
 

 
Abstract—According to many reports from papers and 

applications, using gradient-based search methods to generate 
optimum topology in a design space might result in topologies 
with gray elements and checkerboard structures in some areas. 
These drawbacks sometimes may cause difficulty to identify 
genuine optimum topology in the given design space. In order to 
solve this problem, this research develops some new functions of 
Young’s modulus related to design variables. These functions 
are different from the popular SIMP function. The advantage of 
these functions is to accelerate the convergence process. In the 
meantime, a published checkerboard elimination method is 
employed to eliminate checkerboard structures. To eliminate 
gray elements completely, some artificial mechanisms and the 
timing of using them are also developed in this research. One 
popularly used example is illustrated to test the ideas of this 
research. The results are promising. 

 

 
Index Terms—Clear topology, function of Young’s modulus, 

elimination of gray elements, gradient-based method 
 

I. INTRODUCTION 
OPOLOGY optimization was initially developed by 
BendsØe and Kikuchi [1] in 1988. The basic idea of 

topology optimization is to generate an optimum topology in a 
designated design space to satisfy design constraints and also 
optimize design objectives. In order to achieve this goal, finite 
element meshes are created in the whole design space first. 
Then some methods are used to determine which elements 
should remain in the design space and others should disappear 
from the design space. The initial method developed to solve 
this problem was called homogenization method which was 
introduced by BendsØe and Kikuchi [1]. In their approach, 
each element in the design space is associated with three 
design variables. After finishing the optimization search 
process, the design variables associated with the element 
determine whether the element should remain in the design 
space. Those remaining elements form the topology of the 
structure. Because each element is associated with three 
design variables in homogenization approach, the total 
number of design variables can be quite large for a large 
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design space. This consumes a lot of computational time. 
Therefore, another approach called solid isotropic 

microstructure with penalty (SIMP) was introduced by 
BendsØe [2], Zhou and Rozvany [3]. In their approach, each 
element in the design space is associated with only one design 
variable. The Young’s modulus of the element is assumed to 
be a function of the design variable during the optimization 
search process. The design variable varies between 0 and 1 
during the optimization search process. Because the number 
of design variables in SIMP is much less than those in 
homogenization approach, it is widely used in academic 
researches as well as in industrial applications. Ideally, at the 
end of the search, some design variables will become one and 
others should become zero. The elements with design variable 
value of 1 will form the optimum topology of the structure. 
But in reality, at the end of the search, some of the elements in 
the design space may have values between 0 and 1. These 
elements are called gray elements. They raise difficulty to 
identify the genuine optimum topology. Also some of these 
gray elements tend to form a checkerboard-like structure. 
Diaz and Sigmund [4] proved that the stiffness of these 
checkerboard structures is overestimated due to lower order 
finite elements used. Some methods have already been 
developed to reduce or eliminate the number of gray elements 
and the checkerboard structures [5-11]. But most of these 
methods may not be easy to be implemented when using 
commercialized design and analysis packages. Therefore, 
they may not be suitable for solving large real-world 
structural topology optimization problems. 

Therefore, some different functions of Young’s modulus 
are proposed in this research to accelerate the convergence of 
the optimization process and reducing the number of gray 
elements using gradient-based search methods. One of the 
easiest checkerboard elimination methods developed by Li et 
al. [11] is used to eliminate the checkerboard structure and the 
optimum timing to apply it is also studied. Finally, an 
adaptively artificial mechanism of completely eliminating 
gray elements is developed to get a clear optimum topology of 
the structure in a design space. 

II. SOLVING TOPOLOGY OPTIMIZATION PROBLEMS USING 
DIFFERENT FUNCTIONS OF YOUNG’S MODULUS  

A. Definition of Topology Optimization 
The initial objective for topology optimization in BendsØe 

and Kikuchi’s [1] paper is to minimize the compliance of the 
structure subjected to static loadings. The constraint is a 
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certain limit of material that can be used to construct the 
structure. To solve the problem using SIMP, the mathematical 
formulation of this problem is as follows. 

 
Minimize  upxC T=)(   

Subject to   Mx
n

i
i ≤∑
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                                       (1) 

                    nixi ,,1  ,10 =≤≤  

 Where )(xC is the compliance of the structure, p is the 

force vector, u is the displacement vector, ix is the design 

variable associated with the ith element, M is the number of 
elements that is allowed in the design space to construct the 
topology of the structure, n is the total number of elements in 
the whole design space. In SIMP approach, the Young’s 
modulus of each element during the optimization iteration 
process is assumed to be 

                   0ExE ii
α=                                                   (2) 

Where 
iE is the Young’s modulus used for the ith element, 

α is a penalty parameter usually being set to 3, and 0E is the 
true Young’s modulus of the material. Based on (2), it is 
obvious that when ix equals 1, iE is equal to 0E . This means 
the finite element should exist in the design space at the 
location where it is placed. On the contrary, if ix equals 0, 
that element has no stiffness. This means the element should 
be eliminated from the design space. At the end of the 
optimization search process, the optimum topology is thus 
formed by those remaining elements in the design space. 
Further analyzing (2), it is noticed that the power α plays the 
role to nonlinearly lower the Young’s moduli of all elements. 
This will accelerate the Young’s moduli of those elements 
with smaller design variable values to become zero. But it 
also delays the Young’s moduli of those elements with larger 
design variable values to reach 0E .  

Therefore, in this research five functions different from (2) 
are developed to keep the advantage of (2) and reduce the 
disadvantage of (2). These functions are as follows: 
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Where 43,21 ,, ZZZZ and 5Z are tuning factors to make the 

function value equal to 1 when ix equals 1. The function 

values will not be zero when ix equals 0, but they will be very 
close to zero. This is also necessary to prevent from forming a 
singular stiffness matrix of the design space. Fig. 1 shows the 

SIMP function and the five functions developed in this 
research. 

 
Fig. 1  SIMP and five newly developed functions of Young’s modulus 

 
In Fig. 1, the horizontal axis represents the design variable 

value from 0 to 1 and the vertical axis is the value of 
normalized Young’s modulus

0/ EE . Function 5 is very similar 
to SIMP function. Other functions are apparently different 
from SIMP function, especially when design variable is 
greater than 0.7. The reason for developing these functions is 
to accelerate the design variable to reach 1 when it is already 
greater than 0.7. This may shorten the convergence time. The 
five rectangular black boxes shown in Fig. 1 are used to judge 
whether a developed function will be a good function that 
would generate a usable topology in the design space. If a 
function developed passes the five areas at the most of the 
time, there is a better chance of getting a good topology. This 
experience is obtained by numerous numerical simulations in 
this research.  

B.  Elimination of Checkerboard Structures 
Some checkerboard eliminating methods have been 

developed as mentioned in the previous section. The easiest 
one may be the one developed by Li et al. [11].The basic idea 
of the method is to smooth the neighboring design variable 
values by using (8).  
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Where ex is the newly calculated design variable value in 

the center of Fig. 2, iw is a weighting factor given in Fig. 2, 

iv is the volume of the elements, ix is the current design 
variable value. 

 
Fig. 2  Weighting factors for elements  
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 It can be seen that the newly obtained design variable 
value is a weighted average of the design variables of the 
neighboring eight elements in a 2-D design space. The 
purpose of doing this is to reduce the big difference of design 
variables existing in the already formed checkerboard 
structure between neighboring elements.  After several 
continuing iterations of applying this smoothing process, the 
black and white elements that formed the checkerboard 
structures will be gradually separated to disintegrate the 
checkerboard structure. 

Although the purpose of eliminating checkerboard 
structures can be achieved by this approach, it also generates 
many gray elements and slows down the convergence rate. In 
order to eliminate checkerboard structures and also maintain 
the computational efficiency, the timing of adding and ending 
the mechanism of checkerboard elimination becomes 
important. This research tries to find the appropriate time 
period to employ the checkerboard elimination technique. Fig. 
3 shows the topology variations for a problem in the first 12 
iterations with checkerboard elimination technique. The 
problem is the most popular example used in topology 
optimization. It is a 2-D design space which is subjected to a 
concentrated load at the middle of the right hand of the design 
space while the structure is supported at the left hand side of 
the design space. The objective is to minimize the compliance 
and subjected to a given amount of material usage in the 
design space. It can be seen that the checkerboard structure 
appears in the early iterations and then disappears gradually 
from the 6th iteration. Until the 10th iteration, most 
checkerboard structures have gone. It is also noted that the 
number of gray elements is apparently large when 
checkerboard structures exist.  

In order to understand the variations of the numbers of 
black and white elements during the iteration process, four 
curves are plotted in Fig. 4. Curve A represents the percentage 
of elements with design variables greater than 0.8 and less 
than 0.2. The larger the percentage is, the less the gray 
elements. Curve B shows the percentage of elements with 
design variable less than 0.1. Curve C is the percentage of 
elements with design variable greater than 0.5. Curve D is the 
sum of Curve B and Curve C. Fig. 4 represents a typical 
variation of black and white elements for some test problems. 
In general, the values of curves increase to a peak point first 
and then drop to a valley. After passing the valley point, they 
increase again and gradually stabilize. Observing the 
topologies formed in Fig. 3, a relatively clearer topology will 
appear at the peak point of the second increase of the curves. 
This timing can be used to terminate the checkerboard 
elimination process. However, the checkerboard structures 
may appear again after several iterations. Therefore, this 
research suggests implementing a second time checkerboard 
elimination at two different timings. These two timings are 
called timing A and timing B. For timing A, the checkerboard 
elimination mechanism is applied once again when Curve A 
reaches 75% as indicated in Fig. 5. For timing B, the 
checkerboard elimination mechanism is applied once again at 
the end of the optimization search as shown in Fig. 6. The 
optimization process then continues until the convergence is 
attained.  

It is apparent from the two figures that when adding 

checkerboard elimination mechanism again, the number of 
black and white elements drops drastically. This seriously 
delays the convergence of the search process. Therefore, the 
checkerboard elimination mechanism should not be 
continuously used during the whole optimization search 
process.  

 
Fig. 3  Checkerboard structures disappearing process using (8) 

 

 
Fig. 4  Variations of black and white elements 

 

 
Fig. 5  Timing A for adding 2nd time checkerboard elimination 
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Fig. 6  Timing B for adding 2nd time checkerboard elimination 

C. Elimination of Gray Elements 
Because the design variables are continuous variables 

varying from 0 to 1, although some penalty has been 
imbedded in (2) through (7), some design variables may still 
have values not exactly equal to 0 or 1. These elements are 
called gray elements. The existence of gray elements in the 
final topology may cause confusion to identify the true 
optimum topology. Therefore, some artificial steps are 
proposed in this research to gradually and completely 
eliminate gray elements in three stages. These stages are 
introduced as follows. Fig. 7 shows the timings of applying 
the 3 stages of gray element elimination mechanism. 
Stage 1: Upon finishing the first time of checkerboard 
elimination, if Curve A increases for three consecutive 
iterations, the design variables greater than 0.9 are manually 
set to 1 and those less than 0.1 are set to 0. 
Stage 2: In stage 1, only those elements that are very close to 
1 or 0 are treated manually. In this stage, when Curve A 
stabilizes or reaches 90%, the design variables which are less 
than 0.3 are set to 0. The material released by these elements 
can be used to increase the design variables whose values are 
near 1 by the optimization solver automatically. 
Stage 3: At the end of optimization process, there may still be 
a small number of gray elements. These design variables are 
put into an ascending order. The smallest ones are set to zero 
and their values are added to the largest ones to make them 
equal to 1. In the meantime, the satisfaction of material 
constraint is checked and maintained. 
 

 
Fig. 7  Timings for applying elimination of gray elements 

III. NUMERICAL EXAMPLE AND RESULTS  
Due to limited space allowed, only one widely used 

example problem is given in this paper to demonstrate the 
results obtained from the ideas of this research. In order to 
understand the effects of different functions of Young’s 
modulus and timings on checkerboard elimination and gray 
element elimination, six methods are proposed. The solver 
used to solve the topology optimization problems is the 
sequential linear programming (SLP) written by the authors. 
Method 1: Solve the problem using SLP only. 
Method 2: Solve the problem using SLP and the three stages 
of gray element elimination. 
Method 3: Solve the problem using SLP and timing A 
checkerboard elimination. 
Method 4: Solve the problem using method 2 and method 3 
simultaneously. 
Method 5: Solve the problem using SLP and timing B 
checkerboard elimination. 
Method 6: Solve the problem using method 5 and add gray 
element elimination mechanism at the 2nd stage SLP searches. 
Example  

This example is the one used in section B. The purpose is to 
generate a minimum compliance topology in the 2-D design 
space shown in Fig. 8. The structure takes an external load 
acting downward at the middle of the right hand side 
boundary and is supported at the left hand side of the 
boundary. The material constraint is 25% of the total elements 
in the whole design space. The number of quadrilateral finite 
elements created in the design space is 640(32x20). Fig. 8 
shows the design space and other data used for the problem. 

 

 
Fig. 8  The design space and loading for the example  

 
  Fig. 9 depicts the topologies obtained by SIMP and the other 
five functions developed in this research. Neither mechanism 
of checkerboard elimination nor gray element elimination is 
used.  

From Fig. 9, the number of iterations of functions 1, 2 and 4 
is less than that of SIMP function. From Fig. 1, it is noted that 
these three functions yield larger values than that given by 
SIMP function when the design variable is greater than 0.7. 
As a result, the larger design variables will reach one faster 
than SIMP approach. Therefore, the number of iterations for 
these functions is smaller than that of SIMP function. This 
shows that the idea proposed in this research to accelerate 
larger design variables to one can really increase the 
computational efficiency. Because there are many gray 
elements produced by all functions, the compliance is not 
suitable for comparison. 
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Fig. 9  Topologies obtained from different Young’s modulus functions 

 
The results shown in Fig. 10 through Fig. 15 are obtained 

from SIMP function and the other five developed functions 
using the six methods proposed, respectively. The different 
topologies in each figure are resulted from adding or without 
adding mechanisms of checkerboard elimination and gray 
element elimination using the proposed six methods for 
different functions of Young’s modulus. All these problems 
are solved by SLP with 0.25 as the initial value for all design 
variables. In addition to the topologies shown, the number of 
iterations and the compliance of the structure are listed for 
discussions at the end of this section. 

 

 
Fig. 10 Topologies obtained by SIMP function 

 

 
Fig. 11 Topologies obtained by function 1 

 

 
Fig. 12 Topologies obtained by function 2 

 

 
Fig. 13 Topologies obtained by function 3 

 

 
Fig. 14 Topologies obtained by function 4 

 

 
Fig. 15 Topologies obtained by function 5 
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  From these figures, it can be seen that the topologies 
obtained have minor difference by using different functions 
and methods. In general, the topologies obtained by method 1 
are the worst ones as expected because there is no any 
measure taken to prevent the forming of checkerboard 
structures and eliminate gray elements. Methods 2 and 4 
converge much faster than other methods for all functions. 
The iterations spent in methods 5 and 6 are apparently greater 
than those for other methods as expected due to two stages of 
SLP searches. The topologies obtained from method 3 still 
yield a large area of checkerboard structures for SIMP 
function and function 3. This result indicates that using 
checkerboard elimination mechanism only may not be able to 
achieve its goal to eliminate checkerboard structures 
completely for some functions or problems. Topologies 
obtained from methods 2, 4 and 6 indeed are clearer than 
those from other methods. This proves that the gray element 
elimination mechanism works well. Comparing the 
compliance obtained from clear topologies by using methods 
2, 4 and 6, the smallest compliance is 0.0905 N-m from 
function 3 and method 4. The second smallest compliance is 
0.0938 N-m from function 4 and method 4. The compliance 
from SIMP function is 0.0984 N-m by method 4, but two 
areas of checkerboard structures are observed.  

IV. CONCLUSION 
Based on the results from several test problems, although 

not shown in this paper, the conclusion is summarized as 
follows. 
1. Adding the mechanisms of checkerboard elimination and 

gray element elimination can improve the quality of 
topologies obtained significantly. 

2. Using checkerboard elimination mechanism only may not 
be able to eliminate checkerboard structures completely 
unless it is applied in the whole optimization process. But 
this slows down the convergence rate.  

3. Using the mechanisms of checkerboard elimination and 
gray element elimination simultaneously can get better 
quality of topologies. 

4.  Incorporation of Function 4 and method 4 is the best 
choice in terms of no checkerboard structures, clarity of 
topology, and computational efficiency.  
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