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Abstract—The Fuzzy Hyperline Segment Neural Network
(FHLSNN) utilizes fuzzy set as pattern classes in which each
fuzzy set is a union of fuzzy set hyperline segments. This is
supervised classifier that forms n-dimensional hyperline
segments defined by two end points with a corresponding
membership function for learning and prediction. In this
paper, we propose the modifications in the prediction phase of
FHLSNN to improve its classification/recognition rate. In the
first modification (MFHLSNN1), we propose the Euclidean
distance computation between the input pattern and the
centroid of the patterns falling on the hyperline segments, to
decide the class of pattern. In the second modification
(MFHLSNN2), we propose to use both, the membership value
of hyperline segments for the input pattern and Euclidean
distance to decide the class of pattern. The performance of
both, MFHLSNN1 and MFHLSNN2 is evaluated using
benchmark problems and real world handwritten character
data set. The results are analyzed, discussed and compared
with the FHLSNN. Both the proposed modifications improved
the prediction accuracy of the FHLSNN without affecting its
incremental learning.

Index Terms—Fuzzy hyperline segment neural network,
Centroid, Euclidean distance computation, Test accuracy

[. INTRODUCTION

HE fuzzy neural networks (FNN) combine the strength

of the artificial neural networks, such as learning,
adaption, fault tolerance, parallelism and generalization with
human like thinking and reasoning using fuzzy logic.
Because of all these advantages, the fuzzy neural networks
are widely used for pattern classification and recognition. A
very vast literature is available on the fuzzy neural networks
which suggest various architectures and algorithms for the
different applications [1].

Patrick K. Simpson proposed supervised learning neural
network classifier known as fuzzy min-max neural network
(FMN) that utilizes fuzzy sets as pattern classes where each
fuzzy set is an aggregate (union) of fuzzy set hyperboxes.
This learning algorithm has the ability to learn on-line and
in a single pass through the data. Its performance is
evaluated for commonly used and well-known fisher iris
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data set [2]. He has also proposed unsupervised fuzzy min-
max clustering neural network (FMCN) in which clusters
are implemented as fuzzy sets using membership function
with a hyperbox core that is constructed from a min point
and a max point [3]. Gabrys and Bargiela have proposed
general fuzzy min-max neural network (GFMM) for
classification and clustering, which is a fusion of supervised
and unsupervised learning [4]. In the sequel of fuzzy min-
max neural network classifier, Kulkarni U. V. et al
proposed fuzzy hyperline segment neural network classifier
(FHLSNN), which utilizes fuzzy sets as pattern classes in
which each fuzzy set is a union of fuzzy set hyperline
segments [5]. This classifier is applied for rotation invariant
handwritten character recognition and found superior than
unsupervised four layer feedforward fuzzy neural network
(FNN) of Kwan and Cai, [6] and FMN in terms of
recognition rate, training time and recall time per pattern.
U.V. Kulkarni et al. have also proposed unsupervised fuzzy
hyperline segment clustering neural network and its
performance is found superior as compare to FMCN when
applied for clustering of Fisher Iris data [7]. P. M. Patil, U.
V. Kulkarni and T. R. Sontakke have proposed general
fuzzy hyperline segment neural network (GFHLSNN),
which uses supervised and unsupervised learning and can be
used for pure classification, pure clustering and hybrid
classification/ clustering [8].

Many researchers have suggested the modification in the
architecture and learning algorithm of FMN to improve its
performance. Kim and Yang proposed a weighted fuzzy
min-max neural network whose membership function
considers the occurrences of input pattern along with
frequency of occurrences [9]. In order to overcome low
automation degree and to achieve the remarkable
generalization capability Antonello Rizzi et al. proposed the
two new learning algorithms for FMN as the adaptive
resolution classifier (ARC) and its pruning version (PARC)
[10]. Nandedkar and Biswas suggested the wuse of
overlapped compensatory neuron and the containment
compensatory neuron to resolve membership confusion in
the overlapped area [11]. Reza Davtalab et al. proposed new
fuzzy Min-Max classifier that uses modified compensatory
neurons and it is online, single-pass and supervised method.
In this method for handling overlapping regions that are
mainly created in borders, a modified compensatory nod
with a radios-based transition function is used which
increases the classification accuracy in discriminating cases
[12]. H. Zhang et al. proposed data-core based fuzzy min-
max neural network (DCFMN) in which a new membership
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function for classifying neuron is defined on the basis of

noise, the geometric center of the hyperbox and the data
core. The performance of DCFMN is evaluated for the
benchmark problems and pattern classification of oil
pipeline [13].

As the recognition rate i.e. test accuracy is one of the
important parameter to decide the performance of pattern
classifier, Anas M. Quteishat and Chee Peng Lim [14]
proposed two types of modifications in the prediction phase
of FMN, to improve the test accuracy. In the first approach,
the Euclidean distance is computed in the prediction phase
to decide the class of pattern. In the second modification,
they propose to employ both the membership value of the
hyperbox fuzzy sets and the Euclidean distance for
classification. These modifications improve the performance
of classifier, in situations when the large hyperboxes are
formed by the network.

In this paper, we propose the modifications in the
prediction phase of FHLSNN to improve its
classification/recognition accuracy. In MFHLSNNI1, we
propose the Euclidean distance computation with respect to
centroid to decide the class of patterns. The MFHLSNN2
utilizes both the membership value of fuzzy hyperline
segments and Euclidean distance to decide the class of the
patterns. The performance of MFHLSNN1 and MFHLSNN2
is evaluated using benchmark problems and real world
handwritten character recognition. Also to indicate the
remarkable recognition ability of MFHLSNNI1 and
MFHLSNN2 over FHLSNN an artificial 2-D dataset is
applied. The proposed modifications show significant
improvement in the classification accuracy of the FHLSNN.
The results are analyzed, discussed and compared with the
FHLSNN.

This paper is organized as follows. In Section II, the
architecture and learning algorithm of the FHLSNN is
explained. The proposed modifications are explained in
Section III. The experimental procedure, simulation results,
description of data sets and discussions on the results are

presented in the Section IV. Finally, we conclude the paper

with the Section V.

II. THE FUZZY HYPERLINE SEGMENT NEURAL NETWORK
(FHLSNN)

A. Topology of FHLSNN

The readers are advised to refer the [5] for the detail
description of architecture and algorithm of FHLSNN. To
make this article self contained, this section explain the
architecture and algorithm of FHLSNN in short. The
architecture of FHLSNN consists of four layers as shown in
Fig. 1. In this architecture first, second, third and fourth
layer are denoted as Fg, Fg, Fp and F¢ respectively. The Fg
layer accepts an input pattern and consists of n processing
elements, one for each dimension of the pattern. The Fg
layer consists of m processing nodes that are constructed
during training. There are two connections from each Fy to

each Fg node. Each connection represents an end point for

that particular hyperline segment. These end points are
stored in the two matrices V and W. Each Fg node
represents hyperline segment fuzzy set and is characterized
by the membership function.
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Fig. 1. Fuzzy Hyperline Segment Neural Network
Let Ry, = (Th1, Tha, «o- e oo -, Thy) Tepresents the hth input
pattern, V; = (Vj1, Vjz, wee e ooe Vjny is the one end point of
hyperline segment €; and W = (Wjy, Wjp v e veevt, W) 18

the other end point of e;. Then the membership function of
the jth Fg node is defined as
&j(Rp, V;, W) = 1 —f(x,v,1) ey
in which x =1; +1,, and the distances l;,1, and | are
defined as

l, = (Zinzl(wji - Fhi)z)l/z' 2
I, = (Zin=1(vji - rhi)z)l/Z, (3)
1= (Z?:l(wji - Vji)z)l/Z: “4)

and f(.) is the three parameter ramp threshold function
defined as

0 ifx=1,
fx,y,) ={xy if0<xy<1, %)
1 ifxy >1

The Fp layer gives soft decision and output of k" Fp
node represents the degree to which the input pattern
belongs to the class di. The binary weights assigned to the
connections between F¢ and Fp layers are stored in the
matrix U. The values assigned to these connections are
defined as

1 if e; is a hyperline segment of the class dy
Ujk = .
0 otherwise

fork=1,2,.... pandj=1,2,.... m. (6)

where e; is the j** Fg node and d is the k** Fp, node.

The transfer function of each Fp node performs the union
of the appropriate (of same class) hyperline segment fuzzy
values, which is described as

dx = max(ejuj) forj=1tom and k=1top (7)
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Each F node delivers nonfuzzy output descried as,
0 ifdy<T
Ck = 1

lf dk =T

B.  Learning Algorithm of FHLSNN

The supervised FHLSNN learning algorithm for creating
HLSs in the hyperspace consists of following steps.

Step 1: Initialization. To initialize HLS start with first
pattern in the database, as

W; =V, = Rp. 9)

Step2: Creation of hyperline segments. The maximum
length of HLS is bounded by the parameter 6, where
0 < 6 <1, which is a user defined value and depends on
the dimension of feature vector. The extension criterion that
has to be met before HLS can extend to include R; is

ej (Rn, Vj, W;) = 0. (10)

Let the set of pattern is R, where R € {Rh | h =

1,2, ... P } Given the 4" training pair (R, dy,), find all the
HLSs belonging to the class d;. After this following cases
are carried out for possible inclusion of the input pattern R,.

Case 1: By using membership function, find out whether
the pattern R) falls on any one of the exiting HLSs. If R,
falls on any of the HLS then it is included. Therefore, in the
training process all the remaining steps are skipped and
training is continued with the next training pair.

Case 2: If the input pattern R, falls on any one of the
hyperline passing through the two end points of HLS, then
extend the HLS to include the pattern. Suppose e; is that

where T = max (dy), for k=1 to p
®)

hyperline segment with end points V;and Wjthen [;,[; and
are calculated using equation (2), (3), and (4). Subsequently
algorithm executes sub-step (i) if [; > [,, else the sub-step
(i1). Otherwise the Case 3 is considered.

(i) Test whether the point V; falls on the HLS formed by
the points W; and Ry, using equation (1) and if verified then
include the pattern by extending e; as

(ii) Test whether the point W; falls on the hyperline
segment formed by the points V; and Ry, and if verified, then
include the pattern by extending ej as

W = Ry, and V" = V. (12)

Case 3: If HLS is a point i.e. W; = V}, then extend it to
include the pattern Ry, if extension criteria is satisfied as
descried by equation (11).

Case 4: If the pattern R is not included by any of the
HLSs then create a new HLS as

anew — Vl/jnew — Rh. (13)

Step 3: Intersection test. The learning algorithm allows
intersection of HLSs from the same class and eliminates the
intersection between HLSs from separate classes.
Intersection test is carried out as soon as the HLS is either
extended by Case 2, Case 3 or created in Case 4.

Let Wige = [X1, X2, o oo . X, @and Vige = [V1, V2, vor e V]
represent two end points of the extended or created HLS and
Wy = [x1, % e X0 L, Vi = [V5, Vs von oo v,] are the end
points of the HLS of other class. The equation of hyperline
passing through Wg, and Vg, is

ai—xi] .
—l=r fori=1,2,...... n.
2= or =12

(14)
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and the equation of the hyperline passing through W,, and
V, is

bizxi) _ _
[yi—x'i] r, fori=1,2,...... n. (15)

where 1y, 1, are the constants and a;, b; are the variables.
The equations (14) and (15) leads to set of n simultaneous
equations which are described as

Qi — x) + x = n(y; — %) + x

fori=1,2, e e v

The values of r;and r,can be calculated by solving any
two simultaneous equations. If remaining n-2 equations are
satisfied with the calculated values of rjand r, then two
hyperlines are intersecting and the points of intersection P,
is

Pr= (ri(y1— x1) + x1, e e » i — x0) + %) (17)

The point of intersection P, if falls on both hyperlines
segments then these HLSs are also intersect. This can be
verified by the equation (1) and eliminated by contraction of
appropriate HLS.

Step 4: Removing intersection. Depending on the cases, if
extension of HLS produces an intersection then it is
removed by restoring the end point V; as V;**¥ = V!¢, and
point W; is restored as, W;*" = W}-Old. Create a new HLS
to include Rj, as in equation (13).

If Case 4 creates intersection then it is removed by
restoring the end points of previous HLS of other class as

Whew+1 = Views1 = Vpand V, = Wy, (18)

(16)

III. MODIFICATIONS TO FHLSNN

A. Prediction based on the Centroid and Euclidean
Distance

After the learning, in the prediction phase, the FHLSNN
classifies the applied pattern based on the membership
function value calculated using equation (1). When we apply
the pattern to the classifier for testing, it calculates the
membership value for all the HLSs created during the
learning phase. The applied pattern is classified to the class
associated with the HLS that gives the highest membership
value for this pattern.

We propose the new method to decide the class of applied
pattern in the prediction phase of FHLSNN. This method
uses centroid of the pattern falling on the hyperline segment
and Euclidean distance for the classification of pattern in the
prediction phase. In this method, instead of calculating the
membership value, the centroid of patterns falling on the
each HLS is computed using equation (19), as below.
|RRi—Cji
N—jl (19)

where, Cj; is the centroid of the j" HLS in the i*
dimension, Cj; is the centroid of the patterns falling on the "
HLS in the i dimension, and N; is the number of patterns
falling on the /" HLS.

Then the Euclidean distance [15], between the centroid of
patterns falling on the / HLS in the i dimension and the
applied input pattern is calculated using equation (20),

Ejn = |21 (G — Rii)’

Cji = Cj’i +

(20)
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where, Ej;, is the Euclidean distance between the centroid
of patterns falling on the / HLS in the i/ dimension and the
applied 4" input pattern.

Finally, the HLS with the smallest Euclidean distance is
selected as winner and the pattern is so classified that it
belongs to the class associated with that HLS.

The classification process for a two dimensional input
pattern using this first modification is demonstrated in the

Fig. 2. This figure shows the two hyperline segments of

class 1 and class 2 with centroids of hyperline segment
as C{,, C;, and the centroids of the patterns falling on the
HLS as C;, , C,, respectively. The E; is the Euclidean
distance between the input pattern and centroids C;, of first
HLS. Similarly, E, is the Euclidean distance between the
input pattern and centroid C,, of second HLS. As the
distance E; is the smaller than distance E,, the applied input
pattern is classified as class 1. Thus the hyperline segment

with smallest distance is selected as winner and the class of

that hyperline segment is assigned to the input pattern.

A

Ci2 C’12
UI—O-Q-*OC : wq
E;

V2

v

Fig. 2. The classification process of modified FHLSNN

B. Prediction based on Membership Function and
Euclidean Distance

In this method, to predict the class of applied input

pattern, we propose to use both, the membership value of

HLSs for applied input pattern and Euclidean distance
between the centroid of patterns falling on the HLS and the
applied input pattern. After learning, first the membership
values of all the HLSs created during learning are calculated
for the applied input pattern. In FHLSNN, the applied
pattern is classified to the class associated with the HLS that
gives the highest membership value for this pattern. But, in
the MFHLSNN2, instead of calculating the Euclidean

distance for all the HLSs as like MFHLSNNI, a pool of

HLSs that have high membership function is selected. The
number of HLSs selected can be based on a user defined
threshold. For example, the 30% HLSs having high
membership values are selected. After that, the Euclidean
distance between the centroid of patterns falling on the HLS
and the applied input pattern is calculated using equation
(20). Finally, the HLS with the smallest Euclidean distance
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is selected as winner and the pattern is so classified that it
belongs to the class associated with that HLS.

Thus the both proposed modification do not affect the
learning process of FHLSNN. Therefore the hyperline
segments created during learning are same for both original
and modified FHLSNN.

IV. EXPERIMENTS AND RESULTS

A. Benchmark Problem

This proposed modifications are implemented using
MATLAB R2013a and ran on Intel core i3 2328M, 2.2GHz
PC. To explore the different capabilities of a pattern
classifier, we choose three benchmark data sets from the
UCI machine learning repository [16] and the real
handwritten character database. The three Benchmark data
sets are Wine data set, Iris data set and Sonar data set. From
the total available patterns, training data set consists of
approximately 75% patterns with equal proportion of all
class and remaining 25% patterns with equal proportion of
all class are used as testing data set. A description of each
data set is as follows.

1) The Wine data Set: This data set is another example of
multiple classes with higher number of continuous features.
This data set contains 178 samples, each with 13 continuous
features from three classes. 136 patterns are randomly
selected with equal proportion of all classes and given for
training. Remaining 42 patterns with equal proportion of all
classes are given for testing.

2) The Iris data set: This data set contains 150 samples,
each with four continuous features (sepal length, sepal
width, petal length, and petal width), from three classes (Iris
setosa, Iris versicolor, and Iris virginica). This data set is an
example of a small data set with a small number of features.
One class is linearly separable from the other two classes,
but the other two classes are not linearly separable from
each other. 120 patterns are randomly selected with equal
proportion of all classes and given for training. Remaining
30 patterns with equal proportion of all classes are given for
testing.

3) The Sonar data set: This is a high-dimensional data set
and is useful for evaluating the scalability capability of
pattern classifier. It contains 208 samples, each with 60
input features (s, Sz, . . .S¢0)- The data set contains 111
patterns of class 1 and 97 patterns of class 2, i.e., sonar
signals from mine (metal cylinders) (class 1) and rocks
(class 2), respectively. 156 patterns are randomly selected
with equal proportion of two classes and given for training.
Remaining 52 patterns with equal proportion of two classes
are given for testing.

The Table I to Table III shows the percentage recognition
rate of FHLSNN, MFHLSNN1 and MFHLSNN?2 classifiers
for Wine data, Iris data and Sonar data set respectively. The
effect of parameter 8 on the number of HLS creation in the
learning phase and on the recognition rate in the testing is
also observed.

The experiments are repeated by varying the parameter 6
to determine the number HLSs created and thereafter the
recognition rate. It is observed that as we increase the value
of 6, the number of hyperline segments created decreases.
This also decreases the recognition rate in the testing phase.
All the summarized results show that both the proposed
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modifications in FHLSNN show significant improvement in
recognition rate for all the selected data sets. We also
observed that the second modification (MFHLSNN2) gives
more recognition rate as compare to the FHLSNN and
MFHLSNNI1. Thus the second modification gives a
significant improvement in the recognition rate with less
number of HLSs.

TABLEI
RECOGNITION RATE FOR WINE DATA SET
Theta ~ HLS  FHLSNN MFHLSNNI MFHLSNN2
0 Created (%) (%) (%)
0.045 66 66.66 80.95 80.95
0.05 66 66.66 88.09 90.47
0.1 58 61.90 64.28 66.66
0.15 53 61.90 92.85 92.85
0.2 48 59.52 66.66 66.66
TABLE II
RECOGNITION RATE FOR IRIS DATA SET
Theta ~ HLS  FHLSNN MFHLSNNI MFHLSNN2
0 Created (%) (%) (%)
0.1 62 96.67 60 100
0.15 59 96.67 63.3 100
0.2 59 96.67 63.3 100
0.25 59 96.67 63.3 100
0.3 59 96.67 63.3 100

TABLE III
RECOGNITION RATE FOR SONAR DATA SET
Theta ~ HLS  FHLSNN MFHLSNNI MFHLSNN2
0 Created (%) (%) (%)
0.6 133 30.76 34.61 50
0.65 131 30.76 34.61 50
0.70 128 30.76 34.61 50
0.75 124 30.76 36.53 50
0.80 119 30.76 36.53 50

B. Real handwritten character database:

This database consists of 1000 Devanagari numeral
character. Ten numerals from one hundred writers are
scanned and stored in BMP format. After moment
normalization [17], the rotation invariant ring-data features
defined by Ueda and Nakamura [18] and extended by Chiu
and Tseng [19], are extracted from the character by setting
ring width to two.

The extracted ring-data vector is a 16-dimensional feature
vector. 800 patterns are randomly selected with equal
proportion of ten classes and given for training. Remaining
200 patterns with equal proportion of ten classes are given
for testing. The Table IV shows the percentage recognition
rate of FHLSNN, MFHLSNNI1 and MFHLSNN2 classifiers
for handwritten character data set for various values of
parameter 6.
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TABLE IV
RECOGNITION RATE FOR HANDWRITTEN DATA SET
Theta HLS FHLSNN MFHLSNN1 MFHLSNN2
0 Created (%) (%) (%)
0.45 403 41 43 42
0.5 402 41 435 435
0.55 401 41 42 425
0.6 400 41 43 43
0.65 400 41 41.5 42

The Table IV shows recognition rate and number of
hyperline segments created during training for FHLSNN,
MFHLSNN1 and MFHLSNN2. As the modification is
proposed in the prediction phase of FHLSNN, the number of
hyperline segments created during training remains same for
all the three networks. Thus the proposed modification does
not affect the incremental learning of FHLSNN. As shown
in the table IV, that both the proposed modifications in
FHLSNN achieve significant improvement in recognition
rate for handwritten character data set also. We also
observed that the second modification (MFHLSNN?2) gives
more recognition rate as compare to the FHLSNN and
MFHLSNNI.

C. Example in 2-D space

To explore the recognition ability of MFHLSNNI1 and
MFHLSNN2, an artificial 2-D dataset is created which is of
28 patterns of two classes. It is worth to mention here that
this 2-D data is created for not to fever the proposed
modification but to show that in a particular constrained
situation, modified FHLSNN can perform well. Table V
shows training data set which consist of 20 patterns of class
1 and 2 with its dimensions.

TABLEV
2-D TRAINING DATA SET
Pattern No.  Feature |  Feature 2  Class Index
1 1 3.1 1
2 1.15 3.565 1
3 1.1 3.41 1
4 1.2 3.72 1
5 1.8 5.58 1
6 1 1.5 1
7 2.9 435 1
8 3.11 4.665 1
9 3.15 4.725 1
10 32 4.8 1
11 0.2 0.8 2
12 0.25 1 2
13 0.3 1.2 2
14 0.34 1.36 2
15 1.5 6 2
16 0.6 0.6 2
17 1.66 1.66 2
18 1.77 1.77 2
19 1.88 1.88 2
20 2 2 2

Table VI shows the 2-D testing data set of 8 patterns of
class 1 and 2 with its dimensions. We intentionally select
the dimensions of class 1 patterns so that they fall very
closer to the hyperline of class 2 and vice-versa.
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TABLE VI
2-D TESTING DATA SET
Pattern No.  Feature 1  Feature 2  Class Index
1 1.18 4.72 1
2 1.2 4.8 1
3 1.3 52 1
4 1.35 5.4 1
5 1 1.5 2
6 1.2 1.8 2
7 1.25 1.875 2
8 1.29 1.935 2

The Table VII shows the performance of FHLSNN,
MFHLSNN1 and MFHLSNN2 classifiers in terms of
percentage recognition rate for this 2-D data set. We
observed that with higher value of theta and less number of
hyperline segments, the FHLSNN fails to recognize the
patterns, where as both the proposed modifications
(MFHLSNNI1 and MFHLSNN2) shows 100 % recognition
rate. Thus the misclassification of FHLSNN is overcome by
adding additional parameter that is the computation of
Euclidean distance between the centroid of pattern falling on
hyperline segment and applied pattern, in the prediction
phase of classifier. Thus the MFHLSNN1 and MFHLSNN2
can perform very well with less number of hyperline
segment, means with less complexity.

TABLE VII
RECOGNITION RATE FOR ARTIFICIAL 2-D DATA SET

Theta ~ HLS  FHLSNN MFHSNN1 MFHSNN2
0 Created (%) (%) (%)
0.5 5 25 50 50
0.55 5 25 50 50
0.60 4 0 100 100
0.65 4 0 100 100
0.70 4 0 100 100

V. CONCLUSIONS
The Fuzzy Hyperline Segment Neural Network

(FHLSNN) utilizes fuzzy set as pattern classes in which
each fuzzy set is a union of fuzzy set hyperline segments.
This is supervised classifier that forms n-dimensional HLSs
defined by two end points, for learning and prediction. In
this paper, we have proposed the two modifications in the
prediction phase of FHLSNN, which has improved its
classification performance for selected benchmark problems
and real world handwritten character data set. The proposed
modifications are applied in the prediction phase. Thus the
incremental learning and other properties of FHLSNN are
not affected. All the summarized results show that both the
proposed modifications in FHLSNN show significant
improvement in recognition rate for all the selected data
sets. The second modification gives a significant
improvement in the recognition rate with less number of
HLSs. The evaluation of proposed classifiers, with 2-D data
set explores its capability to classify closely spaced patterns
of different classes. Thus the proposed modification
improves the prediction accuracy of FHLSNN without
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affecting its incremental learning. In future, the proposed
method can be applied to other fuzzy neural network
classifiers with the different data sets.
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