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Abstract—In previous works, cyclic models, in which the
initial state of the system coincides with the final state, were
considered. Applying the principles of modelling of renewable
resource systems based on the separation of the individual and
the group parameters and discretization of time, we obtained a
balance relation that contained linear functional equations with
shift. In this work, an open system, in which the final state does
not coincide with the initial state, is considered. We model and
study these systems using Neumann series. The study of the
models is carried out in weighted Holder spaces. The system’s
evolution is analyzed.

Index Terms—renewable resources, open systems, limit state,
Holder space, operators with shift, norm of operators, Neumann
series.

I. INTRODUCTION

SYSTEMS whose state depends on time and whose re-
sources are renewable form an important class of general

systems. A great number of works has been dedicated to
systems with renewable resources [1], [2]. The core of the
mathematical apparatus used for the study of such systems
consists of differential equations in which the sought for
function is dependent on time [3], [4], [5].

Our approach presupposes discretization of processes with
respect to time. We move away from tracking the changes
in the system continuously to tracking the changes at fixed
time points. This discretization and the identification of the
individual parameter and the group parameter lead us to
functional equations with shift.

In this work, open models are considered. The study of
the models is carried out in weighted Holder spaces. The
estimate of the norm of shift operator is produced. The
system’s evolution is analyzed.

II. MODELS OF SYSTEMS WITH A SET OF RENEWABLE
RESOURCES.

Let S be a system with r resources λ1, λ2, ..., λr and
let T be a time interval. The choice of T is related to
periodic processes taking place in the system and to human
interferences.
Let these resources have individual parameters with scales

x1
min = x1

1 < x1
2 < ... < x1

n1
= x1

max,
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for the first resource,

x2
min = x2

1 < x2
2 < ... < x2

n2
= x2

max,

for the second resource
...............

xr
min = xr

1 < xr
2 < ... < xr

nr
= xr

max

for the r-th resource.

v1(x1, t0), x1
min ≤ x1 ≤ x1

max,

v2(x2, t0), x2
min ≤ x2 ≤ x2

max,

...............

vr(xr, t0), xr
min ≤ xr ≤ xr

max,

We introduce the group parameters by functions

v1(x1
i , t), v

2(x2
i , t), ..., v

r(xr
i , t),

which express a quantitative estimate of the elements of
resources λ1, λ2, ..., λr with the individual parameter

x1
i , i = 1, 2, ..., n1, x

2
i , i = 1, 2, ..., n2,

...............

xr
i , i = 1, 2, ..., nr

at the time t.
As in our previous work [6], [7], [8] on modeling the

system, we will hold the following principles:
I. The description of changes that occur on the interval

(t0, t0 + T ) will be substituted by the fixing of the final
results at the moment t0 + T ;

II. We will separate parameters into individual parameters
and group parameters and will study of the dependence of
group parameters on individual parameters.

The initial state of system S at time t0 is represented as
density functions of a distribution of the group parameter by
the individual parameter for each resource

v1(x1, t0), x1
min ≤ x1 ≤ x1

max,

v2(x2, t0), x2
min ≤ x2 ≤ x2

max,

...............

vr(xr, t0), xr
min ≤ xr ≤ xr

max,

which express a quantitative estimate of the elements
of resources λ1, λ2,...,λr with the individual parameter
x1, x2, ..., xr.

We will omit t0 and will assume that the initial values of
the individual parameters are zero:

v1(x1, t0)=v1(x1), v2(x2, t0)=v2(x2), ..., vr(xr, t0)=vr(xr);
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x1
min =x2

min = ... =xr
min =0.

We will now analyse the system’s evolution. In the course
of time, the elements of the system can change their individ-
ual parameter - e.g. fish can change their weight and length.

Modifications in the distributions of the group parameters
by the individual parameters are represented by displace-
ments. The state of the system S at the time t = t0 + T
is:

v1(x1, t0 + T )=
d

dx1
α1(x1)·v1(α1(x1)),

v2(x2, t0 + T )=
d

dx2
α2(x2)·v2(α2(x2)),

...............

vr(xr, t0 + T )=
d

dxr
αr(xr)·vr(αr(xr)).

Over the period j0 = [t0, t0 + T ], extractions might be
taken from the system as a result of human economic activity;
these are represented by summands ρj(xj). If an artificial
entrance of elements into the system has taken place, it shall
be accounted for by adding terms ζj(xj). We take natural
mortality into account with coefficients dj(xj), 1 ≤ j ≤ r.

The process of reproduction will be represented by terms

Pj(xj) · vj(xj) +
nr∑

i=1

P j
i pj

i (x
j), 1 ≤ j ≤ r,

where

P j
1 =

∫ νj
1

νj
0

vj(xj)dxj , , ..., P j
nr

=
∫ νj

n

νj
n−1

vj(xj)dxj ,

0 = νj
0 < νj

1 < ... < νj
nr

= xj
max, 1 ≤ j ≤ r

are integrals with degererate kernels.

We obtain

vj(xj , t0 + T ) = dj(xj)
d

dxj
αj(xj)vj(αj(xj)) + ρj(xj)+

ζj(xj) + Pj(xj) · vj(xj) +
nr∑

i=1

P j
i pj

i (x
j).

Resources λ1, λ2,..., λr are not independent. We will
account for reciprocal influence by terms

r∑

k=1,k 6=j

lj∑

i=1

F j k
i fi(xj),

where

F j k
1 =

∫ εj
1

εj
0

vk(xk)dxk, , ..., F j k
l =

∫ εj

lj

εj

lj−1

vk(xk)dxk,

0 = εj
0 < εj

1 <, ..., < εj
lj = xj

max, 1 ≤ j ≤ r, 1 ≤ k ≤ r

are integrals with degererate kernels.
This term shows that the resource j is related to other

resources.
Thereby, the final state of the system at the moment [t0+T ]

is described as follows:

vj(xj , t0 + T ) =

dj(xj)
d

dxj
αj(xj)vj(αj(xj)) + ρj(xj) + ζj(xj)

+Pj(xj) · vj(xj) +
nr∑

i=1

P j
i pj

i (x
j) +

r∑

k=1,k 6=j

lj∑

i=1

F j k
i fi(xj).

(1)
Balance equation of the cyclic model, when

vj(xj , t0 + T ) = vj(xj , t0), has the form

vj(xj) = dj(xj)
d

dxj
αj(xj)vj(αj(xj)) + ρj(xj) + ζj(xj)+

Pj(xj) · vj(xj) +
nr∑

i=1

P j
i pj

i (x
j) +

r∑

k=1,k 6=j

l∑

i=1

F j k
i fi(xj).

If previously special attention has been paid to the study of
the density distribution of the group parameters by individual
parameters then now we present a study of the dynamics of
the individual parameters of resources.

In [9], we presented a study of the dynamics of the
individual parameters of resources. We carried out a detailed
investigation of the graphics of the function of change of the
individual parameter with time. We showed the necessity of
introducing the age parameter for elements of the system into
consideration. Here, we continue a study on the dynamics of
the individual parameters of resources.

Now, we consider a model for the study of the dynamics
of the individual parameter

For simplicity, consider a system with r resources
λ1, λ2, ..., λr and with the same individual parameter x. We
will interpret the resource λk, 1 ≤ k ≤ r, as a fish of a certain
type, and the individual parameter x, as weight, the group
parameter, as the number of fish individuals with this weight
νk, or more precisely: the integral

∫
J

νk(x)dx expresses the

total number of species of fish of the type k whose weight
is in this interval of integration J ⊂ (0, xk

max).
For every type of fish, the range of weight is different,

xk
min = 0 ≤ x ≤ xk

max; 1 ≤ k ≤ r.
The balance relation is described by equation (1).
We will analyze in more detail the origin of derivatives

in (1). Let the initial distribution of the resource k at time
t = t0 be νk(x, t0) = νk(x).

We select some interval of weight (ζ, ξ) from the interval
(0, xk

max).

The integral
ξ∫
ζ

νk(x)dx expresses the total number of

species of fish of type k whose weights are in this interval
(ζ, ξ). At the expiration of time T , at the moment of time
t = t0 + T , the weight x ∈ (ζ, ξ) of the fish changes and
becomes αk(x) ∈ (αk(ζ), αk(ξ)). Fish with weight from
the interval (ζ, ξ) become fish with weight from the interval
(αk(ζ), αk(ξ)), however, the number of individuals does not
change:

ξ∫

ζ

νk(x)dx =

αk(ξ)∫

αk(ζ)

νk(x, t0 + T )dx

Let the function βk be the inverse of the function αk:
βk(x) = αk−1(x).
After the substitution in the first integral

z = αk(x), x = αk−1
(z), dx =

d

dz
αk−1

(z)dz;

x = ζ ⇒ z = αk(ζ), x = ξ ⇒ z = αk(ξ),
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we obtain

αk(ξ)∫

αk(ζ)

ν[βk(z)]
d

dz
αk−1

(z)dz =

αk(ξ)∫

αk(ζ)

νk(x, t0 + T )dx,

taking into account the nonnegativity of the function νk(x),
we have

νk(x, t0 + T ) =
d

dx
βk(x)νk[βk(x)], 0 ≤ x ≤ xk

max.

We assume that in the relation (1), the functions of changes
of the individual parameters

αj(xj), j = 1, 2, ..., r

are unknown functions and that other functions are known.
We represent the equations (1) in the form

dj(xj)
d

dxj
αj(xj)vj(αj(xj)) = Θj(xj), (2)

where Θj(xj) are known functions

Θj(xj) = νj(xj , t0 + T )− ρj(xj)− ζj(xj)−

−Pj(xj) · vj(xj)−
nr∑

i=1

P j
i pj

i (x
j)−

r∑

k=1,k 6=j

l∑

i=1

F j k
i fi(xj).

For cyclic models νj(xj , t0 + T ) = νj(xj , t0) = νj(x).
For open models νj(xj , t0) 6= ν(xj , t0 + T ) = Ωj(xj),

where Ωj(xj) is a known function, that can be interpreted
as the state to which we want to convert the system.

Balance relations (2) are differential equations.
The application of principles I and II leads us to functional

operators with shift.
The study of the models is carried out in the weighted

Holder spaces.

III. OPEN MODELS IN WEIGHTED HÖLDER SPACES

We recall the definition [6] of the weighted Hölder spaces
H0

µ(J, ρ).
A function ϕ(x) that satisfies the following condition on

J = [0, 1],

| ϕ(x1)−ϕ(x2) |≤ C | x1−x2 |µ, x1∈J, x2∈J, µ∈(0, 1),

is called a Hölder’s function with exponent µ and constant
C on J .

Let ρ be a power function which has zeros at the endpoints
x = 0, x = 1:

ρ(x) = (x−0)µ0(1−x)µ1 , µ <µ0 < 1+µ, µ <µ1 < 1+µ.

The functions that become Hölder functions and valued zero
at the points x = 0, x = 1, after being multiplied by ρ(x),
form a Banach space:

H0
µ(J, ρ), J = [0, 1].

The norm in the space H0
µ(J, ρ) is defined by

‖ f(x) ‖H0
µ(J,ρ) =‖ ρ(x)f(x) ‖Hµ(J),

where

‖ ρ(x)f(x) ‖Hµ(J)= ‖ρ(x)f(x)‖C + ‖ρ(x)f(x)‖µ,

and
‖ρ(x)f(x)‖C = max

x∈J
|ρ(x)f(x)|,

‖ρ(x)f(x)‖µ = sup
x1,x2∈J,x1 6=x2

|ρ(x)f(x)|µ, |ρ(x)f(x)|µ =

| ρ(x1)f(x1)− ρ(x2)f(x2) |
| x1 − x2 |µ .

We denote by B(X) a set of all bounded linear operators
acting on the Banach space X . The norm of an operator
D ∈ X will be denoted by ‖D‖B(X).

Let β(x) be a bijective orientation-preserving shift on J:
if x1 < x2, then β(x1) < β(x2) for any x1 ∈ J, x2 ∈ J ;
and let β(x) have only two fixed points:

β(0) = 0, β(1) = 1,

and β(x) 6= x, when x 6= 0, x 6= 1.
In addition, let β(x) be a differentiable function with

d
dxβ(x) 6= 0 and d

dxβ(x) ∈ Hµ(J).

IV. SYSTEM’S EVOLUTION.

Now, we return to the situation when the functions of
changes of the individual parameters αj(xj), j = 1, 2, ..., r
are known functions and the density distributions of the
group parameters by individiall parameters vj(xj) are un-
known. In order not to overload (clutter) the presentation,
consider a system with one renewable resource, n = 1.

In this section, we do no require that the final state of the
system S coincide with the initial state

ν(x, t0) 6= ν(x, t0 + T ),

but the proposition

ν(x, t0+T ) = d(x)
d

dx
β(x)ν(β(x))+r(x)ν(x)−g(x)+p(x)

(3)
holds. This allows to use (3) to obtain the consequent states
of the system S from the previous states.

Without losing the generality, we will assume xmax = 1.
At the time t0 the system is in the state ν(x),

ν(x) ≡ ν(x, t0)

At the time t1 = t0 + T , the system will be in the state
ν1(x):

ν1(x)=ν(x, t1)≡d(x)
d

dx
β(x)ν(β(x))+r(x)ν(x)−g(x)+p(x);

in terms of the shift operator (Bβν)(x) = ν(β(x)),
we have

ν1(x) ≡ b(x)(Bβν)(x) + r(x)(Iν)(x) + f(x),

where
b(x) = d(x)

d

dx
β(x);

in terms of the operator weighted shift

(B̃βν)(x) = β′(x)(Bβν)(x),

we have

ν1(x) ≡ d(x)(B̃βν)(x) + r(x)(Iν)(x) + f(x);
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in terms of the operator

(Aν)(x) = r(x)(Iν)(x) + b(x)(Bβν)(x),

we have
ν1(x) ≡ (Aν) (x) + f(x).

At the time t2 = t0 + 2T , the system will be in the state
ν2(x):

ν2(x) = ν(x, t2) = (A(ν1 + f)) (x) + f(x)ν2 ≡
A (Aν + f) + f = A2ν + Af + f.

..................................................................

At the time tk = t0 + kT the system will be in the state

νk ≡ A(νk−1 + f) + f ≡ A2νk−2 + Af + f ≡
Akν + (Ak−1 + Ak−2 + ... + A + I)f.

Finally, the limit state is represented by a Neumann series.
It is found that over time the state of the system tends toward
a limit state

ν∞ = lim
k→∞

(
Akν + (Ak−1 + Ak−2 + ... + A + I)f

)
. (4)

The function ν∞ presents the limit distribution of the group
parameter by the individual parameter.

In order to investigate the convergence of the Neumann
series (4) in theHolder spaces, we make an estimate of the
norm of operator A.

V. BOUNDEDNESS OF SHIFT OPERATORS IN THE
WEIGHTED HÖLDER SPACES.

Let us begin with the shift operator (Bβϕ)(x) = ϕ[β(x)].
Theorem Operator Bβ is bounded on the space Hµ(J),

‖Bβ‖B(Hµ(J)) ≤
∣∣∣
∣∣∣β′

∣∣∣
∣∣∣
µ

C
.

Operator Bβ is bounded on the space H0
µ(J, ρ),

‖Bβ‖B(H0
µ(J,ρ)) ≤

∣∣∣∣
∣∣∣∣

ρ

ρ[β]

∣∣∣∣
∣∣∣∣
Hµ(J)

‖Bβ‖B(Hµ(J)).

Let ϕ ∈ Hµ(J),

‖Bβϕ‖Hµ(J) =‖Bβϕ‖C + ‖Bβϕ‖µ =

‖ϕ‖C + sup
x1 6=x2

| ϕ[β(x2)]−ϕ[β(x1)] |· | β(x2)−β(x1) |µ
| x2 − x1 |µ| β(x2)− β(x1) |µ ≤

‖ϕ‖C + sup
x1 6=x2

∣∣∣∣
β(x2)− β(x1)

x2 − x1

∣∣∣∣
µ

‖ϕ‖µ.

From here, it follows that

‖Bβ‖B(Hµ(J)) ≤ max

{
1, sup

x1 6=x2

∣∣∣∣
β(x2)− β(x1)

x2 − x1

∣∣∣∣
µ
}

=

sup
x1 6=x2

∣∣∣∣
β(x2)− β(x1)

x2 − x1

∣∣∣∣
µ

=
∣∣∣
∣∣∣β′

∣∣∣
∣∣∣
µ

C
.

Let ϕ ∈ H0
µ(J, ρ); from

‖ ρ

ρ[β]
Bβ(ρϕ)‖µ =

sup
x1 6=x2

∣∣∣∣∣∣

ρ(x1)
ρ[β(x1)]

(Bβ(ρϕ)) (x1)− ρ(x2)
ρ[β(x2)]

(Bβ(ρϕ)) (x2)

(x1 − x2)
µ

∣∣∣∣∣∣
=

sup
x1 6=x2

∣∣∣∣∣∣

(
ρ(x1)

ρ[β(x1)]
− ρ(x2)

ρ[β(x2)]

)
(Bβ(ρϕ)) (x1)+(Bβ(ρϕ)) (x1)−
(x1 − x2)

µ

∣∣∣∣∣∣
∣∣∣∣∣∣
+((Bβ(ρϕ)) (x1)−(Bβ(ρϕ))(x2))

(
ρ(x2)

ρ[β(x2)]

)

(x1 − x2)
µ

∣∣∣∣∣∣
≤

‖ ρ

ρ[β]
‖µ‖Bβ(ρϕ)‖C + ‖ ρ

ρ[β]
‖C‖Bβ(ρϕ)‖µ

and ∣∣∣∣
∣∣∣∣

ρ

ρ[β]

∣∣∣∣
∣∣∣∣
C

≤
∣∣∣∣
∣∣∣∣

ρ

ρ[β]

∣∣∣∣
∣∣∣∣
Hµ(J)

,

it follows that

‖Bβϕ‖H0
µ(J,ρ) = ‖ρBβϕ‖Hµ(J) =

‖ ρ

ρ[β]
Bβ(ρϕ)‖C + ‖ ρ

ρ[β]
Bβ(ρϕ)‖µ ≤

‖ ρ

ρ[β]
‖C‖Bβ(ρϕ)‖C + ‖ ρ

ρ[β]
‖µ‖Bβ(ρϕ)‖C+

‖ ρ

ρ[β]
‖C‖Bβ(ρϕ)‖µ ≤

‖ ρ

ρ[β]
‖Hµ(J)‖Bβ(ρϕ)‖C + ‖ ρ

ρ[β]
‖C‖Bβ(ρϕ)‖µ ≤

∣∣∣∣
∣∣∣∣

ρ

ρ[β]

∣∣∣∣
∣∣∣∣
Hµ(J)

‖Bβ(ρϕ)‖Hµ(J) ≤
∣∣∣∣
∣∣∣∣

ρ

ρ[β]

∣∣∣∣
∣∣∣∣
Hµ(J)

‖Bβ‖B(Hµ(J))‖ρϕ‖Hµ(J) =

∣∣∣∣
∣∣∣∣

ρ

ρ[β]

∣∣∣∣
∣∣∣∣
Hµ(J)

‖Bβ‖B(Hµ(J))‖ϕ‖H0
µ(J,ρ).

Since ρ(x)
ρ[β(x)] =

∣∣∣ x
β(x)

∣∣∣
µ0

∣∣∣ 1−x
1−β(x)

∣∣∣
µ1 ∈ Hµ(J), we complete

the proof.

VI. ANALYSIS OF THE SYSTEM’S EVOLUTION.

Thus the operator A = rI + bBβ , with coefficients
r ∈ Hµ(J), b ∈ Hµ(J), is bounded on the space H0

µ(J, ρ).
The operator

A = r[I +
b

r
Bβ ], r(x) 6= 0

has the inverse operator when the norm

‖ b

r
Bβ‖H0

µ(J,ρ) < 1

is less than one and the inverse operator has a form [11]

A−1 = [I +
b

r
Bβ ]−1 1

r
,

[I +
b

r
Bβ ]−1 = I + K + K2 + ... + Kn+,

where
K = − b

r
Bβ .

We continue the study of the limit state of the renewable
system S.

Proceedings of the World Congress on Engineering 2019 
WCE 2019, July 3-5, 2019, London, U.K.

ISBN: 978-988-14048-6-2 
ISSN: 2078-0958 (Print); ISSN: 2078-0966 (Online)

WCE 2019



Neumann serie (4) is converged in H0
µ(J, ρ), if the norm

of the operator A is less than one,

‖rI + bBβ‖H0
µ(J,ρ) < 1,

in this case [11]

I + A + A2 + ... + An + ... = (I −A)−1

and
ν∞(x) = (I −A)−1f(x)

Condition ‖A‖B(H0
µ(J,ρ)) < 1 is fulfilled, when

‖r‖Hµ(J) +
∣∣∣∣
∣∣∣∣b

ρ

ρ[β]

∣∣∣∣
∣∣∣∣
Hµ(J)

∣∣∣
∣∣∣β′

∣∣∣
∣∣∣
µ

C
< 1.

It follows from

‖A‖B(H0
µ(J,ρ)) ≤ ‖rI‖B(H0

µ(J,ρ)) + ‖bBβ‖H0
µ(J,ρ),

‖rI‖B(H0
µ(J,ρ)) < ‖r‖Hµ(J), r 6= 0

and the theorem:

‖bBβ‖H0
µ(J,ρ) ≤

∣∣∣∣
∣∣∣∣b

ρ

ρ[β]

∣∣∣∣
∣∣∣∣
Hµ(J)

‖Bβ‖B(Hµ(J)),

‖Bβ‖B(Hµ(J)) ≤
∣∣∣
∣∣∣β′

∣∣∣
∣∣∣
µ

C
.

The limit state, when ‖A‖H0
µ(J,h) < 1, does not depend on

the initial reserve of the resource at the time t = t0, ν(x, t0).
The proposed approach can be applied to the modelling of

more complex systems. One example would be systems with
several interconnected resources, the modelling of which
leads to integral and differential matrix balance equations.

VII. CONCLUSION

The theory of linear functional operators with shift is the
adequate mathematical instrument for the study of renewable
systems. In this work, we present models of systems with a
set of renewable resources, a mathematical model for the
study of the changes of the individual parameters and open
models in which the final state does not coincide with the
initial state. Applying this theory, the system’s evolution is
analyzed. Based on the presented models, it is possible to
formulate and analyse some problems for the rational use of
resources.
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