Proceedings of the World Congress on Engineering 2014 Vol II,
WCE 2014, July 2 - 4, 2014, London, U.K.

A General Iterative Scheme for Variational
Inequality Problems and Fixed Point Problems

Wichan Khongtham

Abstract—We introduce a general iterative scheme for
finding a common of the set solutions of variational inequality
problems for an inverse-strongly monotone mapping and the
set of common fixed points of a countable family of
nonexpansive mappings in a real Hilbert space. We show that
the sequence converges strongly to a common element of the
above two sets under some parameters controlling conditions.
The results presented in this paper improve and extend the
corresponding results announced by many others.

Index Terms—Fixed point, variational
optimization problem, nonexpansive mapping

inequality,

I. INTRODUCTION

LET H be a real Hilbert space with inner product and
norm, are denoted by (-,-)and ||, respectively. Let C be
a nonempty closed convex subset of H, and let B:C—>H
be a nonlinear map. The classical variational inequality which
is denoted by VI(C,B) is to find v e Csuch that (Bv,u—v)

>0,Vu eC. The variational inequality has been extensively
studied in literature. See, for example, [6], [7], [9], and the
references therein. A mapping A of C into H is called o—
inverse-strongly monotone, see [12]-[13], if there exists a
positive real number o such that (Au—Av) > afAu—Av|’,
vu,veC. A mapping T of C into itself is called
nonexpansive if |Tu—Tv|<|u-v|,vu,veC. We denoted

by F(T) the set of fixed points of T. A mapping f:C—C is
said to be contractive with coefficient o e(0,1),if

[f(u)-f(v)|<o |u-v|,vuveC. Let G be a strongly
positive bounded linear operator on H: that is, there is a
constant 7 >0 with property <Gx,x>27||x||2,VXeH.

Recently, many authors proposed some new iterative
schemes for finding element in F(S) N VI(C, B), see [1]-[3],

[5], [8], [13], and reference therein. Moreover, Jung [4]
introduced the following iterative scheme as the following.
Let C a nonempty closed convex subset of a real Hilbert
space H such that C£CcC. Let A be an o— inverse-
strongly monotone mapping of C into H and S be a
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nonexpansive mapping of C into itself such that
F(S)NVI(C,A)=J.Let ueC and let B be a strong

positive bounded linear operator on C with constant
v €(0,1) and f be a contractive of C into itself with constant

ke(0,1). Assume that p>0and O<y<(l+p)y/k. Let
{x,} be asequence generated by x, =x eC,
Yo =0, (U+yF(X,)) + (1 —o, (1 +uB))SP. (X, —A,AX,),
Xy = (1_Bn)yn +BnSPC (yn _}“nAyn)l n>1.
They proved that under certain appropriate conditions
imposed on {a,}, {A,}, and {B,} of parameters, then the

sequence {x,}converges strongly to g € F(S) ~VI(C, A),
which is a solution of the optimization problem:
L(BX,x)+1|x— u||2 —h(x),

XeF(S)NVI(C,A) 2
where h is a potential function for yf. In this paper motivated

by the iterative scheme proposed by Jung [4], we will
introduce a general iterative for a common element of the set
solution of variational inequality problem for an inverse-
strongly monotone mapping and the set of common fixed
points of a countable family of nonexpansive mappings which
will present in the main result.

Il. PRELIMINARIES

Let C be a nonempty closed convex subset of a real
Hilbert space H. It well known that H satisfies the Opial’s
condition, that is, for any sequence {x,}with {x,}
converges weakly to x (denote by x,—“—>x), the
inequality: lim inf ||xn—x||<lirnrlio£1f |x, —y]| holds for every
yeH with y=Xx. For every point XxeH, there exist a
unique nearest point in C, denoted by P.x,such that
[x—Px||<[x—y| for all yeC. P.is called the metric
projection of H onto C. It well known that P.is a
nonexpansive mapping of H onto C and satisfies
(x—Yy,Px—Ppy) 2||ch—Pcy||2, X,y € H. Moreover, P.x
is characterized by the following properties: P.x e C and
||x—y||2 2||x—PCx||2 +||y—PCy||2, xeH,yeC.It is easy to
see that ueVI(C,A) < u=P.(u—-AAu), A>0.

Proposition 2.1 (See [4 ].) Let C b e a bounded nonempty
closed convex subset of a real Hilbert space H and let B be
an o— inverse-strongly monotone mapping of C into H.
Then, VI(C,B) is nonempty.

A set-valued mapping M:H — 2" is called monotone if
forall x,yeH, f eMxand ge My imply(x—y,f—-g) >0.
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A monotone mapping M:H — 2" is maximal if the graph
G(T) of T is not properly contained in the graph of any other
monotone mapping. It well known that a monotone mapping

T is maximal if and only if for (x,f) e HxH,(x-y,f —g)
>0for every(y,g)eG(T)impliesf eTx.Let B be an
inverse-strongly monotone mapping C into H and let N_.v
be the normal cone to C at v, that is, N.v={weH: <v —-u,
w) >0, forall ueC}, and define
Bv+N.v,veC,
Tv =
v =C.

Then T is maximal monotone and OeTv if and only if
v e VI(C, B) (see [9], [10], [12]).

The following Lemmas will be useful for proving our
theorem in the next section.

Lemma 2.1 (See [9]) Assume {a,} is a sequence of

nonnegative real numbers such that
a1 <(1-o,)a,+3,,n=0

where {a,} is a sequence in (0,1) and {3, } is a sequence in
R such that
(1) Z?]o:lan = 00;

) Iimsupz—:SOOr T [8n| < oo.
nN—o0

Then limp,_,,a, =0.

Lemma 2.2 (See [11].) Let K be a nonempty closed convex
subset of a Banach space and let {Tn}be a sequence of

mappings of K into itself.  Suppose that
wasup{[Tosaz—Tz:ze K|} <oo. Then, foreach yeK,

{Tny} converges strongly to some point of K. Moreover, let
T be a mapping of K into itself defined by Ty =lim,_,, T,y
forall y e K. Then lim,_,,, sup{||Tz -Tyz|:ze K} =0.

Lemma 2.3 (See [4 ].) In a real Hilbert space H, there holds
the inequality

29I <[2ff +2(y.2+y).

Lemma 2.4 (See [4].) Let C be a bounded nonempty closed
convex subset of a real Hilbert space H, and let g:C >R

u{oo}be a proper lower semicontinuous differentiable

convex function. If x"is a solution to the minimization
problem g(x*):im; g(x), then<g'(x),x—x*> >0,xeC.In

particular, if x”solves the optimization problem

min’s (Bx,x)+ 3 x~uf’ ~h(x)

then (u-+(yf —(I +uB))x*,x—x*>£0,XeC, where h is a

potential function for yf.

Lemma 2.5 (See [9].) Assume A is a strongly positive linear
bounded operator on a Hilbert space H with coefficient
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7>0and 0<p<|A|". Then I —pA|<1-p7.

I11. MAINRESULT

In this section, we prove a strong convergence theorem.
Theorem 3.1. Let C be a nonempty closed convex subset of
a real Hilbert space H such that C£C<C. LetBbhean a—
inverse-strongly monotone mapping of C into H and {T_}be

a sequence of nonexpansive mappings of C into itself such

that Q:= ﬁ F(T.)NVI(C,B)=.Let ueC and let Abe a
n=1

strongly positive bounded linear operator on C with constant

¥ (0,1) and f be a contractive of C into itself with constant

a€(0,2). Assume that p>0and O<y<(@+p)y/a. Let

{x,} be a sequence generated by x, =x €C,

Yo =t (U+7F(X,)) + (I, (14 pA) T, Po (X, =2, BX,),
3.1)
Xn+1 = (1_Bn)yn +[3nTnPC(yn _}"nByn)r n 211

where {o,}<[0,1),{A,}<[0,20],and {B,} =[0,1] satisfy
the following conditions:
i) limo, =0; Y, =oo;
n—o n=1
i) B, €[0,b) for all n>0and for some b e (0,1);
iii) A, [r,s] for all n>0and for some r, swithO<r <s<
20

iv) |0ty — 0ty <o, 3 Brs —By| < 0, and 3 [y = h| < 0.
n=1 n=1 n=1
Suppose that 3" sup{|T,..z—T,z|:ze D}< oo forany
n=1

bounded subset D of C. Let T be mapping of H into itself
defined by Tx=IlimTx, for all xeC and suppose that

FT) = ﬁ F(T,). Then, {x,}converges strongly to o< F(T)
n=1

NVI(C, B), which is a solution of the optimization problem

ﬂ(Ax,x>+%||x—u||2 —h(x), (3.2)

xeF(T)AVI(C,B) 2
where h is a potential function for yf.

Proof. From the condition i), we may assume that
o, <(L+p|A])™". Applying Lemma 2.5 and by the same
argument as that in the proof of Jung ([4], Theorem 3.1, pp.
6-7),we have that ((1-a,(I+pA))u,u)> 1-o, —a,pn(Au,
uy=0, I —oy, (14+pA))|| <1-o, A+p)7, |t, = V] <|x, - V]
and|v, —v| <y, -v|,where veQ, t =P.(x,—1,Bx,),
and v, =P.(y,—A,By,). Let k= (I+ pA). It follows that
[V = V| =|otgu+ o, (vF (X)) = &K V) + (1= 0, K)(T, = V)|
< (A= (e 70 )ty = Vi + oy u] + o vel x, =]

+a, Y (V) =R V]| H((@+p)T —ya)o, va(yu—)_w ,
and
||Xn+1 _V" = ”(1_Bn)(yn —V)+B (T, v, _Tnv)"
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s mexfls, -] LA}

i i It )=~ v+|u]
By induction that |x,, — v| < max {||x1 —v||m} n>1.
Hence {x, }is bounded, so are{y, }.{t, }.{v,.}. {f(x,)}.
{By,.}.{Bx.}, {T,t,}.{T,t,}, and {T, v, }. Moreover, we

observe that

||tn+1 - tn " < ||Xn+1 X, " +|7\‘n+1 _)‘n|”BXn " (33)
and
||Vn+1 -V, ” < ||Xn+1 —X; ” + |7\’n+1 - 7\‘n |||an " ' (34)

It follows from the assumption and using (3.1), (3.3), and
(3.4), we have

[¥na =Yall < lotnen = | G+ )]+ [Tt

+an+1ya||xn+1 —X, "

+(1_ (l+ u)?)am—l)uxml - Xn”

(3.5)
+(1_ (1+ M)T’Oﬁn )|7\’n+1 - }\‘n||| an”
+o, Ksup{|T,,,2— T, 7 s ze {t, 3}
Then, we obtain
||Xn+2 - Xn+1|| < (l_ (1+ MW - y(x)aml ||Xn+1 —X; " (36)

+Gy |atg, — 0|+ G Ay =2 + Gl

n+1

where G, = sup{||u|| +y [ )|+ [K]|[Taata |0 e N},
G, =sup{|Bx,|+[By,|: neN},and G, =sup{|T,v,|

+y,[:ne N} +icsup{|T,...z— T,z| :  €{v, }}- Applying
lemma 2.1 to (3.6), we have

,!iﬂl"X"*l — X, =0. (3.7)

By using (3.3) and (3.5), we have
limt,,,—t,|=0 (3.8)

and

lim{y,.. -y, =0. (3.9)
From (3.1), we note that
Vo = Toto] < o (u+E(x,) KT, t, | >0 n—>o0, (3.10)
and

Vo =t <[Yn =X, |- (3.11)

Moreover, by (3.1), (3.11), and the condition ii), we have
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X0z =Yoll < @[ PXoea =Xal +[Tota =il ] (3:22)
From (3.12) and using (3.7) and (3.10), we obtain
[Xp.1 = Yal| > 0as N —> o0, (3.13)
We apply that
%, = Yol < [X0 = Xpoa] +#[Xnes = Yo > 0asn— 0. (3.14)

Let peQ. By the same argument as in [4 ] ( Theorem 3.1,
pp. 11-12), we can show that

Iy =PI < oty Ju-+F () =]+ x, — [
+20u, ||Ju+yF(x,) —x|[t, —p|
+1—ot, (L+ W)7)r(s —2a) [Bx, —Bp| -

(3.15)

Then, we obtain

(L, (1+)7) 1(s—20) | Bx, — Bp|
<y [+ £ ) =Rpl -+, =Py, =Dl ~Yal (346
< oty [yu+£0¢,) =0l + (%, = pl-+lya —pD I, v

+2a, [y +f(x,)—xp||t, — -

It follows from the condition i), we have

|Bx, —Bp|—0as n— (3.17)
Similarly, we can show that
[t =PI <l =PI =%, =t + 2 (%, ~0,BX, (544
-Bp) —1,2[|Bx, —Bp|.
Then, we obtain
(L0, @+ ) [x, ~t,
< oty -+ 0¢,) =Rp” + (x, —pl-+ lya —pDIx, v
+2(1-a, (L+W)7)A, (X, —t,,Bx, —Bp) (3.19)

~(1— o, L+ W7, |Bx, — Bp|
20, |u+vF (x,) — el |t, — .

It follows from (3.14), (3.17), and the condition i), we obtain

lim(x, —t,[|=0 (3.20)

and so

Vo = tall <[IVa =Xal|+[X0 —ta]| > 0as n—co. (3.21)

For p e Q, we define a subset D of H by D = {y eC:ly-p|

< K}, where K:max{||p—x||,w}. Clearly, D is

(T+p)y-va
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bounded, closed convex subset of H, T(D) c Dand {t,}
 D. By our assumption, where 3 sup{||Tn+lz -Tz:ze
n=1
D} and Lemma 2.2, we have lim sup{|Tz-T,z|:ze D}
n—oo
lim sup{|Tz-Tyz|: ze{ty}} < lim
n—oo nN—oo

sup{[Tz—Tyz| : z € D} =0. This implies that

=0. Then we have

limy ., [Tz-Tyz| =0. (3.22)

From (3.1), the condition i), and using (3.10), (3.19), we
note that

[Tatn —ta] <[ Tatn = Yol +]yn —ta] >0 (3.23)

and

[Tatn = Xnsa| < an [(U+vE (X)) =KTota | +Bn [Yn = Tata| >
0asn— o (3.24)

Using (3.13), and (3.19), we have [x,,—t,|—0, as
n — oo, Then we have

[Tty —tn | <[ Tt = Totn||+ | Tatn —Xnsa]|+ [Xns1 —ta] = O
(3.25)

Then, from (3.21) and (3.25), we obtain

[V =Tto| <[y —to]|+[tn = Tntn]| >0 asn—oc.  (3.26)

Next we show that limsup{u + (yf —)e, y,, — @) < 0, where
N—o0

o is a solution of the optimization (3.2). First we prove that
limsup(u+(vf K)o, Tt,—w) <0.Since {t,} is bounded,

n—oo
we can choose a subsequence {t, } of {t,}such that

limsup(u+(+f -, T, t, — )

n—o0

(3.27)
= lim <u+(yf—12)(o,Tntn_ —o)>.

Without loss of generality, we may assume that t, —
z, where z € C. We will show that z € Q. First, let us show
zeF(M)= ﬁ F(T,). Assume that z ¢ F(T). Since t,, s
n=1

z,z#T,z,and (2.23), it follows by the Opial’s condition
that

liminf [t, —z| <liminf[t, Tz
< Iirirliwnf( ty = Tt [+ Tt —Tz||) (3.28)
=liminf| Tt - 77|

I—00

<liminf

>0

t, -2

This is a contradiction. Hence z e F(T). From the property

of the maximal monotone, B is an o — inverse-strongly
monotone, and (3.20), we obtainz e VI(C, B). Therefore,

z e Q. By Lemma 2.4 and (3.25), we have

limsup{u+ (yf - K)o, Tt,— w) < 0.

N—o0

(3.29)

Hence, by (3.26) and (3.29), we obtain

limsup (u+(vf K)o, yp— o)
n—o0

<limsup(u+(vf =)o,y —Tt,)

n—o0

+limsup(u+ (f —k)o, Tt, — o)

n—o0

<limsup||u+ (vf K)oy, —Ttp|
n—o0

+limsup(u+ (vf —K)o, Tt, — o)
n—o0

<0.

Finally, we prove that limg_,,[jx,—|=0,wherewis a
solution of (3.2). We observe that

sz =0l < Q=201+ )7 —ya)on) [xn — o
o2 (L w7)? g — o
+2anv0t X =@ [y =Xp|
+20t (U+ (YF =)o, Yy — ©)

(3.30)

and applying Lemma 2.1, 2.3, and 2.4 to (3.30), we have

lim ||x, — | = 0. This completes the proof.
N—o0

IV. CONCLUSION

We introduced an iterative scheme for finding a common
element of the set solutions of variational inequality problems
and the set of common fixed point of a countable family of
nonexpansive. Then, we proved that the sequence of the
proposed iterative scheme converges strongly to a common
element of the above two sets, which is a solution of a
certain optimization problems. Theorem 3.1 improve and
extends Theorem 3.1 of Jung [4] and reference therein in the
sense that our iterative scheme and convergence theorem
are for the more general class of nonexpansive mappings.
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