
 

 
Abstract—Multiuser multi-input multi-output (MU-MIMO) 

system has been widely used in 4G communication system. 
MU-MIMO has high data rate and improved capacity, however, 
it has multiuser interference (MUI) and multiple access 
interference (MAI). Block diagonalization (BD) is one of the 
methods to solve MUI and MAI, which uses precoding 
algorithm to separate each user in the system. A generalized 
zero-forcing channel inversion (GZI) algorithm is the simplest 
precoding method to improve BD. However, the BD/GZI 
algorithms use uniform power distribution. The water-filling 
technology performs power allocation based on channel 
environment of each user. In this paper, the BD/GZI algorithms 
are combined with water-filling technology to perform power 
allocation and MUI/MAI cancellation for the MU-MIMO 
systems. The proposed algorithms are with space-frequency 
water-filling. Some simulation examples are given to 
demonstrate the effectiveness of the proposed algorithm. 
 

Index Terms—block diagonalization, water-filling, optimal 
power allocation, multiuser multi-input multi-output. 
 

I. INTRODUCTION 

HE new generation of wireless communication systems is 
providing multimedia services that require very high data 

rates. The high spectral efficiency can be achieved by using 
multiple antennas at both the transmitter and receiver, so 
multiple-input multiple-output (MIMO) systems have gained 
popularity due to their capability in delivering high spectral 
efficiency and their robust performance against fading. 
MIMO communication technologies have recently received 
much interest due to the promising capacity gain when 
employing multiple transmit and receive antennas. 
Information theoretic results show that MIMO systems can 
offer significant capacity gains over traditional single-input 
single-output systems. This capacity increase is enabled by 
the fact that the signals from each individual transmitter 
appear highly uncorrelated at each of the receive antennas in 
rich scattering wireless environments. The receiver can 
exploit these differences in spatial signatures to separate the 
signals originated from different transmit antennas. In 
multipath channel, the received signal in a MIMO receiver is 
corrupted by the inter-symbol interference (ISI), spatial 
interference, and co-antenna interference (CAI). Single-user 
MIMO (SU-MIMO) considers only the dimensions of 
multiple antennas for a single mobile device. However, 
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multiuser MIMO (MU-MIMO) can deploy multiple users as 
spatially distributed transmission resources at the cost of 
more complex signal processing, and is also known as spatial 
division multiple access (SDMA). Thus, multiuser MIMO 
considers the overall capacity of network when several users 
are accessing the same link simultaneously. Due to 
transmission array gain, diversity gain, spatial multiplexing 
gain and interference cancellation gain, MIMO techniques 
can increase system throughput and transmission reliability 
without increasing the required bandwidth that makes MIMO 
communication technologies become one of the most 
promising ways for wireless communication by dirty paper 
coding (DPC) [1-13]. The purpose of DPC is to pre-cancel 
interference at the transmitter using know full channel state 
information (CSI). Block diagonalization (BD) is one of the 
well-known precoding algorithms near DPC techniques [4-5]. 
A generalized zero-forcing channel inversion (GZI) 
algorithm is the simplest precoding method to improve BD. 

Water-filling technique has been proposed by [8] and has 
been used in MIMO system that uses each antenna CSI to 
find maximum eigenvalue to do power allocation as the 
spatial domain water filling. In [5, 7, 9, 17], the spatial 
domain water-filling with BD algorithm is employed in 
multiuser MIMO system to find maximum sum capacity. The 
frequency domain water-filling technique has been proposed 
by [13, 14] that the time-domain signal is transferred to 
frequency domain and then each subcarrier is water- filling 
processed. In this paper, the BD/GZI algorithms are 
combined with both spatial-domain and frequency-domain 
water-filling technologies to perform power allocation and 
MUI/MAI cancellation for the MU-MIMO systems. The rest 
of this paper is organized as follows. In Section 2, the BD 
precoding algorithm and GZI precoding algorithm for 
MU-MIMO downlink system is described. The proposed 
spatial-frequency water-filling algorithm is described in 
Section 3. Simulation results and conclusions are provided in 
Section 4 and Section 5, respectively. 

Notation: Vectors and matrices are denoted by boldface 

letters; superscripts of  * ,  T ,  H , and   1  denote the 

complex conjugate, transpose, Hermitian transpose, and 
inverse, respectively;   stands for the Kronecker product; 
and }{diag  denotes a diagonal matrix; KI  is the KK   

identity matrix; }{E denotes the statistical expectation. 

II. BLOCK DIAGONALIZATION FOR MULTIUSER MIMO 

SYSTEM 

A. Block Diagonalization 

The multiuser MIMO downlink system with K 
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independent users can be shown as Figure 1. The transmitted 
signal goes through precoding matrix and then received with 
receiver filter to decode the desired user signal. Block 
diagonalization (BD) is the well-known precoding method 
for the system [1-5]. Define the transmitted symbol vector x, 
noise w and the precoding matrix P as follows, 
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The received signal can be described as 

  wHPxyyyy  T
K
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where H is the channel information matrix and can be 

defined as  TT
K

TT HHHH ...21  

The received signal can be rewritten as follows, 
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Define the received filter M  for all users as follows, 
 Kdiag MMMM ...21  (4) 

The desired output signal jx̂  can be shown as 

wMxPHMxPHMx j
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(5) 

The key idea of the BD is to design the precoding matrix 
that satisfies the following condition,  

0 , 1 ,j j j k j k K    H P
 (6) 

So jP  should be in the null space of jH
~

 that is defined as 

follows,  
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The SVD of jH
~

 can be described as  

 Hjjjjj
)0()1( ~~~~~
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(8) 

where jU
~

 and jΛ
~

 denote the left singular vector matrix 

and the matrix of ordered singular values of jH
~

, respectively. 

The matrix )1(~
jV  and  )0(~

jV  denote the right singular matrices 

each consists of the singular vectors corresponding to 

nonzero singular values of jH
~

 and zero singular values of 

jH
~

. The desired user has non-interfering block channel 

)0(~
jjVH . In order to decouple this block channel into jn  

parallel sub channels, the SVD of )0(~
jjVH  is computed as 

             Hb
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Employing )()0(~ b
jjj VVP   and Hb

jj
)(UM   in (5), the 

desired user’s signal vector jx̂  can be shown as follows, 

j
Hb

jj
b
jj wUxΛx )()(ˆ 

 
(10) 

Finally, we can find the precoding matrix P  as follows, 
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The all user’s received filter can be described as follows, 

 Hb
K

HbHbdiag )()(
2

)(
1 ... UUUM  (12) 

B. Generalized Zero-Forcing Channel Inversion 

For the so-called Generalized Zero-Forcing Channel 
Inversion (GZI) method [5], we need to perform the 
pseudo-inverse operation of the channel matrix iH  as 

follows, 
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H
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H
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(13) 

Consider the QR decomposition of matrix jĤ  with 

dimension jt nN   as follows, 

jjj RQH ˆˆˆ   for Kj ,...,1  (14) 

where jR̂  is an jj nn   upper triangular matrix and jQ̂  

is an jt nN   matrix whose columns form an orthonormal 

basis for jĤ . In (13), due to 0ˆ~
jjHH , we have 

0ˆˆ~
jjj RQH . Since jR̂  is invertible, it follows that 

0ˆ~
jjQH . As in the BD algorithm, in order to decouple this 

block channel into parallel sub channels, the SVD of jjQH ˆ  

is computed as follows, 
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Employing )(ˆ vp
jjj VQP   and Hvp

jj
)(UM   in (5), the 

desired user’s signal vector jx̂  can be described as follows, 

j
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Finally, we can find the precoding matrix P  as follows, 

 )()(
22

)(
11

ˆ...ˆˆ vp
KK

vpvp VQVQVQP  (17) 

The all user’s received filter can be shown as 

 Hvp
K

HvpHvpdiag )()(
2

)(
1 ... UUUM  (18) 

For the BD and GZI algorithms, we assume that 
transmitter knows the channel station information perfectly. 
However, due to the mismatch between the transmitter and 
receiver, the transmitter can not accurately know CSI. Define 

errH  as the channel estimation error, the CSI can be 

described as follows, 

errest HHH   (19) 

where H  and estH  are the true CSI and the estimated CSI, 

respectively. We assume that errH  is uncorrelated with 

estH  and x . errH  has i.i.d. elements with zero mean and 

estimation error variance 2
,he . So the received signal in (2) 

can be rewritten as  

ssserrssests wxPHxPHy   (20) 

where the sserr xPH  is the estimation error term, and we 

define the total error term is ssserre wxPH  . The total 

error variance 2
e  can be shown as follows, 

    22
,

22 Tr wrs
H
shete NN   PPe  (21) 

For the BD algorithm, equation (7) can be rewritten as 

 TT
Kest

T
jest

T
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T
estj ,1,1,1, ......

~
HHHHH   (22) 

For the GZI algorithm, equation (13) can be rewritten as 
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III. THE PROPOSED WATER-FILLING ALGORITHM 

A. Spatial-Domain Water-Filling 

Please check with your editor on whether to submit your 
manuscript as hard copy or electronically for review. If hard 
copy, submit photocopies such that only one column appears 
per page. This will give your referees plenty of room to write 
comments. Send the number of copies specified by your 
editor (typically four). If submitted electronically, find out if 
your editor prefers submissions on disk or as e-mail 
attachments. 

Consider the system shown as in Figure 3, the capacity for 
complex AWGN MIMO channel when H  is perfectly 
known at the receiver can be expressed as follows [7, 8],  
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The capacity under ergodicity conditions when H  is 
perfectly known at the receiver can be described as 
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where 2
n  is the noise covariance,  *2 )()( ljkin tntnE . 

The transmitter correlation matrix Q  can be diagonalised as  
*VDVQ Q   
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We can obtain the result that the capacity is the sum of the 
capacity of the parallel channels, that is 
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The sum rate BDR  for the BD algorithm can be written in 

terms of the following maximization [5,6], 

 

total

K

j
j

K

j w

j
b
j

BD

P

R
j


























1

1
2

2)(

2

)Tr( subject to          

detlogmax

Φ

ΦΛ
I

Φ 
 (28) 

The optimal power loading matrix jΦ  can be calculated 

from the sum rate (28) by using the water-filling method 
[9-12], 
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Using (23) and (25), the optimal capacity can then be 

described as 
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Finally, we can find the block diagonalization precoding 

matrix BDP  as 
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The all user’s received filter can be shown as 

 Hb
K

HbHbBD diag )()(
2

)(
1 ... UUUM   (32) 

Similarly, the GZI precoding matrix 
GZIP  is as follows, 
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1
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)(

11
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The all user’s received filter is 

 Hvp
K
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B. Spatial-Frequency Domain Water-Filling 

The multiuser MIMO downlink system with 
space-frequency domain water filling can be shown as Fig. 4. 
The transmitted signal goes through precoding matrix and 
water filling and then received with receiver filter to decode 
the desired user’s signal. If the GZI method is employed to 
perform space- domain water filling, the signal before FFT 
operation can be described as follows, 
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Then after N-point FFT operation, the frequency-domain 
signal of the jth user is as follows, 
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Collecting the all user signal we obtain 
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Let N be the number of subcarrier, if  be the i -th 

sub-channel, ][iP  be the transmitted power of the i -th 

subchannel. The capacity of the k-th subchannel is 
given[14,15], 
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Where f , ][kH , ][kP  and 0N  denote the subcarrier 

spacing, frequency response, transmission power and noise 
variance of the k-th subchannel. The total channel capacity is 
given by the sum of the capacity for individual subcarriers, 
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Given the SNR for each subcarrier, we may allocate 
different powers to different subcarriers so as to maximize 
the total system capacity, that is 
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where P is the average power for each subcarrier available 
in the transmitter. Employing the Lagrange multiplier method 
for optimization with equality constraint in Equation (40), the 
following solution is obtained. We can find the optimum 
solution by maximizing the Lagrange function defined by 
[16], 
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The solution is 
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where   is the Lagrange multiplier that is chosen to meet 
the power constraint in Equation (44).  

Each frequency-domain user signal is then multiplied 
frequency-domain water-filling operation and can be express 
as follows, 
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The total transmit signal can be described as 
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IV. SIMULATION RESULTS 

In this section, we provide some simulation examples to 
demonstrate the performance of the proposed method. The 
results will be verified by Monte Carlo simulation method, 
and the adopted channel model is the COST 207 RA/TU/BU 
environments. We compare the BER performance of our 
proposed algorithm with that without water-filling. The 
simulated modulated signal format is QPSK. The simulated 
number of active users is K=2. For the TU channel model, the 
number of paths L is equal to 12. For the BU channel model, 
the number of paths L is equal to 21. For the simulations, two 
precoding algorithms, BD and GZI algorithms, are employed 
to combined with spatial-domain and frequency-domain 
water-filling technology for the MU-MIMO system. For the 
MU- MIMO system, the base station is equipped with four 
antennas and the mobile station is equipped with two 
antennas.  

In Fig. 5, we compare the bit error rate (BER) 

performances of the MU-MIMO systems with and without 
BD algorithm, an further compare the BER performances 
with 1-D (spatial-domain) water-filling and 2-D 
(spatial-domain and frequency-domain) water-filling. Fig. 5 
shows that the proposed 2-D water-filling BD algorithm has 
superior performance compared with 1-D BD algorithm and 
conventional BD algorithm. In Figs. 6-7, we show the 
performance degradation of the conventional BD/GZI 
precoding algorithms and the water-filling BD/GZI 
algorithm in the situation of channel mismatch, respectively. 
The proposed water-filling BD/GZI algorithm outperforms 
the conventional BD/GZI algorithm, especially in the low 
signal-to-noise ratio condition. In Figs. 8-9, we compare the 
BER performances of the GZI algorithm with and without 
water-filling technology in COST-207 TU and BU channels, 
respectively. Figs. 8-9 show that 2-D water-filling GZI 
precoding algorithm outperforms 1-D or conventional GZI, 
even though the transmission power is one half of that of 
conventional GZI. In Figs. 10-11, we show the performance 
degradation of the proposed 2-D water-filling GZI precoding 
algorithms in the situation of channel mismatch in COST-207 
TU and BU channels, respectively. The proposed 2-D 
water-filling GZI algorithm has BER 0.001 at SNR 15 dB 
even though channel mismatch exists. 

V. CONCLUSION 

The water-filling technology performs power allocation 
based on channel environment of each user and has been used 
in MIMO system that uses each antenna CSI to find 
maximum eigenvalue to do power allocation as the spatial 
domain water filling. In this paper, the BD/GZI algorithms 
are combined with water-filling technology to perform power 
allocation and MUI/MAI cancellation for the MU-MIMO 
systems. The proposed algorithms are with space-frequency 
water-filling. Some simulation examples are given to 
demonstrate the effectiveness of the proposed algorithm.  
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Fig. 1:  Block diagonalization algorithm for multiuser MIMO downlink 
system.  
 

 
Fig. 2:  GZI algorithm for multiuser MIMO downlink system.  
 

 
Fig. 3:  GZI with 1D-water filling multiuser MIMO downlink system. 

 
Fig. 4:  GZI with 2D-water filling multiuser MIMO downlink system. 
 

 
Fig. 5:  BER performance comparisons of the proposed 2D water-filling 
algorithm and some existing algorithms: 4 transmit antenna, 2 receive 
antenna, 2 users. 
 

 
Fig. 6: BER performance comparisons of the BD/GZI algorithms (without 
water-filling) with channel mismatch: 4 transmit antenna, 2 receive antenna, 
2 users. 
 

 
Fig. 7: BER performance comparisons of the BD/GZI algorithms (with 1D 
water-filling) with channel mismatch: 4 transmit antenna, 2 receive antenna, 
2 users. 
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Fig. 8: BER performance comparisons of the proposed GZI water-filling 
algorithm with different power: 4 transmit antenna, 2 receive antenna, 2 users 
and TU channel. 
 

 
Fig. 9: BER performance comparisons of the proposed GZI water-filling 
algorithm with different power: 4 transmit antenna, 2 receive antenna, 2 users 
and BU channel. 
 

 
Fig. 10: BER performance comparisons of the proposed GZI 2D water-filling 
algorithm with channel mismatch: 4 transmit antenna, 2 receive antenna, 2 
users and TU channel. 

 
Fig. 11: BER performance comparisons of the proposed GZI 2D water-filling 
algorithm with channel mismatch: 4 transmit antenna, 2 receive antenna, 2 
users and BU channel. 
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