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Corners Restrictions and its Application in the
Analysis of Thin Plates by the Boundary
Element Method

Jodo Batista de Paiva

Abstract—In this paper, a study of the boundary restrictions
at corner's plates for the analysis by the Boundary Element
Method (BEM) is presented. It is shown that the plate corner
reaction only occurs for a simply supported corner with an
internal angle equal to @ / 2 and 3z / 2. It can also be observed
that the bending moment is null for all the corners studied.
With the imposition of these boundary conditions, the results
obtained for the boundary tractions, equivalent shear force
and bending moments, are in excellent agreement with those
obtained by the Finite Element Method (FEM) with refined
meshes

Index Terms—boundary element method, plate bending
analysis, plate corner reaction

I. INTRODUCTION

WITH respect to the application of the BEM to the

plate analysis, the development of the method is based on
the works of Jaswon,Maiti,&Symm [1] who proposed the
solution, via the integral equations, of biharmonic equations
and later applying it to the bending plate analysis. Other
studies that can be cited are Hansen, [2], Stern [3], Bezini
[4], [5], Oliveira Neto & Paiva [6],[7], Paiva & Mendoga,
[8], Paiva & Aliabad [9] and Paiva & Venturini [10],[11].
In the application of the BEM for plate bending analysis,
the boundary is divided into segments called boundary
elements and approximation functions are adopted for the
displacements and tractions in the domain of each element.
The first option is to use the constant element, that is, the
displacements and tractions on the boundary of the plate are
assumed to be constant in the domain of each element and a
single node is located on its midpoint. As in the boundary
integral equations for plate bending analysis the plate corner
reactions appears, there are additional equations for each
plate corner that are usually located at the end of the system
of equations obtained for the variables associated to the
element nodes. The second option is to use the linear
boundary element, with linear approximation for
displacements and tractions in the domain of each element.
In this case two nodes are associated, usually at the ends of
each element and in the corners appear double nodes, with
same coordinates but at different sides of the corner. Here
also appear difficulties to deal with the corner reaction,

Manuscript received March 10, 2018, revised March 20, 2018.
J. B. Paiva is with the University of Sao Paulo, Sdo Carlos Engineering
School , e-mail: paiva@sc.usp.br

ISBN: 978-988-14048-9-3
ISSN: 2078-0958 (Print); ISSN: 2078-0966 (Online)

since now associated with the nodes of the corner we have
besides the displacements and their respective derivatives,
the equivalent shear forces and bending moments, the
corner reaction of the plate that is also associated to the
displacements of this same corner, and thus we have a
further unknown without an extra equation, since the
equations of the displacements and their derivatives are
already naturally written. A solution that is usually adopted
is to use the discontinuous element for the corner elements,
bringing the corner nodes into the elements' domain and
then an extra equation associated with an extra variable, the
corner nodes equations can now be written. However, this
formulation does not provide good results. The main reason
is the fact that not every plate corner has a reaction.

In this paper, based on the hypothesis of uniqueness of
the stress tensor and using algebraic manipulations, a study
is presented on the plate corner, showing which conditions
the corner reaction is null. In this study, the same result was
obtained as Marcus H. [12] but with a different approach
and it is extended to plate corners with other boundary
conditions. It was assumed that the sides of the plate corner
are not subject to a distributed moment, which would lead to
different results from herein.

It is also presented how to write additional equations for
each plate corner when the traction and its respective
displacement are zero avoiding the singularity of the system
of equations.

Plates with different combinations of corner restriction
are analyzed and the results compared with those obtained
with the finite element method and results show excellent
agreement

II. INTEGRAL EQUATIONS

For a plate in bending, the following boundary integral
equations can be written, using the alternative formulation
of the boundary element method with three nodal
displacement parameters [6]:

K(SMW(S)+ j{q’«s,Q)va)—nﬁ(s,Q%”@)—rrf;(s,Q)%iV(@}r(Q)=

f Ne
I{Vn(@w*(sp)—nh(o)%’:(s,Q)}r<Q)+_ZRa<Q)vv;(s,Q)+
i=l

+IQg 9(@W (S,0)d () )

where w, m. and V, are, respectively, the transverse
displacement, the bending moment and the equivalent shear
force along the boundary; g(gq) and Qg are the transverse
load and the surface where it is applied. The symbol * is
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used here to indicate the fundamental solution. In this
equation K(s)=1 for internal points s; K(S)=p/21 for a
point S at a boundary corner, with internal angle B; K(S) =
Y for a point S on a smooth boundary; Ry =m, —mg is
the corner reaction.

From (1) the integral representation of the derivative of
the displacement with respect to a direction ms, of a system
of coordinates (mS,us) can be derived as follows:

K 1(5
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K(S)——[cos2y cosZ(y+|3)] 3)

where v is the angle between the coordinate systems (n,s),
at the displacement points, and (ms,us), at the source points
(Fig 1).

In the numerical application of the BEM, the plate
boundary is discretized into segments, called boundary
elements, where tractions and displacements are
approximated by interpolation functions. In this study, these
functions are the same as [6].

K(s)=1/2
)
s 8

K(S)=B/ 270
©

Fig. 1. Coordinate systems (n,s) and (ms,us)
Let us consider a generic plate corner and the coordinate

systems (nj, s1) and ny, s;) immediately before and after the
corner

'

/ (p N

Fig. 2. Plate corner

The bending moments my;, my; and the twisting moments,
Mmyis1 and myys, can be written as a function of the moments
in relation to the coordinate system (x, y) as follows:
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m,; =m, cos’ o.+m, sin’ o +2m, sinocosa

m

nlsl

_ 2 .2 .
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m,, =m cos” @+m, sin” @+2m_ sinQcose )
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By rewriting the above expressions in matrix form, the

following system of equations is obtained:

cos’ o sin’ a 2sinocoso m,

. . 2 ) m, 5
—sinocoso  sinocosa  cos’a—sin’a m,, | (5)

m =
2 2 .

cos’ @ sin” @ 2sin@cos ¢ Y m,,

s . 2 a2 Xy
—sin@cos¢ sin@cose cos’ @—sin’ @ m,,,

In order for this system of equations to have a solution,
the determinant of the matrix of the increased system of the
column of independent terms should be equal to zero, that
is:

cos’ o sin’ o 2sinocosa  m,,
—sinacosa sinocoso cos’a—sinfo my| 0
cos’ ¢ sin’ @ 2singcosgp  m,,
—sinpcos@ singcose cos’@-sin®¢ m,,,
or:
.2 .
—28in” (@ —a)(my g +Mmy55) + (M, —my)sin2(p—a) =0 (6)
As:
¢o—a=mn—P, (7N

the determinant expression can be written as:

(mnlsl +m11252)5inBc +(mn2 _mn])COSBc =0 (8)

The relation between the derivatives of the transverse
displacement w in the coordinate systems (ni, s1) and (ny, s2)
located on the sides of the corner is given by:

oW ow
ony | | cos(p-a) sin(p—o) || 0On 9
ow [ |- sin(p—a) cos(p—a) || ow ©)
0s, 0Os;
By considering the relationship among ¢, o and B
oW ow
on | |-cosp sinf on
ow _{—sinﬁ —cosﬁ} ow (10)
0Os 0Os

The relationships between the curvatures calculated in
relation to these coordinate systems are given by:

2 o’w

0°w
2 2
6?2 cosz(go—a) 2sin(p— o) cos(p—a) sinz(q)—a) L:'
:7 Wl —sin(p —a)cos(p—a) cosz((p—(x)—sinz((p—oc) sin(g — o) cos(p — o) 5
on,s ons
,‘22 : sinz(q)—oc) —2sin(@ —a)cos(p—a) COSz((p—OL) 21 !
o°w o°w
65% 5512
(11)
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Evaluating the matrix product, the following relationships

By considering the relationship among ¢ , O and BC :
are obtained:

. o%w
5 -2 =0
(;l gw sin B, cos B, s, (a)
n cos —2sinf cosP sin B n (12) ) e 2w 2w (17)
ow . . . ow (cos” B, —sin”B,) = ...(b)
3 =|sinfl cosp cos B —sin B —sinf cosp 3 onys;  0On,s,
ns sin B 2sinf cosP cos B ﬂn . 2w
ow ow 2sinf, cosB, ———=0 ...(c)
0Os Os 0On,0s;
The relations between the third derivatives of the Forp, =~ or B, #-F one has that <% - 2% _¢  that is,
displacement can be obtained in a similar way: 2 2 ons  ons
ow ow . . . T 3n
= F the corner reaction is zero. Finally, for B = Sor B = >
ow —cos’ 3sin 3, cos” 3, —3sin® 3. cos 3, sin’ 4, ow 5 5
ands,| | ~sinfleos’ 4 —cos’ 4+2sin’ feosfp —sin’ f+2sinfcos’ f —sint fcos || ONCs, W _%% and then the corner reaction exists and is
ow 7sinzﬂc cos /3, sinlﬁc —2sinf3, cos® yA *C&)Slﬂc -¢-25inzﬂE cos /3, sinﬂccols2 JA ow ons ons
652 i 3 _3 s 2 _3 : 2 3 a.las2 . . .
e, sin 4 sinfcos sinfcos 4 oo A ">| nonzero. Thus, for this corner, the displacements, their
oW el

FS 3 derivatives, the corner reaction and the bending moments m,
(13)  are equal to zero.
By substituting the third derivatives given by (14-c) and
(16) in the relation given by (13) we obtain:

III.  SUPPORTED-SUPPORTED CORNER w , o - . w
En; —cos’ 3, 3sin B, cos” fB; =3sin” f; cos B, sin” r'?n?
0 | _|-sinf cos® f; —cos® B, +2sin’ fycos fy  —sin’ B, +2sin B cos® f,  —sin’ f&; cos f3; 0
aw —sin? fycos By sin® fy —2sin fycos? B, —cos Sy +2sin” fycos i, sin B cos® B, aw
onyds3 —sin’ 4, —3sin® 3, cos 3, —3sin ff; cos” f cos® fi, ony ésf
0 0
(18)
the following equations can then be obtained:
3 3 3
9 \;V =—cos’ ﬂcg—SsinZ f cos S, 07\”7 (@)
any an; on, ds’ 19
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Fig. 3 — Supported-supported plate corner a::avzg ==sin’ 4, cosﬁcz%”’“’s} Bo+2sin” f C"S/’c)ari;v;z ~4e)
3 3,
. . —sin® e 22 _35in i cos? 2~ ld)
From the boundary conditions of this corner, the oni an, 3s;
following can be written: . .
Equations.(19-b) and (19-d) can be written as:
ow  ow
T o ..(a) R
08 08y aw
. 2 .3 . 2 3
2w Pw . . —sin 3 c}os B —sin’ S +25m/3; cos ﬁ'c:| é‘:l ={g} (20)
~2 = —sin” g —3sin /3, cos” /3 oW
ost  os? (14) ’ : on, os?
3 3
a_\;v :a_\gv =0 (c) In order for this system of equations to have a solution
o5 05 other than the zero solution, the determinant of the matrix of
. . . the coefficients of the system must be null.
Using (14-a) and (10) the following can be obtained:
w_ow_,
o om —sin B, cos’ B —sin® B, +2sin B, cos’ -0 @n
. _ —sin® # ~3sin B, cos’ B,
As my;- my»-0 the following also can be obtained that
2 2 .
W, o g (15)  Thatis:
o on 3sin? §, —4sin® B, =0 or f, =0, f po=Z
sin —4sin = =0, =7, =—
therefore: ¢ ¢ ¢ ¢ ¢ 3
i(az_w _i(az_w)_() (]6)
os, on?’  0s, ond It follows that for [, other than 0, m and w/3,

Pw_ dw
Substituting (14-b) and (15) in (12) the following W‘ on, os?
equation can be obtained:

=0. And consequently, the equivalent shear

forces are zero on both sides of the corner. These results

0 . . 0 .
cos —2sinf cos sin
ow | | o8P Beosp sinf ) verify (8).
=|sinf cosp cos P —sin B —sinf cosp
ons A . ons
sin B 2sinf cosP cos B
0 0
ISBN: 978-988-14048-9-3 WCE 2018

ISSN: 2078-0958 (Print); ISSN: 2078-0966 (Online)



Proceedings of the World Congress on Engineering 2018 Vol 11
WCE 2018, July 4-6, 2018, London, U.K.

IV. CLAMPED-CLAMPED CORNER

Fig. 4 — Plate corner with two sides clamped

From the boundary conditions of this corner, the
following can be written:

8W_8W_52W_82W_83W_83W_0

os, 0s, os> os> o5 oS

(22)
Fw o w0 GZW)_i( o*w )=0
onos, on,0s, 0s, ongs,~ 0s, 0n,os,
o’w
As m,=D0-v) from (22) results that the
onos
corner reaction is equal to zero, that is:
Rei = Mps, —Mps, = 0 (23)

Substituting the curvature relations given by (22) in the
matrix given by (12) results in:

’w ’w

ﬁ cos’ B, —2sinf, cosf, sin® B, ﬁ (24)
0 =|sinB, cosB, cos’P, —sin*P, -—sinp, cosp, 0
0 sin’ B, 2sin 3, cosf, cos’ B, 0

From (24) the following equations can be obtained:

0w ) 0w
= cos a
o e (a)
2 (25)
sin ﬁccosBca—V:: 0 (b)
on;
0w
sin’ =0 c
B on? (c)

From (25) results that for ﬂc other than 0 and 7

2 2
9 VZV =0 anda VZV
on, on,

-0 (26)

Since the curvatures are equal to zero, the bending
moments are also equal to zero.

m,=m =m,_=m_=0

n

27

Thus, at a clamped-clamped plate corner the displacement
and their derivatives, bending moments and corner reactions
are zero. These results verify (8).

V. CLAMPED-SIMPLE SUPPORTED CORNER

From the boundary conditions of this corner, the
following can be written:
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Fig.5 — Plate corner with one side clamped and the other
simple supported

ow _ 8W_62W_62W_63w_a3w_0
os, 0s, o os; osl  os,
Fw 9w

on,os, - 0s, 0n,0s,

)=0 (28)

For the simple supported side of the plate, the following
equation can also be written:

o’w  o’w

m,=-D(——+v—)=0 29
n2 (8n22 8522 ) ( )
From (28) and (29) results:

2 2
W _o and 2@y =0 (30)
on, 0s, on,

Substituting the curvature relations given by (28) and
(30) in the matrix given by (12) results in:

0 ow
cos B —2sinf cosP sin on
ow . : . (€2))
Pns =|sinf cosp cos P —sin B —sinf cosP 0
1(1)5 sin B 2sinf cosfP cos B 0

Evaluating the matrix product, the following relationships
are obtained:

2

0
cos’ B, &:ZV =0 (a)
> 32
sin’ B, ‘znvlzv =0 (b) (32)
o*w . o*w
as, =sinf, cosf, W (c)
Adding (32-a) and (32-b) results in:
(sin B +cos )Y =0 (33)
on
or:
’w _ (34)
on}
Substituting the above result into (32-c) results in:
2
oW g (35)
on,s,
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From these results, it can be concluded that the
displacements and their derivatives, the bending moments in
the normal direction and the twist moments, and therefore
the corner reaction, are zero.

From the presented results, the following conclusions can
be drawn:

a) The corner reaction only exists for the corner simply
. . 3
supported on both sides and with 3 =§ or B = 775

b) The equivalent shear forces are zero for supported-
supported plate corners.

¢) The bending moments in the normal direction to the
sides of the corner are equal to zero for all the plate corners
studied.

In imposing the boundary conditions on the resulting
system of equations it often happens the case that both the
displacement and the corresponding traction are equal to
zero. In this case one of them is imposed equal to zero
resulting in an exchange of the columns of the system of
equations and then the condition of the resultant unknown is
imposed equal to zero. This is done by replacing the
corresponding equation with a new equation.

For each plate corner, we know the boundary conditions,
that is, if the sides are free, simply supported or clamped.
Part of the code can analyze each corner and decide what
kind of corner it is. From this result establish codes that
inform which additional equations should be written.
Instructions of how to program these equations for a simply
supported corner are presentde below.

Consider a simply supported corner with internal angle
and with double nodes i and j. Without taking into account,
the results presented in this work, the equation of the
displacement on the doubles node variables would have the
following form

KV Fmgw + KV (36)
where K,; and K,; are the coefficients of V,; and Vy;, and
Mpsi, Mpsj are the twisting moments, components of the

MW

* *
corner reaction, and W, and w j are the fundamental

solution displacements. The corner reaction is given by:
R;=m . —m

ci T lngs) 1)

G37)

Knowing that, using the results presented in the article,
Vi and Vy, are null in the corner nodes, their coefficients do
not need to be calculated, and therefore (36) becomes:

(3%)

IfB=mn/2or P =3n/2 the corner reaction is not zero
and (36) for one of the corner nodes is replaced by (39)

since, according to (8), M, ;+M; =0.
The equation of the other double node remains the same.

If B, ¢§ and B, # %n the corner reaction is null, then

Mysi=Mys=0 and the two corner equations are replaced by
(40) and (41)
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(001010 0)aoni=0 (39)

(000010 0 0)imyg=0 (40)
Vi
e
on
W

on
(00001 0 0 0)mge=0 (41)
Vi
e
on

VI. EXAMPLES

The results obtained from the BEM that are most
influenced by the corner boundary conditions are the
equivalent shear force and the bending moment and thus
these are the main results that are compared in this work
with those obtained by the FEM. The displacements in
plate's domain are practically the same for both methods.

In the BEM, the equivalent shear force Vn and the
bending moment m, are unknowns of the system of
equations and, therefore obtained directly from the solution
of the problem. For the finite element method, the
unknowns of the system of equations are the displacements
and their derivatives. The bending moment is obtained from
derivations of the form functions for each finite element.
The equivalent shear force is not obtained in the same way.
The the finite element programs provide the nodal
reactions: concentrated loads on nodes with vertical
displacement restricted. Thus, the direct comparison
between the equivalent shear force obtained by the
boundary element method and the concentrated forces on
the finite element nodes cannot be done directly. Thus, to
have a comparison, even with limitations, the concentrated
forces are transformed into distributed tractions on the sides
adjacent to the node, as shown in Fig.(6).

Initially, the results obtained for a square plate with side a
clamped at its boundary and submitted to a uniformly
distributed load g in its domain are presented.
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2F,

an TR

Fig. 6 Concentrated load at the node and the distributed
traction on the sides of the finite elements

In the BEM analysis, each side of the plate was divided
into 10 and 40 boundary elements, and for the FEM [13]
analysis, 1600 and 10000 rectangular finite element mesh
were used. Fig. (7) and Fig. (8) show the bending moment
and the shear force diagram along the side of the plate
obtained from the two formulations. A good agreement
among the results can be observed. It can also be observed
that the results with the BEM are practically the same for
the meshes adopted.

6.00E-02
5.00E-02
4.00€E-02
3.00E-02
f —— FEM-1600 \&.

2.00E-02 . BEVI-160

—4— FEM-10000

—5- BEM-40
0.00E+00

[ 0.2 0.4 0.6 08 1 12

m,/ga?

1.00E-02

-1.00E-02

s/a

Fig. 7. Bending moment m, along the side of the plate

1.00E-01

0.00E+00 (&

04 12
-1.00E-01
. ~B—FEM-1600
o0
£ 200601 —=—BEVI160
-3.00E-01
-4.00E-01
-5.00E-01

Fig 8. Equivalent shear force Vn along the side of the plate

The next example is that of the previous plate now simply
supported on the boundary. The corner reaction obtained
with FEM for a mesh of 10000 rectangular elements is Rc =
0.0641ga and the one obtained with the BEM is Rc =
0.0642ga. Fig.(9) shows the distribution of the equivalent
shear force along the side of the plate.

VII. CONCLUSIONS

In this paper, a study was presented of the boundary
conditions in plate corners and their applications. It has been
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Fig 9 Equivalent shear force Vn along the side of the
plate simply supported on the boundary

shown that in some plate corners, the equivalent shear force
V. and bending moment m, are equal to zero. It has been
demonstrated that the corner reaction only exists in corners
whose sides are simply supported and whose angle is 7/2 or
3w/2 . In the presented examples, the results obtained with
this formulation with coarse meshes showed an excellent
agreement with those obtained from FEM with well-refined
meshes
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