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Statistical Modelling of Bending Stress in
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Abstract— In this paper semi-realistic models were developed
using an experimental approach and statistical techniques, to
analyse the relationship between bending amplitude and bending
stress (strain) of several overhead-line conductors. Four different
overhead-line aluminum conductors steel-reinforced (ACSR),
that is, ACSR Rabbit, ACSR Pelican, ACSR Tern, and ACSR
Bersfort, were investigated at three different ranges of tensile
load: 20, 25, and 30 per cent (%) of the ultimate tensile strength
(UTS); and vibrated at frequencies between 10-40 Hz. Bending
amplitude and bending stress data were collected and plotted,
curve-fitting with polynomial functioning of third order in terms
of four parameters give excellent predictions of the experimental
data for these conductors. However, it was found that the
accuracy of the fit is not improved by the consideration of higher-
order terms. It was also noted that this model is the simplest
polynomial model to be employed for the characterization all
conductors investigated. In addition, the slip-stick theory was
demonstrated by the analysis of different functional parameters
with respect to the variation of the tension in the conductor.

Index Terms—bending amplitude, curve

fittings, regression, size effects, slip-stick,

bending stress,

I. INTRODUCTION

I N many engineering fields, inverse problems for modelling
structural and load parameters have increased substantially
compared with other mathematical approaches generally
found inadequate or limited: (i) in engineering design, to
remain in the limit requirements and (ii) in, or included within,
a control system. These mathematical models are often
established using theoretically-based approaches, or combined
with experiments. Hence, techniques described are applicable
to any condition for which causal equations are developed;
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and/or where the input-output data are obtained. Some
concerns could arise in data-observations leading to
experimentation for assessing a relationship between two
independent variables. This model can be elaborated using
statistical techniques, i.e. regression (least square). This
modelling technique is intended to assess the magnitude of an
effect against the total variability within the experiment, by
the identification of diverse sources of errors and their
variances, which often occur during the collection of data.
However, simulation and assessment of a vibrating complex
system requires a good model which should describe the
behavioural mechanism of the system whether or not under the
same conditions. Simulating such a bending stress-bending
amplitude relationship on a conductor, as a result of Aeolian
vibrations (5-150 Hz), is intended to assess bending stress
leading to fatigue failure of the overhead line conductor,
having at least one accessible parameter, whether under the
same or different conditions [1]-[5]. It is well known that
mechanical stress cannot be directly measured, furthermore,
because of the helical structure of most conductors leading to
a stress regime on an individual outer layer wire of
conductors, this would also be too complicated to be
expressed by a simple formula [2].

For almost half a century, the so-called Poffenberger-Swart
(P-S) formula or model[1] has been used in transmission lines
for safe design and maintenance purposes; that is, assessment
of remaining life in conductors through the bending stress of
wind-induced vibrations. In this model, the bending amplitude
is measured peak to peak at 89 mm from the last point of
contact (LPC); and the bending stress is given for the
uppermost wire of the outer layer where the first sign of
fatigue failure has been noticed. Based on this idea developed
in a laboratory, strain-gauges are glued to the conductor at the
clamp edge (KE), and a displacement transducer is fixed at 89
mm from the KE. Recommended by the IEEE [2], this model
has been used in the vibration recorder measurement and the
fatigue-test indoor assessment.

Previous researchers indicate that, when using the above
model, there is considerable discrepancy between predictions
and measurements [1]-[4]. This is because the P-S formula is
based on both cantilever beam theory (Fig.1) and many
assumptions taken (idealized model) [1]-[2]. This discrepancy
also depends on the diameter of outer layer wire d,, minimum
stiffness E1,,,;, and the tension in the strand (% UTS). Later,
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Papailiou improved the P-S model in introducing the varying
bending stiffness model EJ(k) which is a function of the
bending curvature k and explained by the slip-stick state.

The distribution of stresses in the stranded conductor during
alternating motion is affected by numerous input factors both
direct, that is, conductor structure (diameter of wire, overall
conductor diameter, bending stiffness, length, and number of
wires and layers), and indirect: types of clamps used, and
clamp pressure distributions within the conductor. Another
important factor is the contact stress between wires in the
conductor. This factor is significantly influenced by the inter-
wire friction as explained in the slip-stick theory developed by
Papailiou [4].

In this context the prediction model, therefore, becomes a
statement of probability with respect to repeatability and
traceability. Concomitantly, the questionable utilization of the
P-S model and the complexity of the Papailiou model lead to
the development of a very simple and easy-to-use model.

In combining experimental data and statistical techniques, a
realistic and simple model may be derived: this approach has
been proven in many disciplines and has been shown giving a
good model of mechanical characteristics with non-linear
behaviour. Claren and Diana noticed that the experimental
relationship between bending stresses and bending amplitudes
is non-linear, observing this result in most conductors tested
[1]. With regard to this deduction, a statistical technique may
be the unique means of easily and accurately expressing the
mechanical behaviour of a conductor under alternated motion.

In this paper, four overhead line ACSR (aluminium
conductor steel-reinforced) conductors, i.e., Rabbit (6
AlL/1St.), Pelican (18 AlL/1St), Tern (45 AL/7St), and
Bersfort(48 Al./7St.), were investigated at three different
ranges of tensile load: 20 %, 25%, and 30% Ultimate Tensile
Strength (UTS). Bending amplitudes (0.0 Imm -1.2mm), and
bending stress measurements were collected and plotted as
bending stress a;, versus bending amplitude Y;, curve-fitting,
with a polynomial function of the third order in terms of four
parameters. Moreover, it is possible, in combining both
experimental data and statistical analysis, for a realistic model
to be further developed. Strain-gauges were glued at the edge
of the clamp; and a displacement transducer was affixed 89
mm away from the clamp edge (squared-faced clamp type)

[1].
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Fig. 1. Relationship principle of bending stress and bending
amplitude system of a conductor-rigid clamp

Poffenberger and Swart recorded that, at low amplitudes,
this bending amplitude method presented significant
uncertainties [11]. Claren and Diana recorded, after several
experimental works, which the average difference between a
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predicted outcome using the P-S model, and measured stress
was in the range of 30% difference compared with the test
performed on many ACSR conductors. Recently, Levesque et
al. concluded that the correlation between experimental strains
and the theoretical (P-S) is weak [6].

Il.  STATISTICAL MODELLING

A. Basic theory and principle

Numerous researchers in the past have indicated that
regression parameters obtained from experimental data may
not always have a physical meaning [12]. However, statistical
modelling and inference of the stress signature at the vicinity
of a conductor-clamp system allows some general conclusions
from data observed. Statistical modelling of the bending
stress-bending amplitude relationship was performed using the
polynomial and the non-linear regression technique, which
characterizes top wire in the outer layer caused by the
alternating motion. Once the modelling has been applied, a
prerequisite is to understand the key concepts of the statistical
inference.

0pi = By + B1Ypi + Boypi® + Bsyyi® +€4, (1)

where a;,; represents the bending of the dependent variable
at tensioni. By, Bi, Ba and Bs are the curve-fitting
coefficients which obviously depend on the conductor
characteristics (d,, , H, and EJ); while €; is the random error
on the bending stress. As underlined above, the aim of the
prediction model is to minimize the standard error given as
follows:

N
SSE = Z [O-b‘expt (yb) - Gb,model()’b)]z (2)

n=1
where SSE is the standard deviation between a, ,,,,; (7, ) and
Op preaict Yp), Which are, respectively, the experimental
stress obtained on the uppermost wire, and the stress from the
predicted model at the amplitude y,. Since the distribution
of the stresses is not normal with respect to the bending
amplitudes, the random errors may be given as follows:

@)

1 SSE

"2 |/N—k-1 )

€;

where N is the number of the amplitude analysed, k is the
degree of freedom (DOF), and SSE is the standard error.

To bridge the theory and the experiments, the polynomial
regression has to be defined, and the dependent and
independent variables properly identified. In this scenario, the
bending stress is a dependent variable. Thus, the independent
variables analysed in this study: parameters of conductors,
such as overall diameter, configuration, material, and number
of wires, linear mass, and length of the conductor. All these
parameters are represented as one, in the bending stiffness El
factor. External parameters to the conductor are: (i) the force
induced by the wind-drag force on the conductor quantified as
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the bending amplitude at 89 mm from the KE; and (ii) the
static tension applied to the conductor.

B. Identification of statistical regression technique

To identify the appropriate statistical regression technique,
these steps should be followed: (i) variables collected are
plotted in a scatter-diagram with bending stress o, as a
function of bending amplitude y,, and the relationship
between two variables represented in the graph; and (ii)
observing the scatter-shape curve, which is a form of existing
relationship-model shape, the type of regression technique is
chosen from several predefined in the package. Three
significant factors include: (i) the estimator, or predictor factor
R?% which must be R? = 1 (strength of the relationship); (ii)
the standard deviation SSE between the result and the
prediction model; and (iii) the model of stress distribution on
which the standard error depends.

There are several statistical-analysis methods which are
used for the prediction of the experimental result. The
appropriate model should give a good correlation with the
results. The selected model should also depend on the decision
of the researcher apropos of the expected applications and
analysis. In most cases, a prediction is a compromise of the
above methods. Other concerns in statistical prediction are its
limitations: the results may be valid for the values between the
points tested.

I1l. EXPERIMENTAL PROCEDURES AND RESULTS

A. Experimental procedures

The goal behind this work is to record the bending strain for
an enforced bending amplitude peak to peak, measured at 89
mm from the terminal clamp edge opposite the excitation side,
as per the IEEE standards [2]. The vibration shaker connected
at 1.2m from the rigid clamp, as shown in Fig. 1 subdued the
conductor in the ranges of frequency 5-60 Hz. The bending
stress is given by a direct product of the bending strains g,
(strains) and the Young Modulus of the aluminium, in this
case E, (MPa).

The aim of this procedure is to ensure that the bending strains
are collected with as few errors as possible, taking into
account the instruments, the analyst, and the procedure itself
(errors in data acquisition are known as non-sampling errors).

This approach adopts inverse problems, although errors are
inevitable; the admissible errors fall in the range of about 5%.
All instruments were calibrated before this experimental work
was conducted. In addition, to minimize those errors caused
by instruments (which may, for instance, be due to signal
conditioning), the measurements were repeated at least three
times; the data taken into consideration is the average of these
measurements. The temperature in the laboratory was
maintained at 20 + 1°C, as per international standards with
regard to indoor measuring, obviously also to ensure the
reliability of the instruments. It was noticed, and for the sake
of reducing the noise during the recording of data, that a better
sinusoidal signal was obtained for a natural frequency greater
than 15 Hz. The testing was conducted at various tensions of
interest for all conductors, i.e. 20%, 25 %, and 30% UTS,
measured with load cells. However, the bending strain was
measured by means of the strain-gauges (sensitivity 2.07 and
resistance R = 350 + 5Q), bounded on three uppermost wires
of the conductor, and at the KE. The bending amplitude was
accessed by the double time-integral of the accelerometer
measurement placed at 89 mm from the KE.

B. Experimental results

Data were plotted as bending strains (micro-strains) vs.
bending amplitude (mm), as discussed earlier. Non-sampling
errors were reduced by running several measurements for the
same bending amplitude point. N is the number of tested
amplitudes, from 0.01- 0.1mm, with a step of 0.01 mm; and
0.1-1.2 mm with a step of 0.1, consecutively. N = 21 for
Rabbit and Pelican. The amplitudes attempted for Tern and
Bersfort were 1.0 mm and 0.8 mm, respectively, which
yielded N = 19 for Tern, and N =17 for Bersfort. For each
amplitude three measurements were recorded: their mean was
used as the final measurement. The error bars shown in the
line graph above represent a description of strength of
confidence that the mean of the bending strain (&p1, €52, €p3)
represents the true bending strain value. The more the original
data values range above and below the mean, the wider the
error bars and less confidence there is of a particular value.
These error bars are then compared with the distribution of
data points in the original scatter plot above. With the error
bars present, what may be said about the difference in the
means of the bending strain values for each bending
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Fig.2. State of the Art and Mechanical Oscillation Vibration Research and Testing Centre (VRTC) test bench.
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amplitude? Should the upper error bar for one bending op = Ezep 4)
amplitude overlap the range of bending strain values within

the error bar of another bending amplitude, there is a much where g, is the bending stress in MPa, E, is the Young
smaller likelihood that these two bending strain values will ~ Modulus of the Aluminum equal to E,= 6.9 GPa, and &, is the

differ significantly. The Standard Error (SE), is an indication  bending strain in micro-strains.
of the reliability of the mean. A small SE is an indication that

the sample mean is a more accurate reflection of the actual The coefficient or function parameters, i.e. By,B;, B,, and
pending-strain mean. A larger sample size will normally result B, of the eq.1 are given in the tables below, for the various
in a smaller SE. conductors tested and the ranges of tension: Table | (ACSR

Rabbit), Table Il (ACSR Pelican), Table 111 (ACSR Tern), and
Table IV (ACSR Bersfort). In general, the estimator parameter

800

ACSR Rabbit Conductor 25% UTS was close to 1. There was a small deviation between the
700 | mean (c, ¢, ,. €, ,)&std errors 1 statistical model and the experimental data defined by the SSE
(eq.2).
= 600 1
©
8 500 ] TABLE .
§ ACSR RABBIT
£ 400 1 Coefficient ~ 20% UTS 25% UTS  30% UTS
©
2 BO 0.464 0.53 227
2300 1
=l B1 45.27 59.33 44,61
(&)
@ 200 l B2 -24.03 -46.75 -16.52
100 1 B3 9.54 28.04 13.28
0 . . . . . .
0 0.2 0.4 0.6 0.8 1 1.2 TABLE Il
Bending Amplitude y, (mm) ACSR PELICAN
Fig.3. lllustration of the mean value of the bending stress and the error bars Coefficient 20% UTS 25% UTS 30% UTS
of the ACSR Rabbit tension at 25 % UTS.
BO 0.57 0.60 3.54
IV. DISCUSSIONS Bl 95.01 93.10 29.63
A. Polynomial Model B2 -93.93 -86.03 15.66
To perform the regression technique on the data recorded, and B3 36.22 30.78 -1.082
for convenience' sake, the bending strain was expressed in the
bending stress (MPa), using the law of Hooke eq.4, as follows:
TABLE 111,
ACSR TERN
& ACSR Rabbit < ACSR Pelican
E E
=3 2
g § @ 20% UTS
5 & 20%UTS 7 - 25% UTS
= - 25% UTS ©
S - 30% UTS e A 30% UTS
Ot5 170 1.5 0.0 O'.5 170 15
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50 40
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1S 404 1S 304
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2 30 =
a @ 20% UTS g 204
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B - 25% UTS 3 20% UTS
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Fig 3. The data points represent the stresses measured. Lines show a curve-fitting equation that may be used to approximate the data points at 20 % UTS, 25
% UTS, and 30% UTS, for the various conductors tested, i.e., Rabbit, Pelican, Tern, and Bersfort.
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Coefficient 20% UTS 25% UTS 30% UTS
BO 0.3913 -0.9799 0.9462
B1 66.5 84.92 47.22
B2 -70.58 -66.95 15.58
B3 38.9 26.01 -23.48

TABLE IV.
ACSR BERSFORT

Coefficient 20% UTS 25% UTS 30% UTS
BO 0.6686 1.222 2.422
B1 37.87 65.58 39.17
B2 -23.08 -61.72 14.04
B3 14.01 28.07 -21.85

B. Tension Effect Analysis for stress distribution in the
conductor

The scenario in this experimental work is that the ACSR
Rabbit and Pelican conductors constitute one steel core in
which the diameters of both the aluminium and core wires are
the same. On the other hand, ACSR Tern and Bersfort have
multi-steel core conductors (7-steel wires) with varying
diameters of aluminum and steel. The stress function is given
by the expression in eq.2 in which the function parameters or
coefficients, i.e. By, By, B,and B are particular (unique) to
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each conductor and each tension H; i.e. 20 % UTS, 25 %
UTS, and 30 % UTS. It is therefore important to discover the
physical interpretation of differing parameters in the
mentioned expression. Although the polynomial model is not
simple to interpret [9], variations of the differing coefficients
with respect to tension give an overview of the factor which
affects the stress behaviour. A theory elaborated by Papailiou
on the stick-slip principle is well-identified in the analysis of
the various functions of parameters present in the figure below
(Fig.4). As the final objective is to identify each possible
function parameter as such, much experimental work is
needed to achieve such a future study. However, the data in
hand were helpful in demonstrating some elaborated theories
on the conductor mechanism during the vibration peak to
peak: a combination of slipping and sliding. In the first status,
there is contact friction between wire of the same layer and
wire from consecutive layers. In the second, the stick status is
seen when wires are interlocked with each other. Finally, there
is the combined slip-stick when, for instance, for low-
vibration amplitudes, the bending stress has begun slowly to
vary with the tension from 20% UTS to 25% UTS compared
with the variation from 25% to 30% UTS where it is noticed
as non-linear.

In general, the B, increases towards the positive axis values
for all conductors except for the ACSR Bersfort. On this
conductor, the 0.2 to 0.25 ratio of the UTS B, varies from 0.73
to 0.54, increasing to 2.4 at the 0.3 tension ratio. In all
cases By, B, and B;at 20% and 25% UTS of the ACSR tern
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Fig.4 Variation of function parameter BO, B1, B2 and B3 respectively, left-up, left-down, right-up, and right down with respect to the tension which is

given by the ratio between the tension and the ultimate tension
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conductor are, respectively, equal to B;, B, and B; at 25%
and 30% UTS of ACSR Bersfort. These two ACSR
conductors have the same number of layers, n is equal to three
(2n-1=3), but different stranded numbers of wires in their
structure (ACSR Tern with 45 aluminium wires and 7 steel
wires; while ACSR Bersfort has 48 aluminium wires and the
same number 7 of steel wires. The equal approximate values
were observed in some cases of the analysis of the results
obtained; for instance, B, at 20% UTS of the ACSR Rabbit
are almost the same, with the ACSR Tern at the same tension.
This function parameter is much closer at 25% for ACSR
Rabbit, ACSR Pelican and ACSR Bersfort. The function
parameter B; at 30% is likely to be the same in ACSR
Rabbit, ACSR Tern, and ACSR Bersfort. The function
parameters B, of the ACSR Pelican at 20% and 25% UTS are
equal, respectively, to those of ACSR Tern and ACSR Rabbit.
The discussions were based on the comparison of the
elaborated model, the P-S model, and the results of the
experiments. In this summary, a numerical application is given
in order to ascertain the best method of predicting, as
developed in the preceding section. Selection is derived by
comparing the results on the ACSR Tern conductor, i.e.,
amplitude peak to peak from 0.2 to 1 mm, overall diameter: 27
mm, tension 20 % UTS. Using the eq. 2 and P-S model [1]-[3]
respectively, the results of this comparison were summarized
in Table V. below. The statistical model thus developed yields
a much closer result to the experimental ones, compared with
the results from the P-S model. The discrepancy is noted
between 1-6% for the statistical model and 20-30% for the P-S
model. In general, for results of all conductors tested, the
conclusions are at the same level of discrepancy for both
compared models.

TABLE V.
ILLUSTRATION OF COMPARISON BETWEEN STATISTICAL MODEL, EXPERIMENT
RESULTS AND P-S MODEL OF ACSR TERN AT 20% UTS

Bending Amplitude Bending Stress

mm Statistical Model ~ Experiments  P-S Model
0.1 6.37 6.44 3.23
0.2 11.18 111 6.46
0.3 151 15.65 9.7
04 18.19 17.87 12.93
05 20.86 20.1 16.16
0.6 23.29 23.77 19.39
0.7 25.7 26.13 22.62
0.8 28.34 28.01 25.86
0.9 31.43 31.41 29.1
1 35.21 35.23 32.32
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V. CONCLUSION

A simple model of characterization of bending stress of the
conductor rigidly clamped has been developed and compared
with the existing models. The statistical model is of great
significance because of the accuracy that it produces, despite
some limits which may arise. By developing the model, it was
possible to identify theories such as the slip-stick status in the
various function parameters developed by the analysis of the
tension effect.

The realistic model thus developed may be improved in
future, using the same approach on several conductors with
the same configuration and number of layers but with different
diameters of stranded wires. This would be to assess the
dependence of the various function parameters of the
statistical model developed.
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