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On the Singular Integral Equation Connected
with the Stokes Gravity Waves

Nino Khatiashvili

Abstract— The nonlinear singular integral equation
associated with the Stokes gravity waves in the incompressible
Euler fluid is studied. The existence of the solution is proved
and the approximate solution is constructed by means of
Maple.

Index Terms— Singular Integral Equation, Stokes Gravity
Waves

I. INTRODUCTION

tokes gravity wave is a periodic surface wave of per-

manent form on an invisced fluid layer of constant mean

depth. In this case viscosity and compression plays an
insignificant role and the fluid is assumed to be incompre-
ssible Euler fluid [1], [2], [3], [4]. The wavelength is small
as compared with the mean depth. It is assumed, that the
bot-tom of the reservoir is flat and the motion is two-dimen-
sional. In the early work of the author the singular integral
equation for the Stokes free boundary was obtained [5]. In
the present work it is assumed, that the period of the wave is
rather small. The integral equation is simplified and the
exis-tence of the solution is proved by means of
Muskhelishvili theory and Shauder’s fixed point principle
[11], [12]. The approximate profile of the wave is
constructed by using Maple.

Il. STATEMENT OF THE PROBLEM

The coordinate system XQOy moving with the wave is

chosen. The axis OX passes along the bottom and the axis
Oy passes through the maximum point of the wave.
Mathematically the problem is stated as follows [3]

STOKES PROBLEM. Find the periodic curve
I':y=y(X) suchthat,if f isaconformal mapping of

thearea D = {0 <t< y(x)} on the strip
{0<w <0, q=const}, f(+0) =00, thenthe

%| '@ +gy=AA=const, (@

where f(z)=@+iy,, z=X+1y, is a complex
potential, ¢ is a speed potential, { is a stream function,

f'(z) is a complex speed, A and Q are the definite
positive constants, g is a gravity acceleration.

Here we consider the Stokes Problem for the symmetric
periodic peaked waves with the period 2@, and with the

condition f (2a, +ig)=0. The case f (z) # 0, was
considered by different authors [1], [2], [3], [4]. [6], [7]. [8],
[9].

I1l. SOLUTION OF THE PROBLEM

In the work of the author [5] the Stokes problem was
reduced to the following singular integral equation

u(to)zzgf sin| % j[lnu(t)] K(t,7) dt dr, "

t, €[0,2m,],

Kt 7)=[glt-7)-c(t+7)-c(t-7-iw,)
+st+7r-iw,)],

where U(t,) is an unknown function of the Muskhelishvili-
Kveselava H “class [11], Inzis the branch for which
IN1=0, ¢ is the Weierstrss “zeta-function” for the

fundamental periods 2@, and 2iw,, @, = q [10].

Weierstrass “zeta-function” is representable by the series
[10]

' iti o7 =« nZ
following condition holds c(z) ==+ ctg +
20, 20, " 20,
0 2r (3)
2w h . Iz — W,
— >—Sin——;h=exp ,
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1. Itisameromorphic function with the simple poles
T.,=2Mao, +2niw,; m,n=0,£1,%2,...
2. ¢(-71)=—(2).
3. ¢(2) is adouble quasi-periodic function, i.e.
c(2+20,) = 5(2) +3,,
s(z+2iw,) =¢(z)+0,,
where &, and 9, , are the addends of
25(ay) =0y, 25(iw,) =0,,
10,0, —@,0, =7 .
4. [Ino(2)] =¢(z),where o(z) is the Weierstrass
“sigma-function”
Having found U(t, ), one period of the profile of the
Stokes wave will be given by the formula

1
fo(to) =5(2A—u2’3(t0)- 4)

As the function u(t,) is symmetric, by using the

properties of “zeta-function” we can rewrite the equation (2)
in the form

uty) =3g[ sin < AU B

t, €[0,m,],

where

A= [InuOI K@ dt e @

Kt 7)=[c(t-7)—c(t+7)—
12c(t—-7—iw,)+12s(t+7—-iw,)]— (7)
1/2¢(t-7+iw,)+1/25(t+7 +iw,)].

Assume that the solution of (5) is representable in the
form

u(to) = V(to) Uy (to)’ (@)
Uy (t,) = -1 -(sin ”tOJIn (sin ”—%],(9)
cos? 7ty 20, 20,
20,

where V(t,) is an unknown positive function of Holder
class.
By the representation (7) it is obvious A[u(0)] = 0.

We now suppose, that @, is rather small and taking into
account the properties of “zeta-function”, the formulas (3),
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(8), (9) and, we can rewrite equation (5) in the following
form

Wt ) = 2 [NV Kyt D0+ 1)
T 0
F(t,) = iTln U, (O K, (t,, H)dt t, <[0, @,], (10)
2z

where

Ko (ty,t) =1/2x

|n| ot,-t—iw,)o(t, -t+im,) y
o’ (t, —t)o’(t, +1)

ot, +t+iw,)o(t, +t—iw,)c*
oit—iw,)ol(t+iw,)

(1)

(t) I

0(2) is the Weierstrass “sigma-function”. According to
the properties of “sigma-function” the kernel K, (t,,t) is

weakly singular.
(10) is the integral equation with respect to V(t,). Let

us rewrite it as

W(to)= 5= j Inv(t) K, (t,,)dt + £ (t,); (12)

0()

fr(t,) = jlnu () K, (t,,t)dt,t, €[0, ;]

o()

Using the representation (3) and properties of “zeta-
function” we obtain

Ko(tmt) = Kl(t01t) + Kz(to’t),

where
] t
smzzﬂ—
K, (t,,t) = In @ a9
| sin?~-° sin2 =~
@, 20,
25t2
K(to’t)_
@,
nﬂ(tozt_i%)sinﬂ(tozt”%)
1/21n ! =T ! x
Siﬂzﬂ-i2
20,
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n7[('[0+t— z(t,+t+im,)
20, 20,
»w(t+iw,)

20,

iwZ)sin

+  (14)
sin

o0 § h2r
el | 1-

. oIt rrt .
sin cos sin

2r
h 10} @,

,ITim,
20,

The kernel K (t,,t) has the logarithmic singularity, the

kernel K, (t,,t) is continuous on the set [0, @, ]x[0, @,]
and

K (tht)

lim =0.

t,—0

Consequently

||m jlnu (1)K, (t,,t)dt = 0. (15)

t,—0

o(t)

Now, let us consider the first term of the formula

fr(t,) = jlnu (t) K, (t,, t)dt +

0()

j Inu, (t) K, (t,, t)dt.

(16)

o()

Taking into account formula (13) and inserting

|
t'=sin — into first term of (16) we obtain
20,

NG )jlnu () K, (t,,t)dt =

j[ Int+Infint-In2@-1)]x  @7)

0()

2
. . t
! In — t , 2dt,tO:smh.
-2 [t° - ()7 20,

By using the representations (15), (16), (17) and properties
of the Cauchy type integrals [11], it is easy to conclude that

the function f ~is Holder continuous in [0, @,], belongs to

the class H | at the point t, = 0 and

(18)

lim f(t)— 1In(\/_+1) A

ty—0
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Now, let us suppose

n V() V() o

A 19
A A (19)

Inserting (19) into the right -hand side of (12) we obtain

V)= (t | j["(t) “141n A" K, (&, tydt +

f(ty) = BIV(t,)]; (20)

t, €[0,m,].

Hence, instead of equation (12) we consider the

approximate equation (20). Let us analyze this equation.

Let be veScCl[0,m], |V|S My;M,>0,is a
bounded set of functions, from (20) according to the
properties of the kernel K, (t,,t)and formula (18) we
obtain

~1+1In A" K, (t,, t)dt + (22)

Zﬂuo (to) 0

. M .
£ (t,) |S%{AB }[MﬁMZ],

where

Ko (o, t)dt |,

@ 1
max| I

0 UO(tO)
M, =max| f"(t,)], t, € [0, @],

Also, the following formula is valid

| B[v(t,)] - B[v(t,)]|< Zi

| Kol _Kolte)
D up(t) uty)

+] f*('[1)_ f*(tz) [ t.t, e[0,@] (22

Taking into account the properties of the functions in (21)
and (22)

£7(t,) and jK ((tto')t)

and formula (18) we conclude that the set of functions S is
uniformly ~ bounded and  uniformly  continuous.
Consequently, Arcella conditions holds and the operator

B is completely continuous.

WCE 2017



Proceedings of the World Congress on Engineering 2017 Vol 1
WCE 2017, July 5-7, 2017, London, U.K.

Also, according to the formula (18) and Muskhelishvili
[11] and Mikhlin [13] the function on the right- hand side of

(20) is Holder continuous in [0, @, ] and belongs to the class
H atthe point t, =0 .
Hence, we have proved the following

THEOREM 1. The operator B on the right- hand side of
(20) is completely continuous in the space C[0, @, ], if the
integral equation (20) has the continuous solution, it belongs
to the Holder class and |jmV(t,) = A"

t,—0

Now, let us prove, that the solution of equation (20) exists.
Putting the notation t = e,t; in the integral of the right-
hand side of (20) we can represent this integral equation as

V(a)lt) (23)

v(to)— o(t vl I[ —1+In A"]x

Ko(to, al)dt +—— =2~ f7(t)) = BIv(t,)];

o( 0)
t, €[0,m,].
The following theorem is valid

THEOREM 2. There exists the solution of equation (23) of
the class C[0, @, ] in the ball
| V() — A |<& A > g, (24)

Taking into the account the representation (23) we
obtain

| Bv(t,) - A'|=

1
&g[l+lnA*]xj|—K°(t°’wlt)|dt+
2r o Up(ty)
1Y f**(to) 4
a9 LN T2 +)) |<e,. 25
2| wty) x 2D IsE (29

The formula (25) implies, that & satisfies the condition

SO0 A+ 29m:, (26
27 27
M _maxj|M| dt, t, e[0,a,],
o Uo(ty)
M, = max| f (tO)—iln(\/E+1) |
oty T
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Hence, according to Shauder’s fixed point principle, if
o, and g satisfy the condition (26) there exists the

continuous solution of equation (23) and consequently of
equation (20).

According to (5), (8), (9), (20), (23) and Theorem 2. we
conclude, that the function given by the formulas (8), (9) is
the solution of equation (2) in the ball (24).

IV. CONCLUSION

There exist the Stokes gravity periodic waves of the form

where V(t,) is a Holder continues positive function, @, is
a rather small positive number.

As g, from the condition (26) is rather small one of the
approximate solutions of the equation (20) is V(t,) ~ A"

and consequently the approximate solution of the equation
(2) of the type (8), (9) is

- A ot 7t
u(t,) = -(sm e J -In (sm QJ
COSZ 7Tt0 2601 2(()1

20,

According to (4) the corresponding Stokes wave will be
given by

* 2/3
f (t)———i A -(sin”tOJ x
g 29 cos*® =0 7t

20,
t 2/3
(— In (Sin hj} .
20,

Below, the graph of (27) is constructed by means of Maple-
12 for the different parameters and is given in Figure 1,
Figure 2 and Figure 3.

(27)
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0.995—: _ _3_ga ! ! _ %
u(&) = o _([|z (®)[[In|z' (t)] —2/3Inu(t)]
K(t,&)dt; & <[0,al,

0985 4

\/b2—§2+\/b2—t2 +In|a2_t2|
N T

K(t, &) =2In

0975 4

] 1
0,570 Z'(t) =C
; 0005 0010 0015 0.020 \/az _tz \/bz _tz

where C is the definite constant, a and b are the arbitrary

Fig.1. The graph of (27) in case of small positive constants. In [7] the approximate solution of

A=g; A" ~0.0L e, =0.05 this equation is given.
0.995 4
ACKNOWLEDGMENT
. The author is grateful to Professor Vakhtang Paatashvili

for the useful remarks.

0985 4

0.980 4

REFERENCES

[1] G. H. Stokes, “On the Theory of Ocsillatory Waves”, Transactions of
the Cambridge Philosophical Society, vol.VIIl, no.10, 1847, pp. 197-

09754

229.
v ] [2] G.B. Whitman, Linear and Nonlinear Waves, Wiley-Interscience,
o I Ts NY-London-Toronto, 1974, ch. 13.13.
x [3] M.A. Lavrent’ev and B.V Shabat, The Problems of Hydrodynamics
and their Mathematical Models, Nauka, Moscow, 1980,
Fig.2. The graph of (27) in case of ch.5(Russian) o _
- [4] S.K.Chakrabarti, Handbook of Offshore Engineering, Elsevier, 2005.
A= g, A~ O.l;a)l =0.5. [5] N.Khatiashvili,“ On the nonlinear plane boundary value problem”,
Reports of VIAM, vol.X, no.l, 1995, pp. 46-49.
[6] N.Khatiashvili,” On Stokes nonlinear integral wave equation”,

Integral Methods in Science and Engineering (editors B. Bertram, C.
Constanda, A. Struthers), Research Notes in Mathemathcs Series,
CRC, 2000, pp. 200-204.

[7]1 N.Khatiashvili, “On the Stokes Nonlinear Waves in 2D”,Recent

1990 ] Advances in Mathematics and Computational Science (ed. Imre
Rudas), vol.58, 2016, pp. 81-84.

[8] T.B. Benjamin, PJ.Olver, “New Hamiltonian structure, symmetries
and conservation lows for water waves”, Journal of Fluid Mechanics,
vol.125, 1982, pp. 137-185.

1980 [9] E.V.Buldakov, P.H.Taylor, “New asymptotic description of nonlinear

water waves in Lagrangian coordinates”,  Journal of Fluid

Mechanics, vol.562, 2006, pp. 431-185.

1975 4 [10] A. Hurvitz und R. Courant, Vorlesungen Uber Allgemeine
Functionentheorie und Elliptische Functionen, Springer, Berlin, 1929,
ch. 2.

[11] N..I Mukhelishvili, Singular Integral Equations, P. Noordhoff,

0.05 0.1 0.5 Groningen, 1953, ch.1.

[12] L. Lusternik and V. Sobolev, Elements of Functional Analysis,
Moskow, Nauka, 1965, ch.5.

Fig.3. The graph of (27) in case of [13] S. Mikhlin, Elements of Mathematical Physics, Moskow, Nauka,

A= 29 A* ~0 Ol. @ =0.05 1968, ch.3. (Russian)
= ; ~ 0. , =0.

1995 1

1985 1

1970 -

APPENDIX

In the work of the author [6] by means of the conformal
mapping method the Stokes problem was reduced to the
nonlinear integral equation of the different form in a new
variable
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