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Computational Modelling of Wire Biosensor with
Competitive Substrates Conversion
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Abstract—Glucose biosensors are analytical devices used
mainly for the recognition of glucose in blood. A wire biosensor
utilizing a competitive substrates conversion is analysed in this
paper. Two substrates (oxygen and glucose) are competing over
the single enzyme (Aspergillus niger glucose oxidase) in the
analysed reactions. However, oxygen concentration is not of
any importance in this case and it is considered as disturbance.
The purpose of this work was to define the parameter values
of the biosensor, at which oxygen concentration does not affect
the response of the biosensor. The behaviour of the biosensor
is defined by the mathematical model with reaction-diffusion
equations of non-linear type. The suggested mathematical model
is solved numerically, by using finite difference technique, as
the analytical solutions exist only for a very few selected
cases because of the non-linearity in the reaction term. The
simulations showed complex biosensor dynamics at various
values of enzymatic membrane thickness and concentration.
The calibration curves signifying the effective range of the
biosensor operation were provided.

Index Terms—Biosensor, modelling, competitive substrates
conversion, glucose, oxygen.

I. INTRODUCTION

IOSENSORS are reliable sensing devices used for the

detection of a specific substance (substrate) in the
analysed solution [1]. During the biosensor action, biosensor-
specific product appears which is detected and transmitted
to the biosensor output device with a help of transducer
element. According to the transducer type, biosensors are
classified into electrochemical, electrical, optical, piezoelec-
tric, thermometric [2]. Various biosensors are constantly
being developed and applied in point-of-care testing, home
diagnostics, environmental monitoring, research laboratories,
process industry, security and biodefense and others [3], [4].
In the medical field, a majority of biosensors are included
in glucose meters, blood gas analysers, electrolyte analysers,
metabolite analysers and various drug detectors [1], [5], [6],
[7].

The creation of new biosensors or the optimization of
the existing ones by means of physical experiments is
troublesome and tedious process. Part of the experiments
can be replaced by using mathematical modelling [8], [9].
In most cases a biosensor is modelled as a reaction-diffusion
system [4]. However, such systems usually include non-linear
reaction term, which complicates the solving of the model,
as the exact analytical solutions exist only for a specific set
of parameter values [10]. To simulate biosensor operation
in wide ranges of parameter values a digital simulations are
employed [11].
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Glucose biosensors occupy more than 85% of all the
biosensor market [12]. This type of biosensor is a compact
instrument with an exceptional technology for the accurate
and rapid diagnoses of blood glucose level. Various glucose
biosensors were developed and analysed by using mathemat-
ical modelling as long as since 1976 [13]. Consideration of
insulin “age structure” for modelling blood glucose dynamics
is analysed in [14]. The dual use of horseradish peroxidase
and glucose oxidase for the glucose biosensor is analysed
in [15]. The effect of membrane permeability and selectivity
on the performance of such sensor is analysed in [16].

A layer by layer assembling of the biosensor model
is common for various biosensors, including glucose sen-
sors [17]. The same approach is applied in this work to
build the mathematical model of the wired biosensor. Biosen-
sor with competitive substrates conversion in this work is
modelled and targeted as the glucose detection sensor. Two
substrates - glucose and oxygen - are capable of binding
with one of the more common and relatively cheap enzymes
analysed in this paper - Aspergillus niger glucose oxidase.
However, only the detection and recognition of glucose is im-
portant. The purpose of this work was to analyse biosensors
behaviour numerically and to define the configuration of the
biosensor, at which the influence of the oxygen concentration
is minimal.

II. PROPERTIES OF THE BIOSENSOR

Physical biosensor is considered as a system consisting
of wire electrode, which is covered with enzyme layer. The
cross-section of this bioelectrode is displayed in Fig. 1. En-
zyme (Aspergillus niger glucose oxidase) reacts with oxygen
and glucose in the cyclic reaction:

Eox + Glucose—>E,oq + d-glucolactone,

(D
Ered + O2——>Eqx + H20o. 2

In the terms of substrates and product the reaction scheme
(1-2) can be written as follows:

k1 ko
on + Sgl = ES—’Ered + Pl,
k_1

3)

k3
Ered + So—’on + P7

“)
where Eox, Eieq and ES stand for the oxidized enzyme,
the reduced enzyme and the enzyme-substrate complex,
respectively, P and P; are the reaction products, similarly
as in [18]. The large difference of the timescales [19] in the
reaction network (3) and (4) creates difficulties for simulating
the temporal evolution of the network and for understanding
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the basic principles of the biosensor operation. To sidestep
these problems, the QSSA is often applied [20], [21],

deor

o = o S Y ©®)
where e,.4, €,z and e, are the molar concentrations of the
oxidized enzyme Ey, the reduced enzyme E,.q and the
enzyme-substrate complex ES, respectively. By applying the
quasy-steady state assumption as it is defined in (5), the total

reaction rate v can be expressed as follows:

2

v — eOkcatkredkowsgl)Sg) ©)

kredkoxsgi)kgg ) + kcatkowso + kcatkreds

where sﬁ) and s,()) are the concentrations of glucose and

oxygen, respectively, eq is the total concentration of enzyme
in the enzymatic membrane, k., = ks is catalytic constant
of ES conversion, k..q = k1ka/(k—1 + ko) is an apparent
bimolecular constant of the enzyme and substrate interaction,
kor = k3 is a constant of the enzyme interaction with the
mediator [22]. The notation of (2) denotes the layer number,
in which the concentration is measured (the second layer is
the enzymatic membrane, see Fig. 1).

III. MATHEMATICAL MODEL

The biosensor is considered as a thin wire electrode
covered with the enzyme layer. A Nernst diffusion layer
is considered outside the electrode-enzyme system (see Fig.
1). Since the electrode is much larger in length compared
with its diameter, we describe the mathematical model in one
dimensional space, which includes the following regions:

1) An electrode (I = 1,a9 < r < a1), where no processes
take place. At the boundary of a; the electrons are
collected. The radius of this layer is dy = a1 — ag.

2) The enzyme layer (I = 2,a; < r < ag) where the
biochemical reactions (3) and (4) as well as the mass
transport by diffusion takes place. The radius of this
layer is d; = as — a3.

3) A diffusion limiting region (I = 3,a: < r < agy),
where only the mass transport by diffusion takes place.
This layer was modelled according to the Nernst ap-
proach [9], [1]. The radius of this layer is ds = a3z —as.

4) A convective region (r > ag), where the substrate
concentration is maintained constant. Convective re-
gion is considered to be much larger in volume than
the bioelectrode system, therefore it’s thickness is not
defined.

A. Governing equations

No biochemical processes are present in the electrode
(ag < r < ay) and the concentrations of all substances are
always equal to zero (¢t > 0),

C(l)(ra t) = Oa C = Sg4l,50, D, (7)

where r and ¢ stand for the space (as a distance from the elec-
trode at ag = 0) and time, respectively, s (1 )(r t), (1)(r t),
p(M(r,t) are the molar concentrations of the glucose Sy,
oxygen S, and product P respectively.

By coupling the reaction kinetics described in the previous
section with the mass transport by the diffusion, we form the
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Fig. 1. A cross-section of the electrode

following reaction-diffusion type equations for the enzymatic
membrane (a1 < r < ag, t > 0):
(2)
10s
——2 ) —v,  (8a)

(2) 2.(2)
8sgl _p® 0 Sgl
ot gl or? r Or

0% 8 1955
= D — — 8b
ot or? + r Or v (8b)
op? @) 9?p2  16%p2
ot Dy ( or? r Or2 ) T (80)

where sg)(r,t) 5532)(7“,15), p?(r,t) are the molar con-

centrations of the glucose S,i, oxygen S, and product P
respectively, Dg?, Dgz), D(Q) are the diffusion coefficients
of corresponding substances in the enzyme layer. All forms
of enzyme are considered to be immobilized, and therefore
there are no diffusion terms in the corresponding equations.
The reaction product P; has no influence to the biosensor
response and therefore it is not described in the mathematical
model.

Outside of the enzyme layer only the mass transport
by diffusion of glucose, oxygen and product takes place
(enzyme is considered to be non-diffusive). It was assumed
that the external mass transport obeys a finite diffusion
regime (t > 0,as < r < as),

3 2..(3 3
agﬂf =D (a o+ 166()) L= Sg150.p, (9)

or? r Or

where s(‘;’) (r,t), s (r,t) and p(®(r,t) stand for the molar
concentrations of the glucose ox;gen and product in the
diffusion layer, Dgg)l , Dso and DZ(,I are the diffusion coeffi-
cients of glucose, oxygen and product in the diffusion layer,
which is treated as the Nernst diffusion layer [9]. According
to the Nernst approach the thickness d3 = a3 — as remains
unchanged with time. Away from it (r > a3) the buffer
solution is in motion and uniform in concentration.

B. Initial conditions

The biosensor operation starts when substrates appear in
the bulk solution (¢ = 0) and is described for the enzymatic
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(I = 2) and diffusion (I = 3) layers,

l)(r 0) = €= S841,80,p, a—1<r<a;, (10a)
st (al, 0)=0,  s3(as,0)=s0g, (10b)
5% (a1,0) = 0, s (a3,0) = 50,0,  (10c)
( )(a1,0) =0 p®(as,0) =0, (10d)

where sg 4 and s, are the concentrations of the glucose
and oxygen, respectively, in the bulk solution, [ is the layer
number according to the numbering in Fig. 1.

C. Boundary and matching conditions

During the biosensor operation the concentrations of the
glucose, oxygen and product in the bulk solution remain
constant, as the bulk solution is considered to be much larger
in volume compared to the analysed biosensor system. The
concentration p(?) of the reaction product at the electrode
surface (r = ay) is being permanently reduced to zero due to
the electrode polarization. Following the scheme (3)-(4), the
substrate is an electro-inactive substance. This is described
by the following boundary conditions (¢t > 0):

30( ;
:O7 C(d)(CLg,t) = Co, C = Sgl, So,
C 67" r=ai
(11a)
pP(ar,t) =0, pP(as,t) =0. (11b)

On the boundary between two adjacent regions having
different diffusivities, the matching conditions are defined
(t>0),

9c2) 9c®
D£2)7 = £3) y C= Sgl,So, D,
or r=as or r=as
(12a)
6(2)(a27t) = 0(3)(a27t)7 C = Sgl, S0, P-
(12b)

These conditions mean that fluxes of the glucose, oxygen
and product from enzymatic membrane are considered to
be equal to the corresponding fluxes entering the surface
(r = ag) of the diffusion layer and vice versa. The parti-
tion coefficients of both substrates and product in between
enzymatic and diffusion layers are considered to be equal
and therefore are not introduced in the mathematical model.

D. Biosensor response

The electric current is measured as a response of the
biosensor in a physical experiment. The density i(¢) of the
current at time ¢ is proportional to the gradient of the product
P concentration p at the electrode surface (r = aq) and is
obtained according to Fick’s and Faraday’s laws [5],

op?

N 2

i(t) = neFDS )7 L (13)
where F is Faraday’s constant (F = 96.485 x 10

CM~!'m~3), n. is a number of electrons involved in the
electrochemical reaction.
Mathematical model approaches the steady-state as ¢ —
oo,
is = lim i(t). (14)

t—o0
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TABLE I

CONSTANT PARAMETER VALUES OF THE BIOSENSOR MODEL.
Description Notation Value Dimen.
Nernst diffusion layer d3 5x 107° m
thickness
Diffusion coefficient of ~ D{?) 3.4 x 10~11 m2s—1
glucose in the dialysis
membrane
Diffusion coefficient of Dg‘;)l 6.3 x 1010 m2s—1
glucose in the diffusion
layer
Diffusion coefficient of Dgi) 1.4 x 1079 m2s—1
oxygen in the dialysis
membrane
Diffusion coefficient of DS 2.12 x 1079 m2s~1
oxygen in the diffusion
layer
Diffusion coefficient of D1(72> 3.1 x 10710 m2s—1
product in the dialysis
membrane
Diffusion coefficient of DI(,S) 1.4 x 1079 m2s—1
product in the diffusion
layer
Reaction rate of catalyt-  kcqt 8.8 x 102 M1

ic constant of ES con-

version

Reaction rate of the en- kg 1.2 x 104 M~ 151
zyme and glucose inter-

action

Reaction rate of the en-  kox 1.5 x 106 M—1g—1
zyme interaction with

the oxygen

Number of electrodes Ne 1 -

TABLE II
CHANGED PARAMETER VALUES OF THE BIOSENSOR MODEL.

Description Notation Interval D.
Radius of the electrode dq [5x 10755 x 10~ 7] m
Enzyme layer thickness  d2 [10—5;10~ 4] m
Glucose concentration 50,91 (10~ 5, ;2 x 1072] M
Oxygen concentration 50,0 [5.5x% 10 5:2.74x104] M
Enzyme concentration €o [10-7;10~ 4] M

IV. DIGITAL SIMULATION

In general case, a presented mathematical model can be
solved numerically with analytical solutions existing only for
a specific set of parameter values [9], [10]. In our investiga-
tion we used the finite difference method by introducing a
uniform grid in space (with a total of number of 800 points)
and time directions. An explicit finite difference scheme has
been built to solve a problem [8], [11]. The software of the
digital simulator has been programmed in C++ language. In
the digital simulation the steady state time ¢,, was assumed
when the change of the current is relatively small during the
relatively large time,

t
t. = min <t: —
" i(t)>0{ i(t)
The decay rate € highly influences the response time: when
€ — 0, t, — oco. In our calculations we used € = 1073,

di(t) ) .
7 ‘ < E} ,i(tr) s (15)

A. Parameter values

The constant values of the parameters used in the digital
investigation process are provided in Table I. The remaining
model parameters were changed as described in Table II.
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i, =3.93uAm"

G = 2-831AMs”
e = 2.55uAm’s”
oo = 2.14pAm’s” 7

Current density i (WAm™)

0 —
0 2 4 6 8 10
time 7 (s)

Fig. 2. Biosensor response in time at three different concentrations of
oxygen s, 6.85 x 1072 (1), 1.37 x 10~ (2) and 2.74 x 10~4M (3).
Electrode radius was d] = 5x 10~ °m, enzymatic membrane thickness was
da = 10~5m. Other parameter values as defined in Table L.

B. Model validation

By increasing the radius of the electrode, the mathematical
model described in this paper approaches the model used
in [22], which is described in Cartesian space. By using d; =
0.01m and by changing the other parameter values as defined
in Table II, the relative current difference between the model
described in this work and the one described in [22] was less
than 1%.

Additionally, validation of concentrations was carried out
by checking if the concentration values do not contain any
sudden spikes in the inner sections of the layers.

The solution starts by applying initial conditions at time
moment ¢ = 0. Mesh points at the initial time row are
calculated according to the discretized initial conditions of
the mathematical model. Time step is increased, and new
row of the concentration values is calculated according to the
approximated governing, boundary and matching conditions.
When the concentrations for all the compounds at all mesh
points of the new time step are calculated, validation of the
concentrations is executed.

If the validation of concentrations does not fail (as it is
a mandatory requirement), the calculations are continued. If
they fail, the time step is decreased repeatedly, while the time
step reaches such size, that the calculations would proceed
long enough without any failure for the condition (15) to be
satisfied.

C. Biosensor response

Biosensor response in time at three different glucose
concentrations s, (6.85x 107°, 1.37 x 1074, 2.74 x 10~*M)
of oxygen is displayed in Fig. 1. Electrode radius was
di = 5 x 1075m, enzymatic membrane thickness was
dy = 107°m. Other parameter values were the same as
defined in Table I.

As one can see from Fig. 2, the response ¢ is monotonically
increasing function of time ¢. By increasing oxygen concen-
tration four times from so, = 6.85 x 10=°M (curve 1) to
50,0 = 2.74 X 10~*M (curve 3), the steady state response
increases from ¢ ~ 3.93pA to ¢ ~ 6.38pA (an increase
of 62.3%). Such a large sensitivity to the concentration of
oxygen is unsuitable when constructing real life glucose
biosensors. By measuring the maximal gradient of the current
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Fig. 3. Maximal gradient of the current versus enzymatic mem-
brane thickness at four different values of enzyme concentration eg:
1077(1,5),1076(2,6),1075(3,7),1074(4,8)M and at two different
concentrations of oxygen s, : 5.5 x 107°2(1-4),2.74 x 10~4(5-8)M.
Radius of the electrode was d; = 5 X 10~ °m. Other parameter values
were as defined in Table L.

as the response, as it is defined in (16), the biosensor
sensitivity to oxygen can be reduced,

_ di(t)
Imaz =I5 "ar
In the analysed case, a quadruple increase in oxygen concen-
tration increases the maximal gradient value only by 32.2%
(from 2.14 x 10~ ®uAs~! in curve 1 to 2.83 x 10~ uAs~1!
in curve 3) - approximately two times lower relative differ-
ence than in case of the steady state current. The use of
maximal gradient value instead of the steady state current is
perspective in another point of view, as the final measured
response is reached several times faster - a result attractive
when designing medical biosensors. Therefore, in all the
following simulations we used maximal gradient value (16)
as the final response of the biosensor instead of the steady
state response (14).

(16)

V. RESULTS
A. The influence of enzymatic membrane

Enzymatic membrane thickness is known to be very im-
portant when designing new biosensors [3], [4]. The impact
of the enzyme membrane thickness dy at four different
concentrations ey (10~7,107%,107°,107*M) of enzyme is
displayed in Fig. 3. The calculations were carried out at two
different concentrations of oxygen (minimum value of s , =
5.5 x 107°M and maximum value of s, = 2.74 x 107*M),
while other parameter values were as defined in Table I.

When enzyme concentration is relatively low (ey <
10~5M, curves 1 and 5, 2 and 6, Fig. 3), the maximal gradi-
ent of the current is non-monotonic function of d. However,
the non-monotonicity is not of high magnitude, and the
relative difference between the responses for different oxygen
concentrations at these enzyme concentrations are virtually
identical. However, the mentioned relative difference in-
creases for the larger enzymatic sensitivities (e > 10~°M,
curves 3 and 7, 4 and 8) - the largest relative difference
between two responses for different oxygen concentrations is
more than tenfold (dy = 10~*m, curves 4 and 8, Fig. 3). The
conclusion can be made, that the smallest possible enzymatic
membrane thickness corresponds to the smallest sensitivity
to oxygen concentration.
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Fig. 4. Maximal gradient of the current versus the enzyme concen-
tration at four different values of enzymatic membrane thickness da:
1073(1,5),2.16 x 107 5(2,6),4.65 x 107°(3,7) and 10~*(4, 8)m and
at two different concentrations of oxygen so,, : 5.5 X 1072(1-4),2.74 x
10~4(5-8)M. Electrode radius was di = 5 x 10~9m. Other parameter
values were as defined in Table 1.

As it was noticed in Fig. 3, the enzyme concentration
ep has a high impact on the biosensor response as well as
sensitivity to oxygen concentration. Therefore, the impact
of the enzymatic concentration on the biosensor response
is analysed in Fig. 4 at four different enzyme membrane
thicknesses dy (107°,2.16 x 1075,4.65 x 10~° and 10~*m).
The boundary values of the oxygen concentration were the
same as in Fig. 3, all the other parameter values as defined
in Table L.

For the relatively small enzymatic membrane thicknesses
(d2 < 3 x 107°m, curves 1 and 5, 2 and 6, Fig. 4),
the maximal gradient of the current is steadily increasing
function of enzymatic concentration ey. However, for the
larger enzymatic membrane thickness (d > 3 x 10~°m,
curves 3 and 7, 4 and 8), the response decreases with an
increase of enzymatic concentration. However, the small-
est difference between two responses for different oxy-
gen concentrations is at the smallest values of enzymatic
concentration (¢ = 107’M). The enzymatic membrane
thickness affects the influence of enzymatic concentration
on the response - the larger enzymatic membrane thickness
corresponds to the larger difference between the responses
of different oxygen concentration. The smallest enzymatic
membrane thickness (curves 1 and 5, Fig. 4) corresponds
for the smallest sensitivity to oxygen concentration - a result
reaffirming the results displayed in Fig. 3. At ¢g = 10~'M
and dy = 10~°m, the response of g4 = 1.99x10 6 pAs~!
at the smallest oxygen concentration (sg, = 5.5 x 107°M)
and the response of gnax = 2.83 x 107 %uAs™! at the
largest oxygen concentration (sg, = 2.74 x 107*M) is the
smallest (relative difference being 42%). Therefore, in all the
following calculations we use the value do = 10~°m for the
enzymatic membrane thickness and the value eg = 10~'M
for the enzyme concentration.

B. The impact of the diffusivity

The sensitivity to oxygen concentration can be decreased
down to 42%, however, the diffusivity can be employed to
further eliminate the influence of oxygen. The impact of
the diffusion coefficient Dgi? on the sensitivity to oxygen
concentration at various values of Dgf) and DI(,z) is analysed
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Fig. 5. Oxygen increase versus diffusivity of glucose in the enzymatic
membrane at five different combinations of oxygen and product diffusivities:
D 1.4 x 10710(1,2),5 x 10719(5),2.12 x 10-2(3,4)m2s~ ! and
D 3.1 10711(1,3),2x 10710(5), 1.4 x 10~9(2, 4)m2s 1. Radius
of the electrode was di = 5 X 10~ °m, enzymatic membrane thickness
dz = 10~5m, enzyme concentration eg = 10~ 7M. Other parameter values
were as defined in Table I.

in Fig. 5. The value of Dgi? was changed between tenfold
smaller than the one provided in Table I and up to the value of
DS? At the largest value of Dgi?, the glucose would diffuse
through the boundary of r = ay without any resistance. The
parameters of Dg) and Dz(f) were changed in the similar
manner. The impact of oxygen is measured as the following
ratio:

Ag = 9max (So,max)/gmax(so,min); 17)

where ¢imaz(So,maz) a4 gmaz(So,min) stand for the re-
sponses of the biosensor at maximum (sg , = 2.74 X 10~4M)
and minimum (sp,, = 5.5 X 1075M) concentrations of
oxygen. The best previously determined values of enzymatic
membrane thickness (ds = 10~°m) and enzyme concentra-
tion (eg = 10~"M) were used, while other parameter values
were as defined in Table 1.

As one can see from Fig. 5, the impact of oxygen is
monotonically increasing function of Dgil. The dynamics of
oxygen impact are virtually identical at the smallest ratio
(curve 2) and largest ratio (curve 3) between Dgf) and
Dz(f). The impact of oxygen is largest, when the diffusion
coefficients Dgi) and D](JZ) are smallest (curve 1). The
smallest values of oxygen impact are achieved at the largest
values of Dgf) and DI(,Q) (curve 4) - meaning that oxygen
and product would diffuse through the boundary of r = as
without resistance. The smallest overall value of Ag = 1.37
is obtained at Dg? =34 x 107" m?s~! (curve 4).

C. Calibration curves

Calibration curves are employed for development of the
real-life biosensors, as they are pre-programmed in the
electronic parts of these devices [1], [6]. The impact of
the response on the glucose concentration at three different
electrode radius sizes d; (5 x 1075,107°,5 x 10~°m) and
two boundary oxygen concentrations sy, (5.5 X 10~5M and
80,0 = 2.74 X 10~*M) is displayed in Fig. 6. The parameters
were D{2) = 3.4x 10" m2s~1, D) = 212 % 10~m2s 7,
DI = 1.4x10"%m2s~1, dy = 10~5m, ey = 10~ 7M. Other
parameter values were as defined in Table I.

The parameter values defined for the lowest impact of
oxygen concentration correspond to appropriate calibration
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