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The Interaction between a Surface Nonuniform
Foundation and a Regular System
of Punches with Rough Bases

Alexander V. Manzhirov, Member, IAENG, Kirill E. Kazakov, Dmitry A. Parshin

Abstract—Multibody contact problem for a nonuniform foun-
dation and a regular system of rigid punches is under consid-
eration. An appropriate boundary value problem is formulated
and a system of 2D integral equations is obtained which contains
integral operators of different type as well as prescribed rapid
changing functions. An effective projection method for the
solution of such a system is developed. A model problem is
solved. Quantitative and qualitative conclusions are presented.

Index Terms—coating, multibody contact, nonuniform foun-
dation, projection method, rapidly changing functions, regular
system of punches, roughness

INTRODUCTION

ARIOUS aspects of the contact interaction problems

for foundations with coatings have been studied in good
number of papers (see, e.g., [1]-[12]). This paper deals with
foundations which contain nonuniform coatings fabricated
using additive manufacturing technologies. Such foundations
sometimes are called as surface nonuniform foundations. The
strong material nonuniformity of foundations usually results
from the process of layer by layer manufacturing of a coating
(e.g., laser treatment, ion implantation, etc. [13], [14]) and its
further processing. Papers [15], [16] consider the interaction
and wear problems of a single punch with rough base and
foundations with nonuniform coatings. Here we study the
plane multibody contact problem for a surface nonuniform
foundation and a regular system of rigid punches. A system
of punches is said to be regular if the distances between
neighboring punches as well as the widths of punches are
equal to each other respectively and shapes of punches base
are identical.

I. STATEMENT OF THE PROBLEM

We assume that viscoelastic aging layer of an arbitrary
thickness H with a elastic coating of an thickness A lies on a
rigid basis. We denote the moment of lower layer production
by 2. We also assume that the coating rigidity R(z) depend
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on the longitudinal coordinate. It is less than the rigidity of
the lower layer or they are of the same order of magnitude.
This rigidity described by periodic function with period L.
There is smooth contact or perfect contact between layers
and between the lower layer and the rigid base.

At time 7(, the forces P;(t) with eccentricities e;(t)
starts to indent system of n smooth rigid punches into the
surface of such a foundation. We assume that the system
of punches is regular, i.e. punch lengths ¢/ = b, — a; are
equal, the distances between neighbor punches are the same
and equal to L — ¢, and punch base forms are similar, i.e.
gi(x —a;) = gj(x — a;) (4,5 =1,2,...,n). Here a; and b;
are left and right coordinates of ith punch. The lengths of
lines of contact area are . The coating is assumed to be thin
compared with the contact areas, i.e., its thickness satisfies
the condition i < /.

The integral equation of this problem can be written in the
form

q; (J) ) t)h
R(x)
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Ks(t,7) = Eo(1) & [E3 N (1) + Cal(t, 7)],
a; <x<b;

2(1 —v3)
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, t>2T, 1=1,2,...,n,

where §;(t) are the punch settlements and «;(t) are tilt
angles, 7; = (a; + b;) are the punch midpoints; Fx(t)
and v are the Young modulus and Poisson’s ratio of the
lower layer; I is the identity operator; V are the Volterra
integral operator with tensile creep kernel K» (¢, 7); Ca(t,7)
is the tensile creep function; contact rigidity R(z) depend
on the contact conditions between coating and lower layer;
in the case of a smooth coating-layer contact, we have
R(z) = Eq(x)/[1 — vi(x)], and in the case of an perfect
contact, R(z) = Ei(z)[1 — vi(2)]/[1 — vi(x) — 203 (x)],
where F1 (z) and v; (z) are the Young modulus and Poisson’s
ratio of the coating; kpi[(z — &)/ H] is known kernel of the
plane contact problem, which has the form [17]:

kpi(s) = /OO L(w) cos(su) du, (2)
0 u

and, in the case of a smooth contact between the lower layer
and the rigid base, L(u) = (cosh2u — 1)/(sinh 2u + 2u),
and in the case of a perfect contact, L(u) = (2srsinh 2u —
4u)/(2sccosh 2u + 4u? + 1 + »?), 2 = 3 — 4vy.
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Fig. 1.

We supplement Eq. (1) with the conditions of the punches
equilibrium on the foundation

b;
/ G:(€.1) dé = Pi(t

/ Sail6. 1) dS = Mi(D). ()
Here M;(t) = e;(t)
of the forces P;(t).

Let us make the change of variables in (1) and (3) by the

formulas

P;(t) denotes the moments of application

=2 ey = 20 ) = )

Py =) = B, iy 2 BT
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Then, omitting the asterisks, we obtain a system of mixed
integral equations and additional conditions in the dimen-
sionless form

n

c(tym(@)q' (x,t) + (1= V) Y _Fq (z,1)

j=1
X =0"(t) +a'(t)r — g'(x), (5)
/ (€. dé = Pt /ﬁqﬁtdﬁ M),
-1
-1<z<1, t>21, i=12,....,n

There exist a lot of versions of mathematical statements
for the contact problem for a system of punches in the plane
case. It is easy to show that there is one of four types of
conditions on each punch: the load force and moment are
given, the tilt angle of the punch and the load force are given,
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Basic scheme of multiple contact interaction between surface nonuniform layer and system of rigid punches with rough bases.

the punch settlement and the load moment are given, or the
settlement and tilt angle of the punch are given. Thus, there
are 15 versions of mathematical statements for the plane
contact problem for a system of punches.

In what follows, we construct the solution of the system
of two-dimensional equations with the system of auxiliary
conditions (5), which contains integral operators with con-
stant as well as variable limits of integration and two dif-
ferent rapidly changing functions (m(z) and g(z) = ¢*(x),
i=1,2,...,n).

In what follows we will construct the solution of the case
when all forces and moments are known.

II. THE SOLUTION FOR KNOWN FORCE AND MOMENT
Assuming that
q($7 t) = qi(x7t)ii7
z) = g'(2)i, it
g(z) =g'(z) ; ©)

K(r,€) = k9 (2, €)%, Gf(x) = / K(z,6) - £

-1

we can represent system with additional conditions (5) as

c(Oym(@)ale, )+ (- V)Gale, 1) = 6(t) + a(t)e—g(a),
1

[ a(é.t)de = P(t /Sqﬁtdé M), ()

1<ae<l, t>1.

Hereinafter, it will be the summation over repeated upper
indices ¢ and j from 1 to n if the left side of the formula is
independent of the index.

Now we introduce the notation

= +v/m(z T &(z)
k(=8
K(z,¢) = , K(x
(z,¢) NOLIG) / ;&) - £(§) de.

Then operator equation and auxiliary conditions (7) can be
reduced to the following integral equation with the kernel

K(z,&):

c(H)Q(w, 1) +(1-V)FQ(x, 1) <t>+a<%f)<t>g<x>7
' Q) d Leq(e,t @ — I (8)
Ik | Sy =m0
—1<z<1, t=1,
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where

R B (S {3
g = [ S B o) - - V)
P :P(t)+c(1t)/li((?)d ©)
M(t):M(t)—i—% fnf((g dg.

We seek the solution of Eq. (8) in the class of vector func-
tions continuous in time ¢ in the Hilbert space Lo([—1, 1], V).
To this end, we at first construct an orthonormal system of
vector functions in Lo([—1, 1], V') which contains the factor
1/y/m(z) and remaining basis functions can be written
as the products of vector functions depending on x and
weight function 1/4/m(z). The system of vector functions
which satisfies the above conditions can be obtained by the
following formulas:

7 pi* € 7% * o7
pi(e) = PEEL pir(@) =i, =1
_— /T
Jk :/ ——d§, dp=| : . :
1 m(§) : ' )
Je oo Jag (10
Jo Ji - Tk
*( ) 1 J1 Je Jry1
(1) = ——
P v dg—1dy
1z - 2F
Thus, {pi(z)} (i=1,2,...,n, k=0,1,2,...) is a basis in

LQ([_L 1}7 V)

The Hilbert space Lo([—1,1],V) can be presented as
the direct sum of orthogonal subspaces Lo([—1,1],V) =
LV (-1,1),V)e L ([~1,1], V), where L ([1,1], V) is
the Euclidean space with the basis {p{(z), pi(z)}iz1,2....n
and L(2)([ 1,1],V) is the Hilbert space with the basis
{p%(z),p4(x),...}iz1,2,....n- The integrand and the right-
hand side of 1ntegral equatlon (6) can also be presented in
the form of the algebraic sum of functions continuous in
time ¢ and ranging in Lél)([fl, 1], V) and Lém([fl, 1, V),
respectively, i.e.,

Q(xa t) :Ql( t)+Q2($, t)v
0) a0 EDEW) _n (Ao

Al Z, =
(2,1) o) o
= [ VT80 + a0+ sigl0)| b (o)
# [ 2Rl 4 gieto) b
Here  Q(z,t),fi(x,t) € LU ([~1,1], V),
Qu(e:), o) eL‘”([ L1L,V), &) = & () + B2(),
()//m(z) = giph(x) + gipi(x) € L8 ([-1,1],V),

ISBN: 978-988-14048-9-3
ISSN: 2078-0958 (Print); ISSN: 2078-0966 (Online)

2)/\/m(z) € LP([~1,1],V). Coefficients gi and gi
can be determined by formulas

i (§) -8(&) 8¢,
o=y [ g

where K4, are expansion coefficients of the kernel k(z, £):

Z Kmlpm (E)a

f? k:071’

m,l=0
. (12
7erl :/ / pm ‘T 6) (E) dx dfa
m,l=0,1,..., 4,7=1,2,....n

Note that the formula for Q(x,t) contains known term
Q1 (x,t) which is determined by the first auxiliary condition

(6)

i Py JoP'(t) + J M (t)
t)=——~2. t) = , 13
ZO( ) \/TO Zl( ) J()(J()JQ — J12) ( )

and the term Qo (x,t) must be found. Conversely, for the
right-hand side, one should find A (z,t), while Ay (z,t)
is known and determined be the function gy(x). These
peculiarities permit one to class the resulting problem as a
specific case of the generalized projection problem stated
in [18]-[20].

We can introduce the orthogonal projection og)erator map-
ping the space Lo([—1, 1], V') onto subspace L

1
P(e) = [ 1) HOPY (o) + (i ()] .
Obviously, the orthoprojector Po = I — P; maps the
space La([—1,1],V) onto Lg)([—l, 1], V). It is clear, that
PkA(CL',t) = Ak(l',t), PkQ(.’L',t) = Qk(l‘7t) (/C = 1, 2)
Using [18], we apply the orthogonal projection operator
P to equation (8). As a result, we obtain the equation for
determining Q2 (x,t) with a known right-hand side

c(t)Qz(z,t) + (I - V)P2FQa(x,t)
(I V)PoFQ, (1) + SE20)

Vm(z)

It is necessary to construct its solution in the form of
an expansion in the eigenfunctions of the operator PoF
which is a compact, strong positive, and self-adjoint operator
from Lg)([—l, 1], V) into 1)&2)([—17 1], V). The system of
eigenfunctions of such an operator is a basis in the space
L22) ([-1,1], V). The spectral problem for the operator Py F
can be written in the form

PyFo;(z)
= Y GiPin(@)
m=2
This problem leads to the search for solutions of spectral

problem about coefficients y; and w,i,m (k,m = 2,3,...,
i=1,2,...,n):

Sk
1=2

(14)

1
k=23,.... (15

Dl = e, kom=2.3,..,
where coefficients K Zl determined by (12).
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We expand the functions Qz(z, t) and g2 (z)/+/m(z) with
respect to the new basis functions ¢, (z) (k = 2,3,...)

in L ([-1,1),V), ie

t) = Z 2z (t)pr (@),
k=2

where coefficients g; defined by

gk_zzpkmz 3 %ﬁ)

Substituting this equation into (14) and taking into account
that the unknown expansion functions zx(¢) (k = 2,3,...)
can be determined by the formula

gi/% = Z kP (l‘)v
k=2

¢, k=2,3,...

zr(t) = T+ W) {(I - V)[ch_l(t)
— K{2h(t) — Kipzi (0]} /[e(t) + ),
Koo =Y Kghh, Kig = Z Ky, (16)
m=2 m=2

Wi f(t) = / R (t,7) () dr.

where R} (t,7) (k =1,2,...) is the resolvent of the kernel
[c

L
K:(t7T) :’YkKQ(t?T)/ ( ) +7k}
Note that the final solution has the following structure

ont) = s [zz;(t)pz;(x) A Opi)
= = i« _ g(z)

i.e., one can explicitly write out the weight functions m(z)
and g(x) in the solution. Note that the coating nonuniformity
is related to m(x) and punches base forms function is related
to g(x) in the relations of change of variables (4), they can
described by complicated and rapidly changing functions.
The formulas obtained permit obtaining efficient solutions.
Such a result can hardly be done by other known methods.

In order to find the unknown punch settlement and tilt
angle we act integral equation (8) by operator P

Jo i B g
A0 a-v)| - 4

K () + K () + chikzka)} }

a'(t) =

5i(t) = — {c(t)zé(t)+(I—V)[_gé

VI ()
i

+ KA + K40 + Y Kianlo)| | - a7

ITII. CONCLUSIONS

e We stated and solved the plane problem of contact
interaction between a viscoelastic aging foundation with a
nonuniform coating and a regular system of rigid punches
in the case when the punches base shape and the coating
nonuniformity are described by rapidly changing functions.
We stated and solved the plane problem of contact interaction
between a viscoelastic aging foundation with a nonuniform
coating and a regular system of rigid punches in the case
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when the punches base shape and the coating nonuniformity
are described by rapidly changing functions.

e The solution of the problem is obtained analytically in
the form of series. The expression for the contact stresses
contains functions which describe the nonuniformity of the
coating and the punches base shape explicitly. This allows
one to perform computations for actual complex mechanical
and geometrical characterictics of the multibody contact
problem using small number of expansion terms.

e Other existing methods for the solution of this problem
diverge with the increase of the time parameter or give an
error for contact characteristics up to 100%.
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