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An Explicit Method for Geometrically Nonlinear
Dynamic Analysis of Spatial Beams

Chu Chang Huang, Wen Yi Lin, Fumio Fujii, and Kuo Mo Hsiao

Abstract—An explicit method based on the central difference
method for nonlinear transient dynamic analysis of spatial
beams with finite rotations using corotational total Lagrangian
finite element formulation is presented. The kinematics of the
beam element is described in the current element coordinate
system constructed at the current configuration of the beam
element. The beam element has two nodes with six degrees of
freedom per node. Three rotation parameters referred to the
current element coordinates are defined to determine the
orientation of element cross section. A rotation vector is used to
represent the finite rotation of a base coordinate system rigidly
tied to each node of the discretized structure. Note that the
values of nodal rotation vectors are reset to zero at current
configuration. The element deformation nodal forces and
inertia nodal forces are systematically derived by consistent
linearization of the fully geometrically nonlinear beam theory,
the d'Alembert principle and the virtual work principle in the
current element coordinates. The standard central difference
method is applied to the incremental displacement and
rotational vector, and their time derivatives. The orientation of
the end cross section of the beam element is updated by the
incremental nodal rotation vector. A Numerical example is
presented to demonstrate the accuracy and efficiency of the
proposed method.

Index Terms—Corotational total Lagrangian formulation,
Dynamics, Explicit time integration, Geometrical nonlinearity.

I. INTRODUCTION

HE implicit methods based on the Newmark direct
integration method have been extensively employed in
nonlinear transient dynamic analyses of beam structures
undergoing large displacements and finite rotations (e.g. [1-
4]). In [3], a corotational total Lagrangian finite element
formulation for the nonlinear dynamic analysis of spatial
elastic Euler beam using consistent linearization of the
geometrically non-linear beam theory was presented. The
standard Newmark method was applied to the incremental
displacement and rotational vectors, and their time
derivatives. The formulation was proven to be very effective
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by numerical examples studied in [3]. However, the
application of the explicit method in the nonlinear dynamic
analysis of three-dimensional beams with finite rotations has
been rather limited (e.g. [5, 6]). The object of this paper is to
present an explicit method based on the central difference
method for nonlinear transient dynamic analysis of spatial
beams with finite rotations using corotational total
Lagrangian finite element formulation.

The element description is based on the corotational total
Lagrangian formulation described previously in [3, 7, 8]. In
this formulation, each dement is associated with a Cartesian
coordinate system constructed at the current configuration of
the beam element. The element coordinate system is just a
local coordinate system updated at current configuration of
the beam element, not a moving coordinate system. Thus, the
velocity and acceleration defined in the element coordinate
system are absolute velocity and acceleration. For the
purpose of treating arbitrarily large rotation of node in space,
the orientation of the node is described by a base coordinate
system rigidly tied to each node of the discretized structure.
A nodal rotation vector [7] is used to represent the finite
rotation of the base coordinate system. In this study, the
values of nodal rotation vectors are reset to zero at current
configuration, thus, the values of the first and second time
derivative of the nodal rotation vector are equal the values of
the spatial nodal angular velocity and acceleration [3].

The element deformation and inertia nodal forces are
systematically derived by using the d'Alembert principle and
the virtual work principle. A numerical procedure of explicit
method based on the central difference method is proposed
here for the solution of the nonlinear equations of motion. A
numerical example is presented and compared with the
results obtained using the Newmark method to demonstrate
the accuracy and efficiency of the proposed method.

Il. FINITE ELEMENT FORMULATION

The element developed here has two nodes with six
degrees of freedom per node. The kinematics of the beam
element and the corotational total Lagrangian finite element
formulation proposed in [3, 7, 8] are adapted and employed
here. In the following only a brief description of the beam
element is given.

A. Basic Assumptions

The following assumptions are made in derivation of the
beam element behavior: (1) The beam is prismatic and
slender, and the Euler-Bernoulli hypothesis is valid. (2) The
cross section of the beam is doubly symmetric. (3) The unit
extension of the centroid axis of the beam element is uniform.
(4) The cross section of the beam element does not deform in
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its own plane and strains within this cross section can be
neglected.
B. Coordinate Systems

In order to describe the system, we define three sets of
right handed rectangular Cartesian coordinate systems:

1. A fixed global set of coordinates, XiG (i=1,2,3) (see

Fig. 1); the nodal coordinates, displacements, rotations,
velocities, and accelerations, and the equations of motions of
the system are defined in this coordinates.

2. Element cross section coordinates, xiS (i=1,2,3) (see

Fig. 1); a set of element cross section coordinates is
associated with each cross section of the beam element. The
origin of this coordinate system is rigidly tied to the centroid

of the cross section. The x; axis is chosen to coincide with
the normal of the unwrapped cross section and the xzS and

x§ axes are chosen to be the principal directions of the cross
section.

3. Element coordinates, x; (i =1, 2, 3) (see Fig. 1); a set of
element coordinates is associated with each element, which is
constructed at the current configuration of the beam element.
The origin of this coordinate system is located at node 1, and
the x; axis is chosen to pass through two end nodes of the
element; the x, and x; axes are determined by the method

proposed in [7]. Note that this coordinate system is just a
local coordinate system not a moving coordinate system. The
deformations, deformation nodal forces, inertia nodal forces,
and mass matrix of the element are defined in terms of these
coordinates.

C. Kinematics of Beam Element

In this study only the doubly symmetric cross section is
considered. Let Q (Fig. 1) be an arbitrary point in the beam
element, and P be the point corresponding to Q on the
centroid axis. The position vector of point Q in the
undeformed and deformed configurations referred to the
element coordinates may be expressed as [8]:

h=Xp+ Y(0,6, — 03) + 2(0, + 036,) + 00, ,

,=V+ y(l—%ﬁg,z) + 2(39293 —0)+ 6,00
r3 =W+ y(%9293 + 01) + Z(l_%ezz) - 91')(926()

oW wdx w6

= —_— =— = 3
27 6s  oxos  l+e, l+e, @)
N vox v 0
0s oxos l+g, 1+g
A
& :5_1 )

where X, =X, (xt) , v=v(x,t) and w=w(x,t) are the x,
X, and x5 coordinates of point P, respectively, in the

deformed configuration, &, = 4,(x,t) and 6, , = &, ,(x,t) are
the twist angle and twist rate of the deformed centroid axis,
respectively, w(y,z) is the Saint Venant warping function
for a prismatic beam of the same cross section, s is the arc
length of the centroid axis, and & is the unit extension of the
centroid axis. The orientation of element cross section is
determined by &, (i = 1, 2, 3), thus, &, are called rotation
parameters [7, 8]. Here, the lateral deflections of the centroid
axis, v and w are assumed to be the cubic Hermitian
polynomials of x, and the rotation about the centroid axis, @, ,
is assumed to be the linear polynomials of x.

X

Fig. 1. Coordinate system.

The relationship among x,, v, andw, and x may be

p ’
given as [8]
X

X
. :ul+jo [(L+,)% -V —wi]Y2dx (6)

where u, is the displacement of node 1 in the x; direction.
Note that due to the definition of the element coordinate
system, the value of u; is equal to zero. However, the
variation and time derivatives of u, are not zero. The axial
displacements of the centroid axis, u(x,t) = X, (x,t)—x may
be determined from the lateral deflections and the unit
extension of the centroid axis using (6).

Making use of the assumption of uniform unit extension,
&, of the centroid axis may be calculated using (6) and the

current chord length of the beam element.

D. Element Nodal Force Vector, and Mass Matrix

The element deformation nodal forces and inertia nodal
forces are systematically derived by consistent linearization
of the fully geometrically nonlinear beam theory, the
d'Alembert principle and the virtual work principle in the
current element coordinates.

The virtual work principle requires that

Sqyf, = 5q,,f, = 5qyf, ©)

ISBN: 978-988-14047-0-1 WCE 2015

ISSN: 2078-0958 (Print); ISSN: 2078-0966 (Online)



Proceedings of the World Congress on Engineering 2015 Vol 11
WCE 2015, July 1 - 3, 2015, London, U.K.

= J‘V (0-115811 + 20-125(912 + 20135813)dV + '[V p5rtrdV

5% ={duy, 5, ou,, 59, } (®)
5q¢ ={ou,, 5, , duy, &h,} ©)
5qg ={ouy, My, du,, 05} (10)
f{p:f(/'?+f¢', ={f/, m{, £y, m§} (11)
f¢:f¢D+f¢i :{f{’j,mf,fg’,mg} (12)
f,=fy +f) ={f7, m/ 7, mJ} (13)
&1 = %(r’txr‘x -1, &, = %r’txljy C &3 = %r,txl‘yz- (14)

where j = 1, 2, suj ={ouj, ovj, ow;} denote the virtual

displacement vectors at nodes j, 5¢; ={0p,;, 59, ;, 693}

denote vectors of virtual spatial rotation at nodes j,
b ={0¢1j, 64,;, 6¢5;} denote the corresponding virtual

variation of rotation vectors ¢; ={4j, ¢,j, #;;} at nodes j,
and 50 ={56,;,56;;,565;} ={00,;,— W) , &} denote
the corresponding virtual variation of 07 ={6;;, 6. 65;}
={6;, —wj ,Vj} ={0,;, 1+&)0,;, (1+&.)05;} atnodes j.
f,(a=¢, ¢,0), are generalized element internal nodal force
vectors conjugate to oq,,, fi' ={f,], f;j, f3i} (e =¢,9,0)
are nodal force vectors corresponding to Ju; and
m§ ={mfj, m3;, mg;} (a=¢,¢0) are generalized nodal
moments  corresponding to ¢ ; , J¢; and 50’; ,

respectively. f2 and f! (o = ¢, ,0) are deformation nodal
force vectors and inertia nodal force vectors corresponding to
le (0110811 + 2071,0€1, + 20430613)dV  and jv por'idV

respectively. V is the volume of the undeformed beam
element, Jg; (j = 1, 2, 3) are the variation of the Green

strain &;; in (14) corresponding to q,. o1; (j =1, 2, 3)

are the second Piola-Kirchhoff stress. For linear elastic
material, oy = B¢y, and oy =2Gs; (j =2, 3), where E is

Young’s modulus and G is the shear modulus. p is the

density, or and ¥ are the variation and the second time
derivative of r in (2), respectively. Note that the element
coordinate system is just a local coordinate system not a
moving coordinate system, thus r is the absolute
acceleration. The higher order terms of nodal parameters in
the element nodal forces are neglected by consistent second
order linearization in this study. Note that the values of
rotation parameters 6, (i =1, 2, 3) will converge to zero, and

axes, thus m{ are moments about the x; axes at element

local nodes j, respectively, and m is a vector quantity. od;

are not infinitesimal rotations about the x; axes, thus, mi‘j-’

are not moments about the x; axes at nodes j and mﬁ-’ is not

a vector quantity. However, the values of the rotation vectors
at nodes j, ¢; are reset to zero at the current configuration

of the structure in this study. Thus, the values of &; are
equal to the values of the corresponding ¢, and the values

of 4>j and ¢J are equal to the values of the corresponding

angular velocity vectors

j and angular acceleration

vectors o ; at nodes j, respectively [3]. The values of mﬁ-’ ,

¢;, and ¢; are therefore equal to the values of the
corresponding m?%, @;, and @;, respectively, so the rules
of vector addition also apply to the addition of m¢, ¢;, and
i{) j in this study. 59;; are not infinitesimal spatial rotations
about the x; axes, thus mi‘J? are not conventional moments.
The values of mij‘-’ are not equal to the values of

corresponding m{j’ , because the values of 5495 are not equal

to the values of corresponding o¢j;; at deformed state [3, 7],
so the rules of vector addition can not apply to the addition of
m{ 6}, and 0] .

Here, the global nodal parameters of the system are chosen
to be the components of nodal displacement vector and nodal
rotation vector referred to the global coordinates. To
assemble the element equations into the global equations, the
element nodal parameters and element nodal forces should be
consistent with the global nodal parameters and global nodal

forces. Therefore q 4 and f,are chosen to be the element
nodal displacement vector and the element nodal force vector.
q, and f, can be transformed from element coordinate

system to the global coordinate system using the standard
procedure of vector transformation.
The relation between 6q, and 6q, may be expressed as

3. 8]
g = Te¢5(I¢ (15)

q, is related to q, through the same relationships that
exists between dq,and 5q, [3], i.e.:

their time derivatives 6; and 6, will converge to constants g, = Tyd, (16)
with the decrease of the element size. Thus, the coupling
between rotation parameters and their time derivatives are The time derivative of (16) may be expressed by
not considered in this study.
Note that o¢; are infinitesimal rotations about the X; o = Tyl +T9¢q¢ (17)
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In view of (7) and (15), the relation between f;and f, may
be expressed as

where f, may be calculated using (2-7) and (14). For

convenience, f, are divided into four vectors £¢ (i=a, b, c,
d) and expressed as

fg:ffg"‘f;g:{fﬁ, flg}

ft? =fbD€+f|9 ={f2‘91,m§91, f2‘921m‘392}
6 _¢DO , ¢10 60 0 6 0
fo =17 +1.7 ={f31,mz, f3o,mp}

0 _¢DO , ¢10 0 6
fg =fq" +1f3" ={m;,m>}

(19)

£00 — [AEgC(1+§gc) (20)

E(ly+1,) ¢ » El, . , El, ¢ » -1
Tjﬁlyxdx+IJ‘w,Xde+ m J‘v,xxdx] 1

dx

+

£, =El, [N} v

, XX

00 = EIyINg W, dx

£7 = (GJ +El ) [ N alyxdx+%EK, [N 6,
£17 = m,ii, +£," (21)
m, =pAINaNtadXiia

iy ={Ui, Uy}

£ = AN [ [ 2 i)k — [ + W2 )dx]x
fo? = myii, +f,"

m, = pAJ'NbN},dx+ pIZJ‘N[,N[}dx

iy, ={V, V1, Vp, Vo}

£y’ ==2pl, [ Nj& v ,dx+ 2, [ Ny AW, dx

£07 = mii, + £

m, = pA[ NNidx+ ol [ NN dx

i =Wy, — W, W, — W5}

£ ==2pl, [ N&ow, dx -2 [NLO

f" =mygiig +f;"

my = p(l, + 1,) [ NgNydx+ pl,, [ NGNifdx

ug ={6".111 9.12}

£ = p(ly = 1,)[ Ng¥ i, dx

l,=[2%dA, 1,=[y%dA, 1,=[o"dA
I=[{-2+0,)? +(y+0,)°XA, K, = [(y* +2%)°dA

(22)

in which the range of integration for the integral Ide is

from O to L, A is the cross section area, N, (k = a, d) are
shape functions of elementary bar element, N, (k =D, c) are

shape functions
() =d()/dx .
matrices, and fi"’ (i = a, b, c, d) are vectors of velocity
coupling terms of element inertia nodal forces.

In view of (21), element inertia nodal force vector f,! may
be expressed by

of elementary beam element and
m; (i = a, b, c, d) are consistent mass

f, =mq, +f)’ (23)

where m is the element mass matrix assembled by the
submatrices given in (21).
If the coupling between rotation parameters 6, (i=1, 2, 3)

and their time derivatives are not considered, from (16), (17)
and (23), one may obtain

(24)
(25)

f(; =mij, +f¢!"

E. Equations of Motion
The nonlinear equations of motion may be expressed by

MQ=P(t)-F° —F" (26)

where M is the mass matrix, Q is the second time derivative
of the vector of global nodal parameters Q , P(t) is the
external nodal force vector, FP is the deformation nodal
force vector, and F"' is the inertia nodal force vector
corresponding to the velocity coupling terms of the element
inertia nodal force.

M, F"' and FP are assembled from the element mass
matrix, element nodal force vectors, which are calculated
using (17)- (25) first in the current element coordinates and
then transformed from element coordinate system to global

coordinate system before assemblage using standard
procedure.

I1l. NUMERICAL PROCEDURE

An incremental method based on the central difference
method (CDM) is proposed here for the solution of the
nonlinear equations of motion. The basic steps involved in
the numerical solution of (26) are outlined as follows. Let At

denote the time step size, and time t, =t,_; + At (n>1). Let
Q.. Q,,, and Q,_; denote the vector of global nodal

parameters, velocity, and acceleration of the structure at time
t,—1 (n>1), respectively, and

AQn1=Q,-Qny

Let ,e;® (i = 1, 2, 3, j = 1, 2) denote the unit vectors
associated with the x° axes of element cross section

coordinates referred to the global coordinates at element local
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nodes j and time t,(n>1).

Let Q,1, Qn, AQp Qn_l, Qn_l, n_leﬁe denote the
known values at time t,(n>1). The values of Q,,;, AQ,,
Q, and Q,, ,e°
incremental procedure.

(@) Extract A¢?, the global incremental nodal rotation

may be obtained by the following

vector corresponding to each element local nodes j (j = 1, 2)
from AQ,_; for each element. Extract u‘f , the global nodal
displacement vector corresponding to each element local
nodes j (j = 1, 2) from Q,, for each element. Determine

SG SG

n€j by application A¢? to ,,ej . Then determine the

current element coordinates, element deformation nodal
parameters ¢; and unit extension &, for each element using

.€;°, u§, and the method described in [3, 7, 8]. Then,
calculate the element deformation nodal force vectors using
(18), (20), and assemble structural deformation nodal force
vector FP .

(b) Reset the values of the elements in Q,, corresponding

to nodal rotation vectors to zero.
(c) Extract the global nodal velocity vector

corresponding to each element from Qn—l (or backward
difference Q° = AQ,_,/At), and then transform them to the

current element coordinates using standard procedure. Then
calculate time derivative of element nodal rotation
parameters using (16) and (17). Then calculate element

inertia nodal force vector f,;" using (21) and (25). Then,
transform f;V from the current element coordinates to the
global coordinates using standard procedure to assemble
Fvl

N

(d) Transform the element mass matrices from the
current element coordinates to the global coordinates using a

standard procedure. Then assemble the structural mass
matrix M using the element mass matrices.

(e) Calculate Q, using MQ, =P, —F°> —F" ((26)).

(f) Let AQ, =AQ,+At?Q,,Q,,; =Q, +AQ, , and
Q,=(AQ, +AQ, ;)/2At.

When n=1, Q,_; =Q, and Q,_; =Q, can be obtained
from the initial conditions, and Q,,_; = Q, can be calculated
using (26); Qq is calculated by

. A2 .
Q; =Q( +AtQ, +TQO :

IV. NUMERICAL STUDIES

The example studied is a clamped beam subjected to a
central eccentric concentrated load as shown in Fig. 2. The
load history is also shown in Fig. 2. The geometry of the
beam and the material properties are L=0.508m ,

b=0.0254m , h=3.175x10°m , Young’s modulus

ISBN: 978-988-14047-0-1
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E =207 GPa , Poisson’s

p=2713kg/ m®. The eccentricity of the concentrated load

ratio v=0.3 , and density

is e=6x10"° m. Because of symmetry, only one-half of the
beam is modeled by 15 elements. Figures 3 - 5 show a
comparison between the time histories of the mid-span
deflections and axial rotation obtained by the present method
(CDM) and by the Newmark method [3]. The time steps

At=05x10"s is used for the present method, and
At=1x10"s and 2x107°s are used for the Newmark

method. Very good agreement between these two results can

be observed. .

X$.w ¢
XZG‘V A ................. C...D ................ - B
Q»xf,u - >
L
X$ p F
— |—€ F(t)“(N)
D
hI C 25 2844
b ——————(s)

Mid cross Load history
Fig. 2. Clamped beam subjected to concentrated load.

10 T T T T T T T T
| - - - - Newmark At=1x10"s
fffff Newmark At=2x10"%
05} 7 L
— —o— CDM At=5x10"'s
O’JE fun]
=]
Al
5 00
>
z
[}
E -05
5]
5
=3
2
o -10
_15 1 1 1 1
0 1 2 3 4 5
Time(lO'ss)
Fig. 3. Time history of the mid-span deflection (V. ).

T T T T T T T
- - - - Newmark, At=1x10"s
--«-- Newmark, At=2x10"%
Ok ——CDM, At=5x10"s ’

Displacement W (10'3m)

Ti me(lO'ss)

Fig. 4. Time history of the mid-span deflection (W ).
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. .
- - - - Newmark At=1x10"s
-~ -~ Newmark At=2x10"% ]
CDM At=5x10"s

0.1}

Displacement 6¢ (rad)

Time(10'3s)

Fig. 5. Time history of the mid-span rotation (4, ).

V. CONCLUSIONS

An explicit method based on the central difference method
for nonlinear transient dynamic analysis of spatial beams
with finite rotations using corotational total Lagrangian finite
element formulation is presented. The global nodal
parameters of the system are chosen to be the components of
nodal displacement vector and nodal rotation vector. The
values of the nodal rotation vectors are reset to zero at the
current configuration of the structure in this study. The
standard central difference method is applied to the
incremental displacement and rotational vector, and their
time derivatives. The orientations of the nodes are updated
by the incremental nodal rotational vectors. The element
coordinate system constructed at the current configuration of
the beam element is just a local inertial coordinate system not
a moving coordinate system, thus the first and second time
derivatives of the position vector of the beam element
defined in the element coordinates are the absolute velocity
and acceleration. The beam element developed has two
nodes with six degrees of freedom per node. Three rotation
parameters referred to the current element coordinates are
defined to determine the orientation of element cross section.
Both the element inertia and deformation nodal forces are
systematically derived by using consistent second order
linearization of the fully geometrically nonlinear beam theory,
the d'Alembert principle and the virtual work principle. The
values of rotation parameters will converge to zero, and their
time derivatives will converge to constants with the decrease
of the element size, thus, the coupling between rotation
parameters and their time derivatives are not considered in
this study. The formulation is intended for explicit
integration procedures, so stiffness matrices are not
developed. The element equations are constructed first in the
element coordinate system and then transformed to the global
coordinate system by using standard procedure. The
standard central difference method is applied to the
incremental displacement and rotational vector, and their
time derivatives.

From the numerical example studied, the accuracy and
efficiency of the proposed method are well demonstrated.

It is believed that the corotational total Lagrangian
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formulation of the beam element and the numerical
procedure of the explicit method presented here may
represent a valuable engineering tool for the dynamic
analysis of spatial beam structures.
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