝑏𝑠𝑡𝑟𝑎𝑡𝑒
 

 At  𝑋 = (𝐿𝑠 + 𝐿𝑓)/𝐿𝑧, 

𝑈 = 𝑉 = 0,          𝜃 = 0 

 At  𝑌 = 0, 

𝑈 = 𝑉 = 0,          
𝜕𝜃

𝜕𝑌
= 0 

 At  𝑌 = 𝐻 ⁄ 𝐿𝑧, 

𝑈 = 𝑉 = 0,          
𝜕𝜃

𝜕𝑌
= 0 
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The local heat transfer coefficient at solid/fluid interface 

could be defined as ℎ𝑠 = 𝑞′′ (𝑇𝑠(𝑥) − 𝑇𝑐)⁄  where 𝑇𝑠(𝑥) is the 

local temperature on the surface [9]. Therefore the rate of 

convection heat transfer at any point in the solid/fluid 

interface wall could be introduced by the dimensionless 

number (local Nusselt number 𝑁𝑢(𝑋)) based on the length 

of the heat source and can be written as: 

𝑁𝑢(𝑋) = −
𝐾1

𝜃𝑤
(

∂θ

∂X
)

w
                                              (9) 

IV. SOLUTION PROCEDURE AND VALIDATION 

Present study is based on the control volume technique to 

discretise the governing equations (1-5) and then the 

resulting algebraic equations are sequentially solved by 

“TDMA” (Tri-Diagonal Matrix Algorithm). The “SIMPLE” 

algorithm (semi-implicit method for pressure linked 

equations) is used to handle the coupling between pressure 

and velocity which was described by Patankar [15]. To 

avoid the divergence in the iteration process, Under-

relaxation techniques are used to slow down the change 

from iteration to iteration.  

It is noted that, although the solid and fluid regions have 

different equations, the numerical solutions within the 

computational domain for continuity, momentum and 

energy equations are obtained simultaneously in both 

regions.  

The effects of the number of grid size ( 𝑁𝑥 ∗  𝑁𝑦)  has 

been analysed when the enclosure filled with FC-77. A three 

different uniform grid size are tested in both directions. The 

result of dimensionless temperature at solid/fluid interface 

shows that, a mesh size of  36 ∗ 80 is used which gives an 

optimum computational time compare to others and also 

gives accurate results.  
The code is validated against the benchmark results of 

Heindel et al. [17] who used “SIMPLER” algorithm for 

coupling of pressure and velocity. In this study “SIMPLE” 

algorithm is applied. The validation illustrated that, 

dimensionless temperatures at solid/fluid interface have the 

same trends and the deviation between them decreased with 

increase 𝑅𝑎𝑙𝑧

∗ . The biggest deviation was at the base of the 

enclosure with 11% when  𝑅𝑎𝑙𝑧

∗ = 104 and the percentage is 

reduced to 6% at the top of the enclosure.  

V. RESULTS AND DISCUSSION 

The geometry analysed is represented in Figure 1. Firstly 

the numerical study examined the effects of modified 

Rayleigh number which is based on the applied isoflux 

condition in the range  𝑅𝑎𝑙𝑧

∗ = 104 − 107  for both fluids 

(FC-77 and air) and then the effect of thermal conductivity 

ratio 𝑅𝑠 examined in the range 10 − 1000 for FC-77 only. 

The results are obtained at 𝑅𝑠 = 10 for modified Rayleigh 

number effects whereas the effect of substrate/fluid thermal 

conductivity ratio is considered for  𝑅𝑎𝑙𝑧

∗ = 106. 

The results obtained in this study are based on an 

isothermal boundary condition. However in real applications 

to keep a wall at low constant temperature is unrealistic. 

 

 

A. Effects of Modified Rayleigh number 

Modified Rayleigh number is varied by changing the 

applied power to each heat source. The heaters material is 

corresponding to silicon with thermal conductivity (𝑘ℎ =
 148 𝑊/𝑚𝐾 ) producing constant heat flux and the 

heater/fluid thermal conductivity ratio is 𝑅ℎ =  2350  for 

FC-77 and  𝑅ℎ = 5627 for air. Moreover the fluid Prandtl 

number was assumed to be 25 corresponding to FC-77 and 

0.7 to air. 

The dimensionless temperatures (𝜃)  at solid/fluid 

interface for both fluids are displayed in Fig. 2. Results 

show that, the value of (𝜃) increases from the cavity base 

(𝑦 𝐿𝑧⁄ = 0)  until the leading edge of the heater number 

three (𝑦 𝐿𝑧⁄ = 2.1). The three heaters are recognized by the 

isothermal lines where each heater has different value. 

Because of a decline in convection coefficient and rise in the 

local bulk fluid temperature, the value of 𝜃 increases from 

heater three to reach the maximum value at heater one. At 

the end of heater one (𝑦 𝐿𝑧⁄ = 5.9), the thermal boundary 

layer disperses and 𝜃 goes down moderately with 𝑌.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 
 
 

 

 
Fig. 2.  The local dimensionless temperature profile at the solid/fluid 

interface for (a) FC-77 𝑃𝑟 = 25 ,  𝑅ℎ = 2350  and 𝑅𝑠 = 10  (b) air 𝑃𝑟 =
0.7, 𝑅ℎ = 5627 and 𝑅𝑠 = 24. 
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Further the dimensionless temperature at substrate for air 

is higher than that of FC-77 while it is lower at heaters for 

the full range of 𝑅𝑎𝑙𝑧

∗ . That because the value of  𝑅𝑠 for air is 

higher than FC-77 where more energy passes to the 

substrate.  

It is evident that, the dimensionless temperature θ 

decreases as the Rayleigh number  𝑅𝑎𝑙𝑧

∗  increase, this is due 

to the increase in  (𝑇 − 𝑇𝑐)  is not corresponding to the 

increase in 𝑞′′. 

A dimensionless local heat flux could be defined as:  
 

 �̂�′′ = 𝑞′′|𝑖 𝑞′′⁄                                                      (10) 

where 𝑞′′|𝑖  is the local interfacial heat flux. 

Fig. 3 shows the distribution of  �̂�′′ at solid/fluid interface 

for both fluids FC-77 and Air respectively. The local peak of 

heat flux exists at every leading edge of the heater for all 

cases and that refer to the large temperature differences 

between the edge and the fluid and also for the high local 

convection coefficient. 

 

     

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
Fig. 3.  The local dimensionless heat flux at the solid/fluid interface for 

(a) FC-77 𝑃𝑟 = 25, 𝑅ℎ = 2350 and 𝑅𝑠 = 10 (b) air 𝑃𝑟 = 0.7, 𝑅ℎ = 5627 

and 𝑅𝑠 = 24. 
 

The biggest value of  �̂�′′ is at the leading edge of heater 

three (𝑦 𝐿𝑧⁄ = 2.1) and this value reduced consecutively for 

heater two and one. It is evident from the figure that, the 

value of  �̂�′′  increased with increasing 𝑅𝑎𝑙𝑧

∗  because of the 

increase thermal boundary layer and decrease the local 

convection coefficient.      

Fig. 3 shows that at a distance (𝑦 𝐿𝑧⁄ = 5.9)  there is 

small protrusion for the full range of 𝑅𝑎𝑙𝑧

∗  and that is relative 

to advection (streamwise conduction) in the fluid. For air the 

existing of protrusion is masked by the low value of thermal 

conductivity. In general the advection increases with 

increasing    𝑅𝑎𝑙𝑧

∗  but convection coefficient increases also 

and that is the main reason to diminish the effect of 

streamwise conduction. In comparison between both fluids, 

increasing 𝑅𝑠 to 24 for air increases the thermal spreading 

within the substrate which is the cause of increasing the 

values of  �̂�′′ with an associated decrease in  �̂�′′ at the heater 

locations. 

The local Nusselt number 𝑁𝑢(𝑋) variation at solid/fluid 

interface vertical wall is illustrated in Fig. 4 for the full 

range of the modified Rayleigh number at a given value of 

thermal conductivity ratio 𝑅𝑠 = 10 and 𝑅𝑠 = 24 for FC-77 

and air respectively. 

The results indicate that, the local Nusselt number 

increases with the increase of the Rayleigh number due to 

the increment in the heat flux which is applied to heaters. As 

a result the strengthening of buoyancy driven flow increases. 

 

 

 

 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
Fig. 4.  Local Nusselt number variation at the solid/fluid interface for (a) 

FC-77 𝑃𝑟 = 25, 𝑅ℎ = 2350 and 𝑅𝑠 = 10 (b) air 𝑃𝑟 = 0.7, 𝑅ℎ = 5627 and 

𝑅𝑠 = 24. 
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Thus the local Nusselt number decreases from the base to 

the top of the cavity due to the increase in the bulk fluid 

temperature. The values of local Nusselt number for FC-77 

are bigger than that of air because the local convection 

coefficient of FC-77 is higher than air.  

B. Effects of substrate/fluid thermal conductivity ratio 

Further investigation has been carried out only for FC-77 

with the modified Rayleigh number fixed at   𝑅𝑎𝑙𝑧

∗ = 106 . 

The dimensionless temperature distribution at solid/fluid 

interface for different values of 𝑅𝑠 is shown in Fig. 5. The 

variations of  𝜃 along solid/fluid interface between heater to 

heater is clearly observed as well as between substrate and 

heater regions. Increase 𝑅𝑠  gives another path to dissipate 

the heat from heaters where more energy passes through the 

substrate. If the results between two values 𝑅𝑠 = 10  and 

𝑅𝑠 = 103  are compared, there is a big difference between 

them at the substrate region under heater three where the 

dimensionless temperature of 𝑅𝑠 = 103  is about 6 times 

higher than 𝑅𝑠 = 10   at the base of the cavity and this 

difference decreased as 𝑦 𝑙𝑧⁄  increase until  (𝑦 𝐿𝑧⁄ = 3.5) 

where the values of   𝜃  for  𝑅𝑠 = 10  passed those of   𝑅𝑠 =
103  and the maximum temperature is reduced by 23%. 

Furthermore the dimensionless temperature over the entire 

cavity height becomes nearly isothermal for large values 

of  𝑅𝑠.  
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
Fig. 5.  Local dimensionless temperature distribution at the solid/fluid 

interface for FC-77 (𝑃𝑟 = 25, 𝑅ℎ = 2350 and  𝑅𝑎𝑙𝑧

∗ = 106) 
 

In real applications, copper and aluminium are the 

preferred materials for the substrate. These two materials 

have a large thermal conductivity where the thermal 

conductivity ratios are 6350 and 3970 for copper and 

aluminium respectively. The results of 𝜃  along the 

solid/fluid interface are converged for both materials, and 

also the heaters and substrate regions could not be 

distinguished as shown in Fig. 5. Therefore with very high 

values of  𝑅𝑠, the effect of thermal conductivity ratio on the 

dimensionless temperature is disappeared. As a result, the 

aluminium could be used instead of copper. 

 

 

C. Temperature results in dimensional  form 

The previous results are presented in dimensionless form 

but it is important to know the value of the temperature in 

dimensional form. From Fig. 6 two values of modified 

Rayleigh number has been selected  𝑅𝑎𝑙𝑧

∗ = 104 and 𝑅𝑎𝑙𝑧

∗ =

105 for a given value of  𝑅𝑠 = 10 and   𝑅𝑠 = 24 for FC-77 

and air respectively to present the temperature distribution at 

solid/fluid interface in dimensional form (℃). 

 

 

 

 

 

 

 

 

 

 

 

 
 

 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

 

 

 

 
 

 
Fig. 6.  Local dimension temperature distribution at the solid/fluid with 

different  𝑅𝑎𝑙𝑧

∗  for: (a) FC-77 and (b) air. 

 

The value of 𝑞′′ could be found from modified Rayleigh 

number equation 𝑅𝑎𝑙𝑧

∗ = ℊ𝛽𝑞′′𝐿𝑧
4 𝑘𝑓𝛼𝑓𝜈⁄  where the 

properties of FC-77 and air are constant and known and the 

cold wall has constant temperature at 20℃. So the 

temperature in dimension form could be found from the 

following:  
 

𝑇 =
𝜃𝑞′′𝐿𝑧

𝑘𝑓
+ 𝑇𝑐                                                           (11) 

Table II shows the values of heat flux 𝑞′′  for both 

working fluids at two selected modified Rayleigh number  

104 and 105. 
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Table II.  The values of  𝑞′′ for different Modified Rayleigh Number for 

both working fluids. 

 

𝑅𝑎𝑙𝑧

∗  
𝑞′′(𝑊 𝑚2)⁄  for FC-77 

 

𝑞′′(𝑊 𝑚2)⁄  for air 

 

104 52.1 240 

105 521 2400 

 

The results show that, there is a huge difference between 

the results of FC-77 and air. For example when 𝑅𝑎𝑙𝑧

∗ = 104, 

the maximum temperature which is at heater one is 49.4℃ 

and 23.3 ℃  for air and FC-77 respectively, although the 

dimensionless temperature for air is less than that of FC-77. 

The same behaviour when  𝑅𝑎𝑙𝑧

∗ = 105 where the maximum 

temperature of air is 5.5 times higher than that of the FC-77. 

VI. DISCUSSION 

Steady state natural conjugate convection analysis for 

rectangular cavity with discrete heat sources flush mounted 

on one vertical wall has been conducted numerically. The 

control volume technique with the “SIMPLE” algorithm was 

used to simulate the natural conjugate convection. The 

results from this research showed that: 

1. The dimensionless temperature 𝜃 at solid/fluid interface 

for both working fluid (FC-77 and air) decreases as  𝑅𝑎𝑙𝑧

∗  

increase, that because the increment in the temperature 

differences is not equal to the increase in 𝑞′′.  

2. For different working fluids the values of  �̂�′′ and local 

Nusselt number  𝑁𝑢(𝑋)  increases when   𝑅𝑎𝑙𝑧

∗  rises and 

that is due to the thermal boundary layer being thin and 

the local convection coefficient increased.  

3. There was a strong effect of the substrate thermal 

conductivity on the temperature distribution as well as 

the maximum temperature. With increase   𝑅𝑠 , more 

energy dissipated by substrate and that result a decrease 

of the maximum temperature level. 

4.  For high values of  𝑅𝑠 = 103 , the solid/fluid interface 

temperature considered isothermal where the discrete 

heater locations become almost indistinguishable. 

Moreover when the   𝑅𝑠 > 1500  there is no anymore 

effect for the substrate on the maximum temperature. 
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