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Abstract—In the paper an unsteady incompressible fluid 

flow in a prismatic pipe is studied for the low Reynolds 

number. The linearized Navier-Stokes equation (the Stokes 

equation) is considered with the suitable initial-boundary 

conditions. It is assumed that the pressure exponentially 

depends on time . The Stokes equation is reduced to the system 

of linear integral equations with the weakly singular kernel. 

The existence and uniqueness of the solutions of those 

equations is proved and the approximate solutions are obtained 

by means of the conformal mapping and the stepwise 

approximation methods. The example of the pipe with the 

hexagonal cross-section is considered. 

 
Index Terms—Conformal mapping, Integral equations, 

Stokes flow in pipes, Step-wise approximation 

 

I. INTRODUCTION 

HE pipes with the polygonal cross-section are widely 

used in technological processes. However, it is 

important to define the velocity of the fluid flow in such 

pipes not only experimentally, but also analytically. 

  Study of the Stokes system for the pipes begins in the XIX 

century. The solutions of the Stokes system for the 

incompressible fluid flow in pipes with circular, elliptical, 

rectangular, triangular cross-sections were obtained by 

Poiseuille (1840), and Boussinesq (1868), [2], [6], [20]. 

Exact solutions for the flow in porous circular pipes were 

derived by S. Tsangaris, D. Kondaxakis and, N. Vlachakis 

in 2007 [30]. Exact solutions for the axi-symmetric Stokes 

system for the fluid flow over the ellipsoidal bodies in the 

infinite channel are given in [11, 13]. By means of those 

solutions, transportation of oxygen with the help of the 

single erythrocyte in a capillary was described [13]. We 

obtained non-smooth solutions of the Stokes system for the 

fluid flow over and inside the rectangular infinite prism in 

[17]. The numerical treatment of the Stokes system is given 

in [4], [7], [24], [25], [28], [29]. 

  As we know, solutions of Stokes system for pipes with an 

arbitrary polygonal cross-section have not been obtained yet 

and this is our goal.  
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We assume that the pressure is controlled and the fluid flow 

in a pipe is slow with a low Reynolds number. In this case 

the flow is called the Stokes flow and the velocity 

components of the flow subject to the Stokes system [1], 

[2],  

[5], [6], [15], [16], [18], [20]—[30]  
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with the equation of continuity  
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where t is a time, ),,( zyx VVVV


 is the velocity of the 

fluid, ),,( zyx FFFF


 is the body force, P  is the 

pressure,  is the density,  is the viscosity of the fluid. 

 We consider the system (1), (2), (3) with the initial-

boundary conditions 
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where S  is the boundary of the pipe,
 

),0,,(),0,,,(),0,,,( 000 yxVzyxVzyxV zyx   
 are some double-differentiable functions. 

  The pressure P  satisfies the equation [1], [2], [5], [6], 

[15], [16], [18], [20]—[30]
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  In the paper, the specific pressure (depends on time 

exponentially) is considered. Using the Poisson formula and 

conformal mapping methods we reduce the system (1), (2), 

(3), (4) to the system of Fredholm integral equations [3], 

[8], [10], [19], [23]. We solve this system by the stepwise 
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approximation method and obtain the velocity components. 

Hence, we define the velocity of the fluid. The example is 

given for a pipe with a hexagonal cross-section (the pipes 

that have hexagonal cross-sections are more convenient for 

transportation). 

  We will solve Problem 1 by means of two different 

methods: in Chapter 3 we obtain the solution directly in 

0xyz space, while in Chapter 4 we use the conformal 

mapping method and obtain the solution in new variables 

(from our viewpoint this method is more convenient for the 

numerical treatment). 

 

II. STATEMENT OF THE PROBLEM  

  We study 3D Stokes flow in the finite prismatic pipe. 

  In the cartezian coordinate system Oxyz
 
we consider the 

prismatic area ;0;0]};,0[{ 0  llzlDDz  with 

the boundary S  
   

and with the cross-section 0D , where 

0D  is the simply connected region of xOy  plane bounded 

by a piecewise-smooth line ),( yx .  

  Let us suppose 
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where ),(),,(),,( 000 yxFyxFyxF zyx  
are continuous 

functions , and 0P is the double differentiable function 

in ,0D a
 
and  0  

  
 are some given constants. 

Besides, we admit 
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where functions ),(),,(),,( 000 yxVyxVyxV zyx  
are to 

be determined.

 
  By (5), (6), (8), (9), (10) the system (1), (2), (3), (4) 

becomes 
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with the initial-boundary conditions 
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The equation (7) takes the form 
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 Our goal is to solve the following problem 

  PROBLEM 1. In the area 0D  find the functions 

000 ,, zyx VVV  having continuous second order derivatives 

and satisfying the system (11), (12), (13), (14) with the 

boundary condition (15) and the condition (17). 

 

III. SOLUTION OF PROBLEM 1 

  By means of the condition (15) and Poisson’s formula the 

system (11), (12), (13), (14) can be reduced to the system of 

Fredholm integral equations [3], [15], [16], [25] 
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where G is Green’s function for the Laplace equation in the 

area 0D  , 
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If we take the first order derivatives of equations (11), (12) 

and use the formula (17) we obtain 
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 According to (14) equation (21) has only trivial solution. It 

means that 




2
 is not the eigenvalue of the integral 

equations (18), (19), (20) and hence they have  unique 

solutions. Applying the Banach theorem we conclude [3]: 
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xn
n

x VV


 lim0
; 

yn
n

y VV


 lim0
; 

zn
n

z VV


 lim0
, (22) 

 

where 

 

  111110 ,,,
2

1

0

dydxyxyxGV
D

x  
,           (23) 

  11)1(110 ,,,
2

0

dydxVyxyxGVV nx

D

xxn 



, 

  ,,,,
2

1
112110

0

dydxyxyxGV
D

y  
            (24)

 

  11)1(110 ,,,
2

0

dydxVyxyxGVV ny

D

yyn 



.                                       

  113110 ,,,
2

1

0

dydxyxyxGV
D

z  
,              (25) 

  11)1(110 ,,,
2

0

dydxVyxyxGVV nz

D

zzn 



. 

If 



24  

is rather small, then the solutions of the system 

(18), (19), (20) will be given by (30), (31), (32) and hence 

the solutions of the system (11), (12), (13), (14) will be 

given by (10). 

We define the profile of the velocity by the formula 
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The Green function G is given by the formula [23] 
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where  11 ,,, yxyxf  is the conformal mapping of the 

area 0D  at the unit circle. 

For the polygonal areas with the n-angles the function 

 11 ,,, yxyxf  is the inverse function of the integral  
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where ;,,0, nii   are the angles of the polygon, 

;,,0, niai 
 

are the points of the circle corresponding 

to the vertices of the polygon and 21 , CC  are the definite 

constants [8], [9],  [19], [23]. 

  In the next chapter we study Problem 1 by means of the 

conformal mapping method. 

 

IV. SOLUTION OF PROBLEM 1 BY MEANS OF THE 

CONFORMAL MAPPING 

  Let us consider a conformal mapping )(1 wf  of the 

rectangle 

  000 0;2/2/ baaD     

of  iw   plane on the area 0D  (Fig.1). 

 

 
 

  Fig.1. The rectangle  000 0;2/2/ baaD   . 

 

By the mapping )(1 wf  the system (1), (2), (3) becomes 
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with the boundary conditions 
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is the boundary of the area D  . 

 Taking into the account (32) and Poisson’s formula we 

reduce the system (28), (29), (30), (31) to the system of 

integral equations [3], [15], [16], 
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0G is Green’s function for the Laplace equation in the 

rectangle D  [23]
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 wsn  is the Jakobi sinus with the periods 00 2;2 bia  [8], 

[9], [10], [19], [23]. 

  As we proved previously 
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system of integral equations (33), (34), (35) and if this 

constant is rather small, then the solutions of this system are 

given by the formula (22), where 
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Below as an example we consider the case when 0D  is the 

hexagon (Fig.2) 

 

 

 
 
Fig.2. The hexagon with the vertices  

0Re;0;,,,,, 41654321  aaaaaaaa  

 

Example. Suppose, that 0D  is the hexagon of z-

plane, ,iyxz   with the vertices  

0Re;0;,,,,, 41654321  aaaaaaaa  

 and with the axis of symmetry 41aa . In this case the 

conformal mapping of the rectangle D  on the area 0D  is 

given by the formula [12], [14] 
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(38), (39), we obtain the approximate solutions of the 

system (28), (29), (30) 
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and by (44) the formulas (36), (43) becomes 

 

   

   
,ln

2

1
);(

2

01

2

01

2

01

2

01

00







wwG

 
3/2

2

1

2

1

2

1

2

1
82

1
2

1

2

1
1

1012)('























 




wf , 

where 

 

;;
00

1

00

1
CaCa





   

 

We now suppose 

;),(;,; 003

0

2

0

1

0 PyxPdFdFdF zyx   

0321 ;,; Pddd
  

are the constants, then from (40), (41), (42) 

we define the velocity components and the velocity modulus 
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for the pipe with the hexagonal cross-section  
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V. CONCLUSION 

  Hence, we conclude: If the pressure is represented by the 

formula (8) and satisfies the equation (17) and 




2
 is not 

the eigenvalue of the system of integral equations (33), (34), 

(35) ,then there exists the unique solution of the Stokes 

system (1),(2), (3), (4) for the velocity components of the 

incompressible fluid flow in a pipe with the polygonal 

cross-section and this solution is given in the explicit form 

by the formulas (22), (23), (24), (25). 

   In this paper we obtained new type of solutions for the 

Stokes system in a prismatic pipe with no axial symmetry. 

  In future, we plan to obtain a numerical approximation for 

the formula (45). 
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