
 

 

Abstract—Mandibular fracture is increasingly treated with 

fixing plate instead of wire sawing in order to retrieve jaw 

functionality. Fixing plate need to as light as possible, yet the 

long fatigue life is a must. Non-parametric optimization-based 

design has been implemented in this work to achieve long 

fatigue life. Mandibular has been simulated using finite 

element method from computed tomography scan. In order to 

achieve long fatigue life plate with minimal weight, cascade 

Non-parametric optimization modeling is implemented in two 

stages. First stage is stress based optimization. The second 

stage is fatigue based stress optimization. In the first stage, the 

comparison between shape and topology optimization. Fist 

cascade model (Stress based topology-Fatigue based 

optimization) gave the better results in term of weight 

reduction (45%) while the second cascade model (Stress based 

shape-fatigue based optimization) doubled the fatigue life.  

 
Index Terms—Fatigue, TMJ, topology optimization, shape 

optimization. 

 

I. INTRODUCTION 

esigning artificial body parts to help healing or replace 

permanently damage organs is a challenge for 

physician and engineers. The way of approaching the 

problem will vary, with the designer experience and way of 

thinking. Mostly there are two way of thinking in the matter 

of scaffold design; the strictly Engineering aspects, like 

manufacturing aspects, compliance and mechanical failure 

approaches, and simplified models. The other was is the 

strictly biological way, post and pre-observation of problem 

in hand, before and after surgical intervenes.   Bone 

considered the hard parts in body which protecting the 

physical appearance of soft organs internally or externally 

i.e. limps, and brain. Body may suffer external stress 

causing fragmentation of bone, as motorcycle incidents, and 

so on; or physiological disorder, making normal stresses 

able to destroy the bone. Orthopaedist vision of treatments 

with extra aided parts, they have temporary surgical fixation 

mechanical parts and in sever case permanent implant 

should use. The difference between these two is due to 
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biomechanical interaction. For example, in case of implants, 

permanent parts usually be metallic to endure static and 

dynamic failure criterion, however, stiffness mismatching 

cause stress shielding in surrounding bone. Attachments 

stability in small implants such as dental implants is also 

important mater for designing implant surface. Although 

Temporary fixation part doesn’t priorities previous aspects, 

it needs to be light weight as much as possible with 

propitiate mechanical endurance during operating time. The 

purpose of the present work is to plot scheme based on 

stress constraint - topology optimization (TO) taking into 

consideration elastic failure criterion. Stress based topology 

optimization (SBTO) is demanded topics; studied by many 

searches as. For certain application such as in biological 

filed” bone replacement and scaffold), design domain Ω is 

limited by the surrounding fixed materials domain, and in 

some cases, with different mechanical behavior.  The major 

issue in applied mechanics point of view is the mechanical 

compatibility between design domain and surrounding 

domain. Implant design is divided it  short term “temporary 

“implants and long term” permanent” implants. The current 

work focuses on the first type. Light weight with high 

strength is a target for such parts.  

II. FATIGUE 

Static consideration of stress-strain problem is the most 

common way of handling mechanical designs. However, 

dynamic loading tends to give a failure is not a predictable 

way (in the scope of previously mentioned static yielding 

criteria). The word “fatigue” used to describe the 

unexplained failure which done by reversed dynamic 

loading. With the development of steam engines, railroad 

axels, for example, are failed after the relatively short term 

of service. This made many scientific societies in Europe 

work independently to study this phenomenon. Especially 

after the disaster of Versailles rail accident in France. It is 

being registered that the first simulation apparatus of fatigue 

has been made by Albert in German Confederation (1829). 

Since 1841 the fatigue subject was studied intensively by 

Rankine in the United Kingdom followed by Wohler in 

Germany. Wohler invented his testing apparatus with which 

he established the timeless prediction of fatigue, 

distinguishing the fatigue from creep. As been said, about 

science that it is not always where what the scientist wants it 

to be, Wohler established the following remarks for the first 

time. 

1- The number of stress cycles is the fact of determining 

failure rather than test elapsed time. 
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2- Ferrous materials with stress loading below a certain 

limit (endurance limit) can withstand loading indefinitely   

Simply fatigue failure has three stages, crack nucleation, 

crack propagation, and finally fracture. Crack propagation 

approach considered the logical approach since fatigue is a 

result of the crack in the first place. Moreover, it has been 

noticed that crack initiations period may cover most of 

fatigue life; especially in high cycle fatigue (HCF). As more 

detailed consideration of fatigue problem especially for 

metals, it states with localized plastic strain, cyclic 

hardening and softening, the followed by more visible 

failure i.e. crack initiation and the repetition of the 

previously mentioned cycle which introduced the crack 

growth. Slip bands are done as an action representing the 

plastic strain. it has been noticed that slip behavior is 

intricately linked to the metal structure and strain 

conditions. So, slip anticipated to occur along the plane of 

the densest atoms (Figure.9). It is worth to mention that slip 

is not a straightforward process. Slip lines can be 

complicated, taking curvy lines or even cross slip. This is 

happening due to obstacles and crystal defects[1]. 

Generally, in one phase metals, slip bands are the main 

source of micro crack. The surface layer is the anticipated 

part to crack to happen. This is shown by many research and 

experiments including systematic surface polishing by 

ablation, surface oxidation, and surface hardening. Surface 

hardening can aggravate crack nucleation such that a severe 

transition region between the two phases of metal. The 

hardening process id depending on in general on making 

stronger phase and refining crystal dimension by extracting 

the solid solution energy to the ground state with shorting 

the time of transition to crystallization temperature by self-

quenching in laser hardening as an example. The different 

phases cause stress resilience drops in the interface which 

promotes shear. Also, the difference of electronic intensity 

of the coexisting metal solution is not in the favor of 

chemical stability of the metal, so it is proportional to 

corrosion and aggression. Not all microcracks developed 

and propagate. Crack to propagate generally needs to pass 

the two stages. The first stage is extending itself in slip 

planes. Usually not deeper than few of crystals. This is 

mostly associated with maximum shear stress plane. In stage 

two, the crack grows macroscopically. Crack growth rate 

(crack length change per cycle (  )is given in simple form 

as the relation between the crack length ( ), stress ( ), and 

material properties associated with fatigue and crack 

withstanding ( ) as in (1) 

 

( , , .)
dl

f l Const
dN

                                                (1) 

Head at 1953 [2] in his model early model of crack growth 

rate, he considers the strain hardening around the crack tip 

to withstand the imperative of crack propagation until the 

stress is large enough to penetrate the plastic region creating 

another state of energy equilibrium (stating that with only 

purely elastic presumption). By dissecting the crack tip 

areas Figure.10, to the plastic region (A), Elastic region (B), 

and interchange region (C). The interchange region is the 

region that transfers the stresses from the surrounding 

(elastic region) to the plastic region. If the stress is over 

certain limit ∑0 the crack is propagating. Paris and Erdogan 

[3], made more advanced model, from it, fatigue life can be 

predicted. Their relation work with critical boundaries of 

stress intensity factors interval, i.e. stage two. the relation 

between the change stress intensity factor ( K_(I,II,III)) and 

crack propagation rate per cycle. Their model is presented in 

equation (2) 

. ,.( )m

I II III

dl
Const K

dN
                                       (2) 

Here Const., and m are material constants.  can be 

calculating in the scope of linear elastic fracture mechanics 

(LEFM), considering approximating function describing 

crack problem   as in equation (3). 

, , ( , ).I II IIIK f l shape                                           (3) 

The fatigue life expectancy (Nf) can be found by integration 

(4) 

1

. ( ( , ). )

thl

f m

l

dl
N

Const f l shape 


                           (4) 

Paris-Erdogan model sensitivity toward stress ratio 

( ), [4]which pushed for more adaptive 

models, started with Walker[5] modification till  Collipriest 

[6] completed the whole three stages in their model.  Many 

models been introduced within crack propagation idea. And 

their kernel was Paris –Erdogan insight [7]. Paris-Erdogan 

was used to estimate fatigue life for human artificial organs 

replacements [8].  Stress life models as Wohler, Basquin, 

are the earliest models to formulate fatigue and predict 

number of the cycles. The correlation between amplitude 

stress  and number of cycles N is taking the form  
b

a f N                                                           (5) 

Here, and  are the curve constants. However, it is not 

recommended for life analysis of high loads, especially it 

lacks the strain hardening consideration. Cyclic deformation 

and strain life approach (ε-N) [9], is suitable for testing 

designs, and evaluate expected life, especially, cyclic 

hardening can consider. To find life generally, need to solve 

the correlation that is a combination of the change in elastic 

strain   and change in plastic strain  

(equation (15)). 

|
2 2 2

plasticelastic
elastic





                                   (6) 

 It is worth to mention that crack propagation is temperature 

dependent, so the crack for metal can change from ductile to 

brittle fracture with decreasing temperature[10]. Luckily in 

the case of implants, the living body keep the temperature in 

a level above 25-degree centigrade in order to maintain bio-

organic reaction. Structural Design is addressing the elastic 

envelope in the first step. Especially with the static of low 

loading. In the other hands and with fully reciprocal 

loading, the fatigue-based design should be considered. The 

design based on varying stress, (without considering intense 

stress hardening) has been studied many researchers such as 

Gerber (1874), Goodman (1899), Soderberg (1930), and 

Morrow (1960). The main design space (Figure. 14) has 

been chosen with respect to mean stress and stress 

amplitude. If the stress amplitude is zero, the design 

problem obeys the criteria of elastic failure as Higen 

(Maximum strain energy per unit volume), and Maxwell- 
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Von mises-Hencky (maximum distortion energy per unit 

volume). The full reverse loading, the design process is 

addressed by fatigue criterion. The application is controlling 

the range of working characteristics. Stress is the desired 

characteristic to constrained designing process. 

III. SHAPE OPTIMIZATION 

Shape optimization is the part of structural 

optimization which deals with extremum structural 

boundaries. The shape is the term of the outline of the 

structure, mathematically the limit of the function by the 

first order gradient. In shape optimization, besides the 

objective function, shape representative is being chosen to 

address boundaries growth.  

Level set method[11],[12] is an example of shape 

optimization. Mesh morphing on the other hand can be 

adopted for shape optimization[13]. Phase field is another 

example of shape optimization [14]. The shape optimization 

in terms of the previously mentioned methods is bounded to 

the discretization design domain. In order to get the best 

design, the design domain should be rich in size, so the 

deletion process will not eliminate the better design due to 

limited spatial period. Some solutions is done to mend this 

draw back such as different resolution mesh[15], different 

discretization methodology, one for calculation and one for 

update, such as FEM and FDM[16] and the extended to use 

XFEM for extra resolution adaptability[17]. Still the design 

domain evolution is limited by the fixed discretization 

methodology. The need of methodologies of extending the 

discretization beyond the fixed domain are necessity.  Mesh 

morphing is a potential candidate for such task [18]. 

Morphing in finite element terminology refers to mapping 

set of nodes of what so-called source elements. The process 

is widely used in transportation systems [19]and medical 

simulations[20]. Morphine can be performed by setting a 

traction course for set of nodes on the finite element model, 

to be moved within the spatial period (in this case upper and 

lower coordinates). These nodes will be referred to as 

handlers. Handler are set to move, forcing the design 

domain to extend or shrink by extruding the elements. Mesh 

morphing has a drawback such as Mesh quality problem. 

During the mesh morphing, nodes are moved to the 

transformed final geometry. It is possible that some 

elements may get distorted beyond an acceptable limit. This 

will lead to a negative Jacobean problem within FEM 

analysis. In order to solve that, mesh size should be chosen 

to be big enough to not distort badly by the morphing 

process. Decreasing mesh resolution will affect analysis 

quality, such as stress. Another solution is to adopt hybrid 

mesh. In such case, boundary mesh will be added associated 

with the higher special-order mesh. i.e. 1d mesh at the 

boundaries associated with 2D mesh for the design domain. 

This will increase the resolution of the solution, yet it is not 

quite enough, especially in the case of stress singularity. 

Another solution is by increasing the degree of freedom of 

the system with maintaining, same special representation. 

This is done by adopting higher order element types. In the 

case of the need to increase the mesh resolution, the upper 

and lower limits of the morphing optimization process 

should be chosen, in a way to not distorting the element 

badly (as getting negative Jacobian). In this research level 

set method has been chosen as the shape optimization 

methodology due to the speed, accuracy, simplicity, and the 

robustness comparing to the other methods. 

IV. TOPOLOGY OPTIMIZATION 

Topology optimization has been developed rapidly in last 

decades, and still a considerable attractive topic to be 

addressed due to free computer design. It based on the based 

auto design in order to find the optimal shape of the 

designed part based on updating the status of subdomain 

within the design domain, such that the subdomain will take 

the optimal spatial configuration to construct the final 

optimal domain. Topology optimization [21] generally 

divided into:  of layout optimization and generalized shape 

optimization. The discretization of the domain into finite 

pates with distinctive relation of the parts based on spatial 

configuration (as finite difference, boxes, element, and 

volumes). Topology optimization started as a layout 

problem. The fundamentals of layout optimization is doing 

the design of specific region (design domain), with fixed 

traction and support in a point belong to that design space  

[22]. Maxwell in 1869[23] studied in detail the traction 

effect in frame structure in several papers. Deriving virtual 

energy formulation to evaluate displacement and applied 

forces for deterministic and non-deterministic problems, He 

gave a bound which is the difference of compressive and 

tensile stress within frame members. Michell[24] used 

Maxwell lemma, and did exact analysis  formulation and 

optimization. Feasible optimal design can be achieved due 

to conditioning based optimization.  Hegemier et al[25] 

review Michell’s structure problem for optimal stiffness, 

creep resistance and natural frequency.  Drucker et al [26] 

applied constant dissipation per unit volume as their study 

to stress-strain fields and strain energy. Chan [27] study the 

optimization of static stability of truss structure by 

developing a technique to determine topographic based 

strain filed. Dorn et al introduced numerical discretization in 

layout optimization. Bartel[28] in his report, minimized 

structure weight using sequential unconstrained 

minimization and Constrained Steepest Descent techniques. 

Charrett and Rozvany [29] adopted Prager – shield 

implementation in order to find optimal design criterion 

considering rigid-perfectly plastic systems under multiple 

loading. Rozvany and Prager [30]studied optimal design of 

grillage like continua. Their approach was spatial 

distribution within confined grillage units. Rossow and 

Taylor[31] used finite element method as a numerical 

solution to find the optimum thickness of variable thickness 

sheets. Potential energy for the elastic sheet in-plane stress 

assumption was addressed. By introducing holes into plate 

structure, this work founded shape optimization. Cheng and 

Olhoff[8] implement finite element method as a numerical 

solution to optimize the thickness of annual plate with 

stiffened like approach. Homogenization as averaging 

method was being adopted in topology optimization a target 

of the discretized continuous optimality criterion (DCOC) 

by Bendson et al [32]. This work led to adopt the concept of 

fictitious material by Bendsoe [33] which then derived the 

famous  Solid Isotropic Material with Penalization method 

(SIMP).  

 

Proceedings of the World Congress on Engineering 2019 
WCE 2019, July 3-5, 2019, London, U.K.

ISBN: 978-988-14048-6-2 
ISSN: 2078-0958 (Print); ISSN: 2078-0966 (Online)

WCE 2019



 

V. STRESS BASED TOPOLOGY OPTIMIZATION (SBTO) 

 

Stress can be addressed as an effective objective function to 

minimize the singularity topography (stress concentration 

parts). Using finite element as discretization method for 

topology optimization is imposing the use of nodal 

displacement to calculate the strain then the stress. The 

nodal displacement effect will be discussing later in this 

chapter. The stress itself, they are the direct translation of 

force action with related nodal displacement. The translation 

is done in terms of stiffness matrix and displacement matrix. 

In the core of this matrices multiplication is the property 

matrix that is model in term of the artificial density function. 

The stress in the scope of finite element destination is not 

far from sharp change in value due to the jumping of nodal 

addressing in calculation procedure[34]. Another issue is the 

stresses to be addressed are in 2d case are three for each 

element. This will impact heavily in computational power 

especially with the use of numerical sensitivities. These 

aspects need to address a minimal stress entity that is 

statistically averaged in acceptable way to be the target of 

optimization as objective function or a constrained. Stress 

function, and the second one is the aggregative approach (p-

norm function). Single stress is considerably easier to 

program and handled. However, it can be computationally 

costly. This approach identifies the maximum stress parts 

easily, yet singular stress parts can theoretically[35, 36], 

leads to the non-convergence solution so, the singularity is 

problem face topology optimization[35]. In this work, two 

stresses based objective function (SBOF) are addressed, first 

is single Elastic failure criteria are used as an averaging 

method which gives single stress to be measured in order to 

achieve the safe design. One of these yielding envelopes is 

the maximum shear strain energy per unit volume criteria 

which usually refer to with Maxwell von Mises stress 

( vms ). The maximum allowable von Mises stress could be 

identifying for certain material. In order to establish stress 

criterion as a valid objective function to be extremum, the 

relationship of scaled stress should be formed to satisfying 

the following; simplicity to decrease unnecessary 

commotions, physical coherence, and address material 

discretization directly. qp-approach is satisfying the above; 

which take the form 

max

( ) |
vmsp q

avg avg

U


  


 

 


                                     (7)                                                                            

 p-norm stress function[37] is used to overcome some of  

the limitations of single stress approach.   This approach is 

based on choosing the Lebesgue space  (8)  as continuous 

objective function [38] 

( ) ( ) : | ( ) |
P

P

avg avgM t dt 


 
    

 
                        (8)                                                       

With norm defined by  

  
( ) , 1

sup ( ) 0,1

PP

avg P

avg

P


  

    




                                 (9)                                                                  

 Optimization will consider the first part of norm Eq. 9. 

Theoretically, efficient optimization could be achieved for a 

higher value of P as the need for computational power. In 

other words, maximum stress region can be recognized by 

p-norm function with increasing the value of the power P. 

This will lead to magnifying maximum stress of the system 

and then it be addressed intensively in the optimization 

process. The objective function that used is taking the form 

in (10)  

  

min

min

. . , 0 1

d

avg P

d d

find

s t d V





    


     

          (10)                                                                

is wildly known as pnorm function, or sometimes 

KK function refining to Park K. and Kikuchi [36, 39]. Due 

to discretization nature of topology optimization, mesh 

quality and type play vital role in pre-and post-processing of 

design. As mentioned previously, stress-based topology 

optimization affected by FEM accumulative analysis 

history. High order elements may increase the odds 

“theoretically “of better design, and higher resolution 

designs as well as increasing element geometric density. 

However, computational and time cost may be a serious 

problem along with convergence.  

 

VI. FATIGUE BASED TOPOLOGY OPTIMIZATION (FBTO) 

 

Fatigue life is a cycle counter. In other words, the 

modeling and the consideration of fatigue are not for the 

time of operation rather than how many stress cycles is 

predicted. Many researchers studied fatigue concentrating 

based topology optimization [40-42]. The results were 

similar to stress-based topology optimization, in shape, 

design methodology, and results. For the work in hand, the 

optimization objective function is minimizing the volume, 

with fatigue life calculated by the famous model introduced 

by the rain flow method[43]. The generalization of the 

problem is used Goodman approach.  

 

1

min

1

. . |

b
m

u

f

Volume

n
s t n

N








 
 

  




                                     (11)                                                                               

The order of the various stress amplitudes is not considered 

in the rain flow method which impacts on the accuracy of 

the fatigue life prediction. However, the optimization 

process will follow the nature of the fatigue problem. The 

shape is rather convex; thus, smooth optimization is 

anticipated.  

 

VII. CASCADE LAYOUT OPTIMIZATION 

Cascade model is a sequential model. Each addressing 

aspect of the designing process. The first stage is done by 

shape optimization to smoothen the stress concentration 

areas. The second stage is the compliance optimization. 

Stress concentration elimination is valuable for increasing 

the implant lifespan, especially the stress concentration 

areas will promote not only the crack initiation due to high 

stresses, but also due to the engorgement of corrosive 

various action [44-46] (Hydrogen embrittlement, ions 
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migration, oxide film irregularities, etc.) in the implant 

metal itself induced by body fluids and high stress variation 

of the implant. Shape optimization is chosen to by fatigue 

based. So, it can focus only on the high-stress areas 

effectively and fast such that the fatigue curve is a convex 

curve, making the optimization process is smooth and 

straightforward.  

VIII. CASE STUDY  

The case in hand is for patient of angle fracture of the 

mandible. The fixing plate has been introduced to proximate 

the fracture ends to secure the mandible fragments along the 

fracture line. Securing the fragments in a secure and optimal 

attachment is to ease the bone building by osteoblast. The 

designing process has been performed by two cascade 

models. The two cascade models been tested. First one is 

topology optimization followed by fatigue-based topology 

optimization. The second model is shape optimization 

followed by fatigue-based topology optimization. Fig. 2 is 

the designed plate using topology optimization. Topology 

optimization computing been done with parallel processing.  

 

 

 
 
Fig. 1.  Case Study of fracture mandible 

 

 

 
Fig. 2.  Fixing plate 

 

IX. RESULTS  

Performing the first cascade model, i.e. Stress based 

topology optimization then transfer the results to fatigue 

based topology optimization has been shown in Fig. 3 and 

Fig. 5. The objective function history has been shown in 

Fig. 4 and Fig. 6 

 

 

 
Fig. 3 First stage of first cascade model: Topology optimization  

 

 

 
 

Fig. 4.  Objective function history of topology optimization  

 

 

 
Fig. 5.  Second stage of first cascade model: fatigue-based optimization 
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Fig. 6.  Objective function history of fatigue-based topology 

optimization 

 

Performing stress-based shape optimization then transfer the 

results to fatigue based topology optimization has been 

shown in Fig. 7 and Fig. 8. Fatigue life of the original plate 

which (1.4e7) has been improved in each optimization stage 

(Table 1). Table II showed the weight reduction for the 

optimization process. 

 

 

 
Fig. 7 First stage of second cascade model: Shape optimization  

 

 
 

Fig. 8.  Second stage of second cascade model: fatigue based optimization 

 

 

TABLE II 

WEIGHT REDUCTION RESULTS 

Model Weight Reduction (% ) 

Cascade model 1 44.93 

Cascade model 2 36.93 

 

 

 

X. CONCLUSIONS 

 Fist cascade model (Stress based topology-Fatigue based 

optimization) reduced the weight significantly, yet the 

fatigue life of the cascade model (Stress based shape-fatigue 

based optimization) doubled the fatigue life. Second cascade 

model gave the better results in term of achieving the major 

objective which is fatigue life reduction. 
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