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Solution of Differential Equations of Dynamics
of Inertial Continuously Variable Transmissions
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Abstract— The inertial continuously variable transmissions
are mechanical transmissions that are based on the principle
of inertia. These transmissions have a lot of advantages.
Usually, the design of the inertial continuously variable
transmissions consists of inertia pulsed mechanism with
unbalanced inertial elements and two overrunning clutches.
Dynamics of the transmissions is described by systems of
substantial nonlinear differential equations. In general,
precise methods of solution for such equations do not exist.
Therefore, in practice, approximate analytical and numerical
methods must be employed. The main analytical methods
employ successive approximation, a small parameter, or
power series expansion. Each approach has its advantages and
disadvantages. Therefore, we need to compare them in order
to select the best method for dynamic study of such kind of
transmissions. In this paper a comparative analysis of
approximate methods of solving of differential equations for
the inertial continuously variable transmissions is done. The
object of the investigation is structural dynamics of the
continuously  variable automatic inertial mechanical
transmissions. Approximate methods of solving the nonlinear
differential equations of motion of inertial transmissions based
on a pulsed mechanism are compared. These methods take
account of the no uniform driveshaft rotation and the dynamic
characteristics of the motor. Analysis of the solutions reveals
the best method for dynamic study of the given transmissions.
The comparative analysis showed that the best method of
approximate solution is the method of a small parameter.

Index Terms— Continuously variable transmissions,
differential equations, dynamics, methods of solution.

I. INTRODUCTION

HE inertial continuously variable transmission (CVT)
is based on the principle of inertia [1-3]. This
transmission has a lot of advantages [4,5], namely:
compactness, minimum friction losses and high efficiency
as a result of the relatively small number of rotating
components, a wide range of transformation of the torque.
It does not need any conventional friction clutches. This
transmission protects the engine from overload when output
shaft is braked. This drive guarantees optimum conditions
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of work for the engine regardless of the changing of load,
and smoothly changes output speed according to the load.

In spite of relative simplicity of design of the inertial
transmissions, their dynamics is described by complex
systems of substantial nonlinear differential equations [6-
8]. To solve the equations there are no any exact methods.
It is possible to obtain solutions any with help of
approximate analytical and numerical methods. To chose
the best method with the smallest error we need to do a
comparative analysis of exist methods.

Il. THE PHYSICAL MODEL OF THE CONTINUOUSLY
VARIABLE TRANSMISSION

The general scheme of the inertial continuously variable
transmission contains the pulsed mechanism with
unbalanced inertial elements, for example, planetary gear
with unbalanced satellites, and two overrunning clutches
[9-11]. The scheme of such a transmission is shown in
Fig.1. Here 1 is the drive shaft of the transmission, which is
the input shaft of the pulsed mechanism in the same time, 2
— the pulsed mechanism with unbalanced inertial elements,
3 — the output shaft (the reactor) of the pulsed mechanism,
4 — the body overrunning clutch, 5 — the output
overrunning clutch, 6 — the driven shaft of the
transmission.
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Fig.1. Kinematic scheme of the inertial continuously variable transmission

/.—.

]

FW_HQT\Q

The main purpose of the pulsed mechanism 2 is to
create alternative-sign impulses of torque. One of the
overrunning clutches (the output overrunning clutch 5)
transmits direct impulses of the torque to the driven shaft 6,
the other one (the body overrunning clutch 4) transmits the
reverse impulse of the torque on the frame of the
transmission [12-15].

The mathematical model of inertia-pulsed transmission
may be based on Lagrangian equations of the second kind.

WCE 2018



Proceedings of the World Congress on Engineering 2018 Vol I
WCE 2018, July 4-6, 2018, London, U.K.

As the generalized coordinates we take the angle « of
rotation of the driving shaft 1, the angle g of rotation of

the output shaft 2 of the pulsed mechanism, and the angle
y of the driven shaft 6.

Using these equations, we obtain a mathematical model
of an inertia-pulsed drive in the form of fifth-order system
of nonlinear equations [8]:

Ao+ A G+ AG-BY+ AR =M,
Mot AG+AG-BY-Ad =M, 1)

1 1 .
M’]:?[MH_MJ_V ~(a—a)H)j,

X

where

2
A, = J,+ nma? +(i+ qj nd, +2nmah[§+ qjcos;//,
A, = nmab + (: + qj(tk) - anJ3 + nmh(z‘;b+ (b - a)qjcosz//,

2
A, = J, +nmb? +(i+qj nJ, +2nmbh(E—qjcosr//,

y =qd(a-p),
k=a+bh,

A = —nmah[i+ q)q siny,

A = nmbh(i— qjq siny,

A =nmkhgsiny,
Mc is the reduced drag torque on the driven shaft of the

pulsed mechanism,
J;, J, are the moments of inertia of the elements; ngy, is the

total moment of inertia of the unbalanced elements relative
to the geometric center;

nm is the total mass of the unbalanced elements;

h is the distance between the geometric center and the
center of mass of the unbalanced elements;

a, b, g are parameters of the pulsed mechanism.

To determine the torque M, acting on the driveshaft of
the pulsed mechanism, we use the dynamics characteristic

of an asynchronous electric motor, taking the influence of
electromagnetic transient processes into account

M (a-w,),

. 1
=M, ~T-Ma-
v

X
where M, is the rated moment of motor rotor; w, , w, are
the angular velocity in ideal idling and the rated angular
velocity; T is the electromagnetic time constant of the
motor; v is the slope of the static characteristic.

For the sake of comparison, we solve (1) by several
approximate analytical methods [16-21].

I1l. METHOD OF SMALL PARAMETER

We rewrite (1) in the form

Bl.o;+B2 ,.B.+ (bl.o;+b2 Z’)COS(//+a4(0.z—/.3)2Sin(//+

.2
+a, B -siny =M,

B, + B, + (b, ar+ b, f)cosy +a (o - f)'sing —  (2)
.2

—-a,a -siny =-M_,

. 1 .

Mﬂ:? M//_MJI_ ‘Q)X.(a_w”) ’

where

2

B, =J,+nma’ +(i+q) nd,; b, = 2nmah[z+qj;
B, = nmab+[a+qj(b—anJ3; b, = nmh(zalt)+(b—a)q);

k k k

b Y b

B, =J, +nmb’ +(k+ q] nd,; b, = 2nmbh[k—q],

a b
a, =—nmah E+q g, a, =nmbh E—q g, a; =nmkha.

The coefficients B, B,, B, contain the moments of
inertia 5y, g, of the elements of the inertial-pulsed

transmission and are considerably larger than the other
coefficients. This permits the introduction of the small
parameter £ in (2). The system then takes the form

Blzy;+Bz,'b"+y-(b1;;;+b2,.6")cosw+y~a4(&—b)zsiny/+

.2
+u-a, p-sing=u-M_,
. . o (3)
B,a+B,B+u-(b,a+b, B)cosy + u-a,(a — B)’siny —
.2
—p-a o -siny =-u-Mc,

. 1
M 4 :T[Mu _M;‘( -

V-0,

’ ((;l_ C()”)].

On the basis of the fundamental principle of the method
of small parameter, we look for the solution in serial form

a=a,+ua, +ulo, +...,

ﬂ:ﬁo+/‘ﬂ1+ﬂ2ﬂ2+"‘l
My =M g+ uM gy +p° M, +.

(4)

Assuming that ¢ =0 in (3) and (4), we obtain the
generating system
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B a,+ B, 3, =0,

B,a, + B,/ =0,
y 1 1 1T -
M’Z]O+FM/70 = T(MH _Va)X(a_a)H)j.

With the initial conditions

t=0,ay =ay, By = Bur & =y, By = Bos M 44 =M the
solution of the generating system is

a, =0!01t+0(01,
ﬁo :ﬁmt"‘ﬁov

t
M, =M, exp(Tj+M2,
where

1 .
]\/[1 = 1\4;10 —MH +—(0101—C()H);
va

X

1 .
1\/12 :MH ——(0(01—6()H).

Vo,

The functions siny and cosy are expanded in the
vicinity of the generating solution ¢ (t), 3, (t)

siny =sinq(a, - ;) +cosd(a, - £) - (ua(e, - B) +
+i' (e, = B) +.-))

cosy =cosq(a, - 4,) +sina(a, - 4,) - (uale, - B) +
+12q(a, — B,) +...).

Retaining only term where £ is of first order and

taking account of the series expansion of the trigonometric
functions, we obtain a system of equations for

a, (1), A1), M 4, (1)

Bt B, it (ay (0 Bo)’ +a, o )Sing(a — ) =

:MHO,

o o e, .2 (5)
Bz 0(1+Bsﬂ1+(a5(0!01—ﬂ01) —a4;Ca )smq(ao_ﬁo):
=-M,

° 1 (.Zl
Mn+—=—M,  =- .
e Tvao,

Solving (5) with null initial conditions, we obtain
expressions for ¢, (t)and g, (t)

2
(B3M2+BZM)%+BaTleexp(—% -
1
o, =— +Ct+C,,
A —.Dil.sml//o
qz(am_ﬁoi)z
t? t
) (BZM2+BIM)E+BZT2M1exp[—? +
B=— +Ct+C,,
AP iny,
qz(am_ﬂm)2
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where
A=BB, - Bzz,
. . .2 .2
D1 = (Bzas - BSaA) ) (am_ﬂm)z - (Bz Qu+ Ba ﬂm)aev

. . .2 .2
Dz = (BZaA - BlaS) ’ (0501_ﬂ01)2 + (B1 Qo= Ba ﬂm)asl

C1 :i B3TM1 + Dl Cos.q(am._ﬂol)],
q(am_ﬂol)
C, :i _BZTM1+er
A q(a01_ﬂ01)

C :l —BT*M +D1Sinq(a01_ﬂo1)]
3 3 1 . B )
A qz(a"l_ﬂol)z
C :i B.T?M. + Dz Sinq(am _1301)}

4 2 1 . . 4
A qz(wm_ﬂm)2

vo=0(a, —f) = Q((C}Ol_ Bm)t +ay — B
The solution for A7 (t) is

M, =P +Pt+(Cs+ P3t)exp(— _It_j+ P, siny, + P, cosy,,

where
3 =[C1+ B,M, +BZM)T, p, = BM; +BM P, = B,M,
V@, V@, Ava,
DT
Py = . : . '
@L+T20% (@o— By)?)Ava,
D
P, L

L+ T20% (o~ Boy)?)Ave, (o~ Boy)
Cy =—P, =P, sinqg(ay, — By) — Ps cosq(ay, — By)-

Retaining only the first two terms in (4) and assuming
that g =1, we write the final solution of (1) by the method

of small parameter

a=ay+tanta,
ﬁ:ﬁm"'ﬁoﬁ'ﬂp

t
M, =M1exp(—_l_j+M2 +M .

V. SUCCESSIVE-APPROXIMATION METHOD

The first approximation is obtained on the basis of the
initial conditions

o, =0y taont,

,31 =ﬂ01 +ﬂ01t,
Mﬁl =M.

In particular, taking account of the first approximation
and the conditions ;1 :Bl =0, we obtain the system of

differential equations for the second approximation
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. . .2
M,, _(34(0‘01_;301)2 +85 Bo)siny,,
.2 (6)

—a;an)siny,,

B,a:+B, 3, =

B, a2+ B, f, = -M —(as(au—fy)°

a1— wy

y 1
M[(ZZ? MH_M,ZI]._

Vo,

Solving (6) with the specified initial conditions, we
obtain the second approximation of the solution (1). For the
motor torque, the second approximation takes the form
M, =Mt+M ,,, Where

1
M, :[MH _Mﬂm_

Ao—@y |,
T Vo,
The second approximation for the angle of drive shaft
rotation is

3 2
012:l Klt—+K2t—+#siny/0 +Ct+C,,
g(ao—B)

where

Kl_;MB K,=M B, + MB,,

B, an+ B a ) /
K= % (B,as - Ba,)(an~f) |

q Qoi— ﬂm

- K
CG = a01—f0054(a01 _ﬂm)l

C=a,- Lsm‘](am 1801)-
AQ((Zm ﬂm)
Confining our attention to the second approximation for
a and g we find the third approximation for the motor

torque
[MH+ O
1 Vo,
Mﬂs:? 1 t? t K.,sin Ct + G
_ [K §+K _+3—l//0__6]

2 . .
2 Q(O.’m—ﬂm) vy

tZ
M, |t-M,——
ﬂDlJ 3 2

where

K,sing(ay, — B )
Clo _MJO]_ 01 01

TAvwxq(Olm ﬂm)

V. EXPANSION IN POWER SERIES

By this method, the solution of the equation (1) is
sought in the form

a(O) had bl S ;ﬂﬁ +
2! 3
SO BO,
21 3
M, (0)

M,0) . M, (0
M, =M,(0)+—2"t+ ﬂ()t2+ 4 )t3+
A d 1 2! 3l

a=a(0)+ a('O)

()
ﬂ (0)

B=p0)+
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We find
initial conditions

a(0) = ctgy, B(0) = Sy, M (0) = M 0y, @(0) = ctos, 3(0) = BBy

a(0), B(0), M , (0), a(0), B(0) from the

To determine the second derivatives of ¢, and g, and

the first derivative of the motor torque when t=0, we
solve (1) for higher derivatives

M/ZO1A30 +MA + (Azo 50 A‘soAAo)(aOl_ﬁm)z -
.2 .
;(O) _ _(Azo Qo— Aso ﬂm)Aeo - ,
A10A30 - Azo
_Mgm 20 MAlO + (Azo 40 AmAso)(a"l_ﬁm)z +
IB(O) _ +(A10 (Zo1+ Azo ﬁm)Aeo - ,
AmAso - Azo
MJ(O)— [M M 0!01—(0”]’
Vo,

where
Ay = By +b, cosq(eg, — Bo)
Ay = B, +b, cosq(ey, — Bo),
Ay = B; +b; cosq(eg, — Bo),
Ay =a,sinq(ay — Bu),
Asy = agsinq(ay — Bu)
Ago = ag sin q(ag — Bor)-

By differentiating Eq. (1), we find the third derivatives,
when t =0

oo A0S, — A S
a (O) — 30Y1 202 2 ’
AlO ASO_AZO
oo A,S, — A, S
ﬂ(o) — 10¥2 201 ,
AﬁlO A30 AZO
oo :Z O
Ma@©=—1{m10+ 2O |
. a)X

where
S1= M 1 (0) — 41(0)(0) — 42(0) 3(0) — As (O)(@or— Boy)? -
24y (O)(1= o) 0) = O~ 46(0) oy 250 s FO),
S 3= — 42(0) &(0) - 43(0) (0) - A5 (O)(@or— Boy)’ —
.2

— 24y (0)(cro1— B4y )(@(0) — (0)) + s (0) cos + 2 Agg cror (0).

Differentiating the equation for the motor torque again,
we obtain the third derivative of this torque when t=0

M 2(0) = —;{M ) + “(O)J

X
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Substituting the derivatives in (7), we obtain the final
solution of (1).

V1. COMPARISON OF THE METHODS

The analytical solutions obtained are approximate.
Therefore, we must consider the accuracy of the
approximation. The use of analytical estimates to this end is
extremely difficult, since the theory of such estimates is
commonly based on majorant series and as a result
overestimates the errors (often considerably). In practice,
therefore, other options are used to assess the accuracy of
the method: for example, the comparison of successive
approximations. The comparison of the zero, first, and
second approximations will generally give a good idea of
the quality of the method. The error of this method may
also be estimated by comparing the solution with that
obtained by another method or with experimental results.
Such comparisons do not completely determine the
accuracy of a particular method, but permit sufficient
confidence regarding the results in practice.

We now compare the results obtained by the analytical
methods and by numerical solution of the nonlinear
differential equations. Numerical methods permit the
determination of practically accurate solutions, since the
error is specified initially and may be as small as is desired.
The iterative process is continued until the specified
accuracy has been obtained. For purposes of comparison,
we adopt the well known fourth order Runge—Kutta
method.

In Fig. 2, we plot the solutions of (1) obtained by
approximate analytical methods and by the Runge—Kutta
method using MathCAD Professional software, with the
following parameters of the inertial transmission:

The numerical solution of the system (5) was received by
using the Runge-Kutta method in MathCAD software. The
transmission parameters were taken as follows:

J,=4,1kg-m?, J,=0,53kg-m?, nJ, =0,052kg-m?, nm=10,5kg,

4

a=0,06m, b=0,03m, k=0,09 m,h:O,OSm,q:E, M, =1N-m,

M, =10.2N-m, o, =157 29 o —150 P 7_0 0385,
S S
SZ
v =0,0024 —.
-m
The initial conditions are as follows:
. rad
t=0,a,=12rad, B, =0,an=150—, B, =0, M, =5 N-m.
S

The thick continuous curves in Fig. 2 correspond to the
Runge-Kutta solution; the thin continuous curves
correspond to power series expansion; the dotted curves to
the small parameter method; and the dashed curves to
successive approximation. In Figs. 2a and 2d, we plot the
angle a of driveshaft rotation, after subtraction of the trend
component, as a function of t. The trend component must
be eliminated or otherwise the plots of o for different
methods will practically coalesce, since the drive shaft
rotates at high speed, with little nonuniformity. In Figs. 2b
and le, we plot the angle B of driven shaft rotation. In Figs.
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Fig. 2. Dependence of the angles of drive shaft rotation (a, d), and driven
shat rotation (b, €), and motor torque (c, f) on the time t

2c and 2f, we plot the motor torque as a function of the
time t.

The thick continuous curves in Fig. 2 correspond to the
Runge-Kutta solution; the thin continuous curves
correspond to power series expansion; the dotted curves to
the small parameter method; and the dashed curves to
successive approximation. In Figs. 2a and 2d, we plot the
angle a of driveshaft rotation, after subtraction of the trend
component, as a function of t. The trend component must
be eliminated or otherwise the plots of o for different
methods will practically coalesce, since the drive shaft
rotates at high speed, with little nonuniformity. In Figs. 2b
and le, we plot the angle B of driven shaft rotation. In Figs.
2c and 2f, we plot the motor torque as a function of the
time t.

Analysis shows that power series expansion is of
acceptable accuracy only within a short initial interval
(Figs. 1a—1c). Given that this method is no simpler than
other analytical methods in terms of the structure of the
coefficients in solving Eq. (2), we regard this method as the
least acceptable for the investigation of mathematical
models of inertial transmissions. To improve its accuracy,
we could determine additional terms in the expansion, but
this entails intolerable complexity.

The solutions obtained by the small parameter method
and by successive approximation are similar and are in
good agreement with the accurate solution. As follows from
Figs. la-1c, the small parameter method is somewhat
preferable. It is difficult to identify clear differences
between these methods in Figs. la-1c, on account of the
interfering effect of the curves corresponding to power
series expansion.

Accordingly, in Figs. 1d—f, we retain only the curves
corresponding to the Runge—Kutta method, the small
parameter method, and successive approximation. Having
excluded the results obtained by power series expansion,
we may consider a much larger time interval. It follows
from Fig. 1f that, for the motor torque, the results given by
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the small parameter method are much closer to the accurate
solution. For the angle o of driveshaft rotation, the
difference is not so great, but again favors the small
parameter method. For the angle B of driven shaft rotation,
the results given by successive approximation are more
accurate in some time intervals, but the opposite is true in
other intervals. In this situation, it is difficult to clearly
establish which method is best, although for a brief initial
period the small parameter method is indubitably
preferable.

VII. CONCLUSIONS

Overall, we may conclude that the small parameter
method is best for analytical solution and investigation of
the nonlinear equations of motion of inertial pulsed
transmissions based on a pulsed mechanism with two
degrees of freedom. Successive approximation gives fair
results and even outstrips the small parameter method in
some circumstances, but overall the small parameter
method is unquestionably superior. To obtain the accuracy
provided by the other methods, power series expansion
proves much more laborious and unwieldy. Thus, in the
future, there is no need to use different methods to solve the
differential equations of motion of inertial transmissions.
Attention may be confined to the small parameter method.
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