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Proper Rational Functions of
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Abstract—In this paper, we present formulas to expand

partial fraction of proper rational functions of types Ty

and m The idea of formulas is to save the time and effort
to solve these particular types. Applications of these formulas
in engineering mathematics are also included in the examples
given below.

Index Terms—partial fraction expansion, integral calculus,
inverse Laplace transforms, differential equations.

I. INTRODUCTION

artial fraction expansion is a technique by which a

fraction can be decomposed as a sum of two or more
simpler fractions. The problem of partial fraction is
generally used in the study of integral calculus, differential
equations and some areas of applied mathematics. For
solving it, the method of undetermined coefficient is used as
common approach. If these particular types are solved using
common approach, sufficient number of unknown
coefficients are involved which makes this approach really
time consuming. So, by analyzing the pattern in the solution
of such types of functions, we have derived a generalized
solution for these particular types.

Il. THEORETICAL BACKGROUND

These are the following results on which the existence of
partial fraction expansions of the given proper rational
functions are based. We can refer to [1] for proof.

Theorem 2.1. Let any function F(x) can be written as,

P(x)
F(x) =
) = Q)

Where P(x) and Q(x) are polynomials in x such that
deg. P(x) < deg. Q(X)

For the function PO =1, Q%) =x"(x™ + a)

n( m+ )
Where m & n are integers.
We may assume without loss of generality that m divides n
by multiplying by suitable power of x.

On solving this function by ‘The method of undetermined
coefficient’.

PO _ 1 _ (A A5, A
F(o) = Q(x)  xN(xM+a) (x x?2 +x3 + +x")

n (lem‘l +Byx™™? +-~~+Bm_2x+Bm_1)
xM+a
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Where A, A, A;....A, and B, B, B;...B,_; are
unknown coefficients of partial fraction expansion.

This approach involves calculation for sufficient number of
unknown coefficients. That’s why it becomes time
consuming in particular problems.

Theorem 2.2. Partial fraction expansion of this particular
type in theorem 2.1 is solved directly by putting the values
of m, n and a in following formulas. Provided m and n are
integers and m divides n by multiplying suitable power of x.

Formula(l):
1 1 1 1 1
2 (xM+a) - ax_n - a2xn—m a3xn—2m - a4xn-3m toon
PGS S )y
+ED D™ e s

Formula(ll): Similarly, we can write generalized formula for
the function

xN(xM-q)’
1 _ 1 1 1 1
xM(x™M-a) ax™  a2xh—m  g3xn—2m g4 n—3m  ‘Cct
1 1
— qn/mym an/m(xm_a)

Note that, number of terms in expansion = (% + 1).

x could even be like y™ and it would give partial fraction in
terms of y™.

Since m divides n by a suitable integer. So we can take,

% = r or n=mr , where r is integer.

Note that number of terms in expansion = (r+1)

Now above these formulas i and ii can also be written as,

1 1 1 1 1
XM (x™M+q) T aZxmr—1) + a3xm(r 2)  ghym(-3) +o
m
...................... iii
1 1 1 1 1
xMT(xM—q) =- axmr - a2xm(r-1) - a3xm(r-2) - a%xm(r-3)
1 1
........... Py @)
...................... iv

Proof. Proof of these formulas can be easily done by
mathematical induction method.

Formula(l)
1 1 1 1 1
2™ (xM+q) T axmr - a2xm(r-1) + a3xm(‘r 2) a4xm(r-3) +...
ar(xm+a)
Checking both sides for r=1.
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Then number of terms in expansion = (r+1) = 2
1 1 1

ax™

xM(xM+a) a(x™+a)

-1 [L __1 ]
alx™ (xM+a)
1 [(xm+a)—xm
xM(xM+a)
_ 1
- xM(xM+a)
Hence, itistrue forr=1
Now if formula is true for r = k then it is true for r = k+1
also.
Hence, checking both sides forr =k + 1,
1 1

_ 1 1 _ 1 +
amk+D) (xMiq) ~ gxmk+1) azxmk a3xmk—1)  g4,m(k-2)
k k+1 1
..... D + (D) T
1 1. 1 1 1
G [axmk T azmk=—1) T g3,m(k-2)
1 k 1
- W-l' ......... —(—1) Sk
(=Kt 1
=1 'ak(xm+a)]
_ 1 l[ 1
T axmkt) g | xmk(xM4q)
_ 3[ 1 1
a Lxm(k+1) xmk(xm+a)
_ l[ xM4aq—x™
T al xmE+D) (emyq)
1
- MK+ (xM 1)
Therefore, this formula is also true forr =k + 1.
Formula(ll)
1 _ 1 _ 1 _ 1 _ 1 _
x™T (xM—q) - axmr a2xm(r-1) a3xm(r-2) atxm(r-3)
1 1
........... arxm T e g

Checking both sides forr=1

then number of terms in expansion=r+1=2
1 1 1

xM(xM-q)  ax™ a(xM-a)
1 1 1 ]
a xMm ° (xM-aq)

_ 1 [—xm+a+xm]
al xM(x™M-a)
1
= xM(xM-qa)
Hence, itistrue forr=1
Now, if formula is true for r = k then it is also true for
r=k+1
Hence, checking both sides forr=k + 1
1 1

1 1
xm(k+1) (xm_g) - axm(k+1) a2xmk a3xm(k—1)
1 1 1
qhem(k=2) et et Dyem T GkAD (zm_g)
_ 1 1 1 1
axmk+n) T g [ axmk  gzem(k—1)

1 1 1 ]
akxm = gk(x™M-q)

m=) e
_ 1 1 1
- axm(k+1) a lxmk(xm—q)

1 1 1
T a xm(k+1) xmk(xm_a)

1 [ —xM+a+x™ ]
T a xm(k+1)(xm_a)
= xm(k+1)(xm_a)
Therefore, this formula is also true forr = k + 1.
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I1l. ExampLEs

We are now demonstrating some solved examples on the
basis of these formulas, including its application in certain
topics in engineering mathematics such as integral calculus,
inverse Laplace transformation and differential equations.

Example 3.1 Find partial fraction decomposition of

Algebraic Function eIV

Solution. On comparing this function with the generalized
form

x(xM+a) ’
n=21, m=3and a = 1.
Here, n is a multiple of m
Now, no. of terms = (= + 1) = (2 + 1) =8
m 3

On applying formula we get,

1 1 1 1 1 1 1 1 1
i)k x® x5y e xe T3 8
Example 3.2 Find partial fraction decomposition of
Algebraic Function

x18(x2-1) "
Solution.  On comparing this function with the generalized
form m .
n =18, m=2anda=1

Here, n is a multiple of m
n 18
Now, no. of terms=(—+ 1) = (— + 1) =10
m 2
On applying formula we get,
1 1 1

_ 1 1 101 1 1
x18(x2-1)  x18 x16 x14 12  »10 48 36 4
1 1

Example 3.3 Find partial fraction decomposition of

. - 1
Algebraic Function D'

Solution. On comparing this function with the generalized

form ———
xM(xM+a) ’

n=4mw, m=mand a = 1.
Here, n is a multiple of m
Now, no. of terms = (% +1)=5

On applying formula we get,
1 1 1 1 1 1
D e Vo T T

Example 3.4 Find integration of function Tz“)

Solution. On comparing this function with the generalized

form vyl
n=12, m=2anda = 4.
Here, n is a multiple of m

Now, no. of terms = (% +1)=7

On applying formula we get,
1 1 1 1 1 1 1
T 42510 T 2348 2446 | 4544 42642

x12(x2+4) ~ 4x12

1
46(x2+4)

i = ()~ 50) 5 (5) - 59)
+35(5) —w (3) +aslan ()] + e
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Example 3.5 Find the value of fﬁ

Solution. On comparing this function with the generalized
form

xN(xM—-q) '

n=10, m = 2and a = 4.

Here, n is a multiple of m

Now, no. of terms = (~+ 1) = 6

On applying formula we get,
1 1 1

1 1 1 1

x10(x2-4) ~ 4x10 43x6 45x2

dx 1/-1 1 /(-1 1 /-1 1 /-1
I =16 %) 55 %)
1 /-1 101 x—2
—= (sl G +e
Example 3.6 Find the inverse Laplace transformation of the
rational function — .
sé(s—-1)
Solution. On comparing this function with the generalized
form

sn(sM—a) '

n=6 m=1landa=1.
Here, n is a multiple of m

Now, no. of terms = (— + 1) = 7

On applying formula we get,
1 1 1 1 1

1 1
ST s a2 Lt
s6(s—1) s6¢ s5 s s s s s-1
5 4 3 2
S e
s6(s-1) 5! 4! 3! 20 1!

Example 3.7 Find the inverse Laplace transformation of the

. . 1
rational function FG7T9)

Solution. On comparing this function with the generalized

form m s

n=8 m=2anda=9.
Here, n is a multiple of m
Now, no. of terms = (% +1)=5

On applying formula we get,
1 1 1 1 1 1

s8(s2+9) = 958 9354 ogs2 94(s2+9)
-1t =1(£)_1(i) i(ﬁ)_i(i)
L [58(32+9)] 9\7! 92 \ 5! + 93 \ 3! 9% \1!

+i4 [lsin 3t]
9* 3

9256

Example 3.8 Solve the differential equation y” + 16y = t°
Solution.  Let F(s) =L[y(¢t)], applying Laplace

transformation, we have (s? + 16)F(s) = :—;
1
= 6! | ——8—
Or, F(s) = 6! [56(52+16)]
. 1
On comparing [36(52+16)
1
sh(sM+a)’
n=6 m=2anda = 16.
Here, n is a multiple of m
Now, no. of terms = (™ + 1) = 4

On applying formula we get,
1 1 1 1 1

s6(s2+16)  16s5  162s* = 16352 163(s2+16)

-1[__s _ﬂ(i)_ﬁ_!(ﬁ) (L) - s ]
L [56(s2+16) 16 \5! 162 \ 3! +163 1! 163 4sm4t

] with the generalized form
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IV. CoONCLUDING REMARKS

In this paper, we have presented formulas to solve partial
fraction decompositions of proper rational functions of
certain types. These formulas can be of great use in saving
time and energy and also have useful application in
engineering mathematics. In these particular types of
functions, these formulas can be used as an alternative to the
method of undetermined coefficient or other classical
techniques in higher school or undergraduate level.
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