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Abstract—In this paper, an efficient direct method based on
Legendre wavelets is introduced to approximate the solution
of Fredholm integral equations of the first kind. These basic
functions are orthonormal and have compact support. The
properties of the Legendre wavelets are utilized to convert the
integral equations into a system of linear algebraic equations.
The main characteristic of the method is low cost of setting
up the equations without using any projection method. Fur-
thermore an estimation of error bound for the present method
is proved. Finally, some numerical examples are provided to
demonstrate the applicability and accuracy of the proposed
technique.

Index Terms—Fredholm integral equation of the first kind,
Legendre wavelets, Direct method, Error bound.

I. INTRODUCTION

NTEGRAL equation has been one of the essential tools

for various areas of applied mathematics. Integral equa-
tions are widely involved in many scientific and engineering
problems [1], [2], [3]. Fredholm integral equation of the
first kind is one of the inverse problem that arise in many
physical models and engineering fields, such as radiography,
spectroscopy, cosmic radiation and image processing.
In this paper, we consider Fredholm integral equation of the
first kind of the following form

/O k(t, 5)f(s)ds = g(t),

where ¢(t) and k(t,s) are given continuous functions on
[0,1] and [0, 1] x [0, 1], respectively, and f(¢) is the solution
to be determined.

Fredholm integral equation of the first kind is one of the ill-
posed problems, and its numerical treatment is more difficult
than second kind one, which has been widely studied [4],
[51, [6], [7], [8], so, it is difficult to employ an appropriate
numerical method. Several numerical methods have been
used to approximate the solution of Eq. (1). Babolian and
Delves [9] introduced an augmented Galerkin method for
Fredholm integral equations of the first kind. In [10], compu-
tational projection methods were presented for the numerical
solution of Fredholm integral equations. Shang and Han [11]
obtained an approximate solution of these integral equations
by Legendre multi-wavelets. Also, Adibi and Assari in [12]
solved Fredholm integral equation of the first kind based on

0<t<1, (D
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Chebyshev wavelet method.

Within recent years, wavelets lead to a huge number of
applications in numerical approximations. A survey of some
of their usages in various sciences can be found in [13].
The main characteristic of wavelets is their ability to convert
the given differential and integral equations to a system
of linear or nonlinear algebraic equations, which are then
solved by existing numerical methods. Legendre wavelet has
been used to solve different types of integral equations and
integro-differential equations because of its good accuracy
in approximations. An excellent survey on applications of
Legendre wavelets for solving different problems can be
found in [14], [15], [16], [17], [18].

In the present paper, we propose a direct computational
method based on Legendre wavelets to determine the so-
lution of Fredholm integral equations of the first kind. The
properties of Legendre wavelets are applied to evaluate the
unknown coefficients and find an approximate solution for
Eq. (1).

The paper is organized as follows: In Section 2, we review
the basic properties of wavelets and Legendre wavelets re-
quired for our subsequent development. Section 3 is devoted
to the derivation of a computational method to solve Eq. (1)
by using Legendre wavelets. In Section 4, we discuss the
convergence analysis and error estimation. Several examples
are given in section 5 to indicate the applicability and the
accuracy of the numerical technique.

II. WAVELETS AND THEIR PROPERTIES

Wavelets constitute a family of functions constructed from
dilation and translation of a single function called mother
wavelet. When the dilation parameter a and the translation
parameter b vary continuously, we have the following family
of continuous wavelets

_1 (t=0
wa,b(t) = |a" 21/}(7)’ a7b€R7a7éO'
If we consider the parameters a and b as discrete values
a = aak, b = nboagk, where ag > 0, by > 0 and n and
k are positive integers, then we have the following discrete
wavelets:

Uk (t) = |ao| 2 (abt — nby),

where 1, (t) form a wavelet basis for L?(R). In particular,
when ag = 2 and by = 1 then ), 1 (¢) form an orthonormal
basis [13].
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A. Legendre wavelet

For any positive integer k, the Legendre wavelets are
defined on the interval [0, 1) as follows:

wnm(t) =
0, otherwise,
where n = 1,2,---,25 1 and m = 0,1,---, M — 1. Here,
L., (t) are the Legendre polynomials of order m and can be
determined by the recurrence formulae as following:

Lo(t) =1, Li(t) =t,
2m +1 m
Lm+1(t) = m—|— 1 th(t) — mi—HLmil(t)j
m=1,2.3,....

B. Function approximation

A function f(t) € L?[0,1) may be expanded in terms of
Legendre wavelets as follows:

2k=1 pr—1

ft) ~ Z Z CnmPnm(t) = CT\IJ(t)v 2

n=1 m=0

where C and W(t) are 281 M x 1 vectors given by

C = [C10,C11, -+ -, CL(M—1)s - - - » Cak—105 - - -, Car—1(a—1)) " »
\Ij(t) = [wl()(t)7 e 71/}1(M—1) (t)7w20(t>7 cee 7¢2(M—1) (t)7

o tharmig(t), - ok -y ()]
In Eq. (2), the wavelet coefficients are determined by ¢, =
(f@),Ynm (1)), forn=1,2,--- 2F"1 'm =0,1,---, M-
1, and, (.,.) denotes the inner product.
Similarly, the function k(t,s) € L?([0,1) x [0,1)) may be
estimated as:
k(t,s) ~ T (t)K¥(s), 3)

where K is a 271 M x 25=1 M matrix that

kij = (i), (k(t,9).05(9)) ), ij = 12,2570,
“)

III. THE PROPOSED NUMERICAL METHOD

In this section, we introduce a numerical method to solve
Eq. (1) by means of Legendre wavelets. For this purpose,
assume that

ft) = CTo(), (5)
g(t) =~ GT (1), (6)
k(t,s) ~ U7 (H)K¥(s), (7)

where K is a known 28~1 0 x 25¥—1M/-dimensional matrix
and G is a known 2F~!M-vector. In Eq. (5), C is an
unknown 25~! M -vector.

By substituting Egs. (5) —(7) into Eq. (1), we get

/ 1 VT (K ()07 (s)Cds = U1 ()G, ®)
0

T (HK (/01 \I/(s)\I/T(s)ds> cC=v"tG. (9
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o 325 L (25 - 2n 4 1), e [2a52, 2,

Furthermore, the integration of the cross-product of two
Legendre wavelets vectors is

1
/ T()UT (t)dt =1, (10)
0
where 1 is the 2¥~1 M identity matrix.
Using Eq. (10), Eq. (9) can be replaced by
T (H)KIC = ¢7()G. (1)

Therefore, we have the following linear system of equations:

KC = G, (12)

by solving the linear system (12), we can find the unknown
vector C.

IV. CONVERGENCE ANALYSIS

In this section, we are concerned with the error bound
and convergence of the proposed method by the following
theorem.

Theorem. Suppose that f € C’<M)[O7 1) is a real-

2k‘—1

valued function such that f = > f,, and let Y, =
n=1

Span{wno (t)7 wnl (t)7 M ’wn(]\/f—l> (t)}’ n = 17 2’ MR 2k_1'
T
If C,, ¥, (t) is the best approximation to f,, from Y;,, where

'acn(Mfl)]Ta
\Iln(t) = [wnO(t)a Yn1 (t)a ¢n2(t)7 T awn(Mfl)(t)]Ta

then f, ,, (1) = CT\II(t) approximates f(t) with the follow-
ing error bound

” f(t) - fN,M (t)

(M)

Cn = [cnOaCnlvcha ..

-
<
= M=V MIN2M + 1 (13

@)1

Proof. The Taylor expansion for the function f,(¢)
is

ht) = () + 1 () (- F) +

where v = tgg}f) |f

- (20 — 2 (¢ — 232) M1 -2 _, _2n
In ( 2k ) 7 T
we know that
M
~ (M) (t—2n7,2)
) = S <1 D57
2n—2 2n _
Nl ) n="1220 a4

Since C: W, (t) is the best approximation of f,(t) and f,, €
Y, using (14), we have

fal(t) — cZ\pn(t)Hz < ‘ fu(t) — fn(t)Hz

2n

= [, 190 - Fa0Pat

M

n—2
2k

?EZVWMW—%ﬁWrﬁ
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TABLE 1
ABSOLUTE ERRORS FOR EXAMPLE 1

t Present method Present method Method in [12]
with k=2, M = 2 || with k=2, M =3 || with k=2, m =2
0.1 1.93 x 1077 5.37 x 1011 5.32 x 10~5
0.2 9.22 x 10~8 1.81 x 10~ 11 1.37 x 10~4
0.3 8.48 x 1079 3.61 x 10~ 11 2.21 x 10~*
0.4 1.09 x 1077 1.57 x 10~13 3.04 x 10~4
0.5 5.23 x 10~8 1.70 x 10~ 11 5.98 x 10~4
0.6 3.85 x 10~8 8.14 x 1012 3.80 x 10—4
0.7 2.47 x 10~8 2.16 x 10~12 5.51 x 10~4
0.8 1.09 x 108 8.99 x 10~13 7.21 x 10~4
0.9 2.82 x 1079 1.06 x 10~ 12 8.92 x 10~

v 12 [2F 2n — 2\2M
S {M} /2n72 (t_ 2k ) dt

[ 1
B [M} 2(k—DCM+1)(2M + 1)
Now,

2

fal) = CL T 0|

fro-cvol, <X

72

= QD@D (AN2RM + 1)

By taking the square roots, we get the error estimate of
approximate f(t) with CT\IJ(t). Obviously, by considering
assumptions of this theorem, we infer that CT\Il(t) = f(t)
as M, k are sufficiently large. ]

V. NUMERICAL EXAMPLES

In this section, we present several examples to approximate
the solution of Fredholm integral equations of the first kind
using numerical method described in the previous sections.
In order to demonstrate the performance of the method
and clarify the accuracy and the efficiency of the proposed
method, we compare the results of our method with the
results from some other methods. The numerical experiments
are implemented in the software Mathematica 9.

A. Example 1

Consider the following Fredholm integral equation of the
first kind:

sint — tcost

/0 sin(ts)f(s)ds= ————, 0<

2 t<1,
with the exact solution f(¢) = t. The computational results
are displayed in Table I and Fig. 1. In Table I the absolute
errors of the proposed method are compared with the results
obtained by the Chebyshev wavelet method [12]. Fig. 1
shows the exact and approximate solution for k = 2 and M
=3.
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Fig. 1. The Exact Solution and Approximate Solution for Example 1 .
TABLE II
ABSOLUTE ERRORS FOR EXAMPLE 2
t Present method Present method Method in [12]
with k=2, M = 2 || withk=2, M =3 || withk=2, m =3
0.1 2.99 x 10~3 2.04 x 104 9.37 x 10~*
0.2 1.42 x 102 2.35 x 10~4 2.65 x 10~°
0.3 1.66 x 10—2 4.66 x 1074 1.08 x 103
0.4 5.47 x 1073 7.97 x 10~4 1.10 x 103
0.5 6.36 x 10~2 6.20 x 10~3 1.25 x 10~4
0.6 1.68 x 102 6.00 x 10—4 2.11 x 10~3
0.7 1.16 x 102 9.01 x 10~ 2.26 x 10~3
0.8 2.00 x 10~2 2.16 x 104 7.28 x 10~4
0.9 6.13 x 10~3 5.37 x 10~4 3.83 x 10~
T T T T T
L Solid line—Exact solution
25+ @ - Approximate solution —
201 B
15+ B
10 C L L L L L L L L L L L L L L L L L L L |
0.0 0.2 0.4 0.6 0.8 1.0

Fig. 2. The Exact Solution and Approximate Solution for Example 2.

B. Example 2

As the second example, the following Fredholm integral
equation of the first kind is considered

1 t+1 1
/ e f(s)ds = —— ,

0<t<1.
0 t+1

The exact solution of this problem is f(t) = ef. Table I
and Fig. 2 show the numerical results for this example.
A comparison between the absolute errors of our method
together with Chebyshev wavelet method [12] for ¢ € [0,1)
is shown in Table II. The approximate solution (for k = 2
and M = 3) together with the exact solution are depicted in
Fig. 2.
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TABLE III
ABSOLUTE ERRORS FOR EXAMPLE 3 [6] K. Maleknejad and Y. Mahmoudi, “Numerical solution of linear
Fredholm integral equation by using hybrid Taylor and Block-Pulse
. Present method Present method method in [10] glgécnzoél()z Applied Mathematics and Computation, vol. 149, pp. 799-
with k=2, M =2 || withk=2, M =3 with j=3 [71 M. H. Reihani and Z. Abadi, “Rationalized Haar functions method
0.1 6.29 x 103 1.94 x 10—13 553 x 102 for solving Fredholm and Volterra integral equations,” Journal of
Computational and Applied Mathematics, vol. 200, pp. 12-20, 2007.
-2 —14 -2 p PP > > PP >
0.2 1.63 > 10 3 2.59 %10 13 5.09 x 10 N [8] K. Maleknejad and M. N. Sahlan, “The method of moments for
0.3 6.37 x 10~ 6.19 x 10~ 1.59 x 10~ solution of second kind Fredholm integral equations based on B-spline
0.4 2.35 x 102 1.74 x 10—12 3.94 x 10~ wavelets,” International Journal of Computer Mathematics, vol. 87, pp.
05 | 1.74x 102 1.25 x 10~ 11 6.24 x 10~ 1602-1616, 2010. .
s 1 1 [9] E. Babolian and L. M. Delves, ”An augmented Galerkin method for
0.6 1.56 x 10 2.74 x 10 6.14 x 10 first kind Fredholm equations,” Journal of the Institute of Mathematics
0.7 2.88 x 1072 2.70 x 10~12 6.27 x 1071 and its Applications , vol. 12, pp. 157-174, 1979.
0.8 4.80 x 10~2 3.81 x 10—12 3.44 x 10~ [10] M. Rabbani, K. Maleknejad, N. Aghazadeh and R. Mollapourasl,
_ _ _ “Computational projection methods for solving Fredholm integral equa-
3 13 2
09 4.90 x 10 5.60 x 10 3.37 x 10 tion,” Applied Mathematics and Computation, vol. 191, pp. 140-143,

2007.

[11] X. Shang and D. Han, “Numerical solution of Fredholm integral
equations of the first kind by using linear Legendre multi-wavelets,”
Applied Mathematics and Computation, vol. 191, pp. 440-444, 2007.

[12] H. Adibi and P. Assari, “Chebyshev wavelet method for numerical
solution of Fredholm integral equations of the first kind,” Mathematical
Problems in Engineering, vol. 2010, 17 pages, 2010.

[13] E Keinert, Wavelets and Multiwavelets (Studies in Advanced Mathe-
matics), New York, Chapman and Hall/CRC, 2003.

[14] S. Yousefi and M. Razzaghi, “Legendre wavelets method for the
nonlinear Volterra—Fredholm integral equations,” Mathematics and
Computers in Simulation, vol. 70, pp. 1-8, 2005.

[15] S. G. Venkatesh, S. K. Ayyaswamy and S. R. Balachandar, “Con-
vergence analysis of Legendre wavelets method for solving Fredholm
integral equations,” Applied Mathematical Sciences , vol. 46, pp. 2289-
2296, 2012.

[16] J. Biazar and H. Ebrahimi, “Legendre wavelets for systems of Fred-
holm integral equations of the second kind,” World Applied Sciences
Journal, vol. 9, no. 9, pp. 1008-1012, 2010.

Fig. 3. The Exact Solution and Approximate Solution for Example 3 . [17] F. Mohammadi and M. M. Hosseini, “A new Legendre wavelet oper-
ational matrix of derivative and its applications in solving the singular
ordinary differential equation,” Journal of The Franklin Institute, vol.
348, pp. 1787-1796, 2011.

[18] K. Maleknejad, M. TavassoliKajani and Y. Mahmoudi, “Numerical
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C. Example 3 solution of linear Fredholm and volterra integral equation of the second
Consider the following Fredholm integral equation of the 1;3})(12 by using Legendre wavelets,” Kybernetes, vol. 32, pp. 1530-1539,
first kind: -

/1 V&2 +2f(s)ds =g(t), 0<t<1,
0

where

g(t) = % (16(t2)% + 3t* (log[t?]

—2log[l + V1 +22]) — 2v/ 1+ 2(2 + 5t2)),

and with the exact solution f(¢) = ¢(¢t—1). Table III and Fig.
3 show the numerical results for this example. The compari-
son results between the proposed method and Computational
projection methods [10] are tabulated in Table III. Moreover,
Fig. 3 displays the exact solution and approximate solution
with k =2 and M = 3.
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