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Computer Algebra and Mechanized Reasoning
In Mathematical Epidemiology

Davinson Castafio Cano

Abstract—We are concerned by imminent future problems
caused by biological dangers, here we think of a way to solve
them. One of them is analyzing endemic models, for this we
make a study supported by Computer Algebra Systems (CAS)
and Mechanized Reasoning (MR). Also we show the advantages
of the use of "CAS" and "MR™" to obtain in that case, an
epidemic threshold theorem. We prove a previously obtained
theorem for S"IR endemic model. Moreover using ""CAS+MR"
we obtain a new epidemic threshold theorem for the S"I™R
epidemic model and finally we discuss the relevance of the
theorems and some future applications.

Index Terms—Basic reproductive number, Computer
algebra and mechanized reasoning, Differential susceptibility,
Epidemic thresholds, SIR model.

. INTRODUCTION

At the moment, we are at the edge of a possible biological
problem. Some people say that the 19th century was the
century of chemistry, the 20th was the century of physics, and
they say that the 21st will be the century of biology. If we
think, the advances in the biological field in the recent years
have been incredible, and like the physics and its atomic
bomb, with biology could create global epidemics diseases.
Also the climate change could produce a new virus better than
the existing virus, creating an atmosphere of panic. For these
reasons and others, we think in a solution using mathematical
models with computer algebra and mechanized reasoning.
Specifically we consider the SIR
(Susceptible-Infective-Removed) model, with differential
susceptibility and multiple kinds of infected individuals. The
objective is to derive two epidemic threshold theorems by
using the algorithm MKNW given in [1] and a little bit of
mechanized reasoning.

Briefly the MKNW runs on: Initially we have a system of
ordinary non-lineal differential equations S, whose
coefficients are polynomial. We start setting all derivates to
zero for finding equilibrium; we solve the system finding the
equilibrium point T. Then we compute the Jacobian Jb for the
system S and replace T in S. We compute the eigenvalues for
Jb; from the eigenvalues we obtain the stability conditions
when each eigenvalue is less than zero. Finally we obtain the
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reproductive number for the system S in the particular cases.
Using deductive reasoning we obtain some theorems based on
the particular cases.

The MKNW algorithm is not sufficient to prove the
threshold theorems that will be considered here and for this
reason, it is necessary to use some form of mechanized
reasoning, specifically some strategy of mechanized
induction.

The threshold theorem that we probe in section 2 was
originally presented in [2] using only pen and paper and
human intelligence. A first contribution of this paper is a
mechanized derivation of such theorem using CAS.

The threshold theoremto be proved in section 3 is original and
some particular cases of this theorem were previously
considered via CAS in [3,4] and without CAS in [5].

1Il. CAAND MR APPLIED TO THE SMIR EPIDEMIC MODEL

We introduce the system for the S"IR epidemic model, with
n-groups of susceptible individuals which is described by next
equations [2]:

%Xi(t):p(pi X, = X.(1)) = &, X(t) )

j'tv(t){Z s xk(t)]—(u+v+6)v(t) @)
k=1

2=y () - (n+e) Z() 3)

with,

A=, BnY(t) 4)

we define p; as:

Yot ®)

That is a system with (n+2) equations and each constant is
defined as follow:

p: is the natural death rate.

v : is the rate at which infectives are removed or become immune.
d : is the disease-induced mortality rate for the infectives.

g : is the disease-induced mortality rate for removed individuals.
a; : is the susceptibility of susceptible individuals.

B : is the infectious rate of infected individuals.

n : is the average number of contacts per individual.

Each variable is defined as follow:

Xi(t) : are the n groups of susceptible in the time equal t,
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Y(t) : is the group of infectives in the time equal t.
Z(t) : is the group of removed in the time equal t.

A. The Standard SIR Model

As a particular case we analyze the SIR model with one
group of susceptible [6]. It is described as follow:

%Xl(t):u(pl X, — X, (1)) = &, X, (1) (6)
%Y(t):klxl(t)—Y(t)p—yY(t)—Y(t)S ()
S 2=y ¥() - (u+e) (1) ®

The infection-free equilibrium solution for the previous
system, it’s given by:
{Xlzplxo,Y:O} (9)
We generate the Jacobian matrix for the equations system.
[-p-a,nBY —a, B X (10)
| oynBY  emBX -p-y-3
and substituting the infection-free equilibrium point in the
Jacobian:

- -, np, X, B } (11)
10 amp X B-p-v-8
We find the eingenvalues for the previous Jacobian.
—w ooy np X B-p-y-35 (12)
and the corresponding stability condition is:
anp, X, B-pn-y-38<0, (13)
this can be rewritten as:
AT
also it can be written as:

R,<1 (15)
where, ,
o, np, X B
07 p+y+d (16)

this is known as the basic reproductive number.

B. The S’IR Model

As another particular case we analyze the S2IR model
where there are two groups of susceptibles. The equations for

this system are:
d
gt () = 1 (P X, =X, (1) = 2, X,(1) 7

%Xz(t):u(pz X, = X,(1)) = &, X,(t) (18)

%Y(t) =y X (1) + 2, Xo(1) = Y(1) p—y Y(1) - Y(1) 8 (19)

%Z(t):yY(t)—(p+s)Z(t) (20)

The infection-free equilibrium solution for the previous
system, it’s given by:
[X; =P Xy X, =P, Xy Y=0] (21)

We generate the Jacobian matrix for the equations system.
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[-n—a,npY 0 -, B X (22)
0 —-u-a,nPY -, M B X,
anpy a,nPyY anBX+a,npX,—p-y-39

and substituting the infection-free equilibrium point in the
Jacobian:

(23)
0 -n —a,np, X B
10 0 anp X Bra,np, X B-p-v-5
We find the eingenvalues for the previous Jacobian.
_H’_H’alnp1X0B+a2npzxoﬁ_“_y_8 (24)
and the corresponding stability condition is:
anp, X B+o,np, X, p-pn-vy-8<0 (25)
this can be rewritten as:
alnplXOB+a2np2XOB<1 (26)
w+y+9o
also it can be written as:
R <1
o (27)
where,
R_alnD1XOB+aznp2XOB (28)
0o p+y+9

this is the basic reproductive number for S2IR model.

C. The S’IR Model

As another particular case we analyze the S3IR model
where there are three groups of susceptibles. The equations for
this system are:

%xl(t)zp(plxo—xl(t))—xlxl(t) (29)
%xz(t)zp(pzxo—xz(t))—xzxz(t) (30)
%Xa(t):p(pSXO—X3(t))—k3X3(t) (31)

%Y(t) =y X, (1) + oy X, (1) + Ay Xy(t) = Y(£) =7 Y(£) = Y(1) 3

(32)

%Z(t):yY(t)—(p+s)Z(t) (33)

The infection-free equilibrium solution for the previous
system, it’s given by:

[X,=p, Xy X,=p, X, X;=p, X, Y=0] (34)

The corresponding stability condition obtained from the
Jacobian for this system:

o, np, X Bro,np,X Bro,npp,X,—n-y-5<0 (35)

this can be rewritten as:

0Ll‘nl:)1><0B+O(“2npZ><OB+O"3nl3p.’n’XO<1 (36)
p+vy+90

also it can be written as:

R,<1 (37)

where,

R_alnp1XOB+a2np2XOB+a3an3XO (38)

0o pL+7y+9

this is the basic reproductive number for S3IR model.
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D. The S*IR and S°IR Models

Here we show the S4IR and S5IR models where there are
four and five groups of susceptibles, respectively. With these
models we do the same process, so we show only the basic
reproductive number.

R :aln P, XgBHo,mp, X, B+aymPp X +a,npp, X, (39)

0 pw+vy+9
this is the basic reproductive number for S*IR model.
R = an p1X0B+oc2np2X0[3+a3nBp3X0+oc4n[3p4X0+a5an5X0

0 n+y+9

(40)

(' this is the basic reproductive number for S°IR model. (

E. The S"IR Model

Theorem. For the equations system given by (1), (2) y (3).
The infection-free equilibrium is locally stable if R0O<1, and
is unstable if RO>1, where:

XOBn[Z a, pi]
R = i=1

0 p+vy+9

1) Proof:

If we look the inequalities corresponding to stability
conditions for each system previously considered, we have the
list:

Xoﬁn(xl pl
— < <
p+7y+90
X, Bn(a p,+a,p,)
<1
p+y+90
XOBn(alpl+a2p2+a3p3)
p+y+90
XOBT](alpl+a2p2+a3p3+a4p4)
p+y+90
Xy B (o, p +a,p,+o,p,+0,p,+op;)
| p+y+39 |
Using mechanized induction we obtain the general

expression for the stability conditions for a system with (n+2)
equations.

X, Bn [;n‘,l a pi]

pu+vy+90

(42)

<1 (43)

A schematic of the deductive reasoning using “MR” is

Ay Bnoyp
W+y+ 6
X Bnlop+op)
—_— "
W+y+ 6
Xoﬁ'ﬂ(%?’ﬁ%?’z*%?’z)ql
W+v+ &
LBnlogp + o040+ 0,0,) "
W+v+ &
Lo B (o 2y + 02y + 0y 2y + 0y 2y + 05 25)
W+y+ 8

B0 [é ,p,-]

pt 7yt b <1

=1

Here we have an idea for the MR, it finds the similar
components in each item and it has a viewer or a detector that
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(41)

find the sequential form for the dissimilar parts. It is just an
idea, we believe this system have to be improved by the
scientific community.

Il. CA AND MR APPLIED TO THE SMIVR EPIDEMIC MODEL

We introduce the system for the S"I"R epidemic model,
with n-groups of susceptible individuals and m-groups of
infected people, which is described by next equations:

m

g X0 =1(p, X=X (1)~ o (Z B, Y,-(t)] x(t (4

%Yj(t>=sjnYJ.(t)[i:ilaixi(t)]—Yj(t)u—yYJ.(t)—v,.(t)s (4)
S2O =Y~ (n+ ) 20 (46)
with,

li’j =a, Bj n Yj(t) (47)
we define pi as:

> p-1 (48)

i=1
That is a system with (n+1) equations and each constant is
defined as follow:

= is the natural death rate.

v : is the rate at which infectives are removed or become immune.
3 : is the disease-induced mortality rate for the infectives.

¢ : is the disease-induced mortality rate for removed individuals.
a; : is the susceptibility of susceptible individuals.

Bi: is the infectious rate of infected individuals.

n : is the average number of contacts per individual.

Each variable is defined as follow:

Xi(t) : are the groups of susceptible in the time equal t, with i from 1 to n.
Yj(t) : are the groups of infectives in the time equal t, with j from 1 to m.
Z(t) : is the group of removed in the time equal t.

A. The SI’R Model

We analyze a particular case with one group of susceptibles
and two groups of infectives. The following equations
describe this case:

(49)

2
%xl(t) =1 (p, X, = X,()) =y M [Z B, Y,(t)] X,(1)
i=1

1
gV, =B, n Y, [Zl o, xi(t)]— Y0 w7 Y, (0) - Y, (1) 6
(50)
d 1
gt oD =B, n Y,(1) (Zl o xi(t)]— Y (1) m=7 Yy () =Y, (1) 8
(51)

Solving the system for the infection-free equilibrium, we
find:

WCECS 2009



Proceedings of the World Congress on Engineering and Computer Science 2009 Vol I
WCECS 2009, October 20-22, 2009, San Francisco, USA

np, X, (52) Solving the system for the infection-free equilibrium, we
¥1=0.Y,=0.X,= 2 find:
+a Y. X X
" 1n(i§ﬁj J] Y, =0Y,=0,X, = e 20 X, = HP. 20
We generate a Jacobian coming off the equations system: ptoym [E B; YJ-J Hta,m (2‘1 B; Yj]
Rp Xg— X —oymB Y, X = B,mY, o X, (64)
onp Y, X, =Y, p-yY -Y 38 (53)  We generate a Jacobian coming off the equations system:
BymY,o X =Y, u—vyY,-V,38 Hp XX —oyn B Y, X, —B,mY, o X,
substituting the infection-free equilibrium point: wp, X=X, —o,m B Y, X, — o, m X, B, Y, | (65)
M -, n B, P, X -, m B, P, X, NP Y Xt B Y, X =Y u-yY, -V, 8
0 amB,p,Xy—n-v-39 0 _anY2a1X1+(x2nXZBZYZ—sz—yYZ—YZS
0 0 a,nP,p, X,—pu-v-9 substituting the infection-free equilibrium point:
(54) “H, 0 —aymBp Xy, ey B, p X
We find the eigenvalues for the system, 0, -, -a, M B, P, X, -, M B, P, X, (66)
oy mPBp Xy —p-y=8anB,p X;-p-v-9 0,0, 0,mB, P, X, +0,nPB, P, X —pn—y-5,0
The stabilit diti hall sati (55) _0,0,0,0L1nB2p1X0+0L2nszzxo—u—y—é
_ae zaﬁ ' FIJ cho_n “' 10:_3 6a< Sa Isfy, We find the eingenvalues for the system,
torero (56) oy mB P X +a,nB P, X —pu-y-3,
aanX—u—y—5<0 1 171°°0 2 172°°0 (67)
R_evlvriti; tlhe0 revious equation: NPy Py X oM PPy X ey =0
o Bz%l xop quation: The stability condition shall satisfy:
Thryis <1 (57) a,nB,p, X, +a,nB,p, X, —p-y-38<0 (68)
a, n B, p; X, . _alnB1p1X0+O‘2nBlpzxo_“_y_6<0
| u+y+3d a_nd rewriting the previous equation:
also it can be written as: % PP Xt By P Xy
'RO <1 (58) p+y+3 (69)
R02<1 alnB1p1X0+a2nB1p2X0<1
Whére - mry+o
' a,nB,p, X, Here, we obtain the two basic reproductive numbers for
= S?I°R model:
0,2 p+y+9o (59) -
a B, p, X :alnB2p1XO+a2nB2p2Xo
= 1 +1+150 0,2 p+y+9 (70)
' p+y
- o X+ a X
Here, we have the two basic reproductive numbers for SI’R Ry, =— NPy P X Zan PP %,
model. L mETE
ngm

Theorem. For the equations system given by (44), (45) y
(46). The infection-free equilibriums are locally stable if the
reproductive numbers of infection R0,j<1, and is unstable if
R0,j>1, with j from 1 to m, where:

We analyze a particular case with two groups of
susceptibles and two groups of infectives. The following
equations describe this case:

2 X, y a, pi]Bj
i=1 0.j p+y+9o

(60) To prove the theorem, we used mechanized induction
d 2 starting from the particular results previously obtained:
axz(t)zu(pz XO_Xz(t))_azn[_z BJ Yj(t)]xz(t) [ alnszlxo
i=1 Ro, 2= m (72)
_ an Bl P, Xo
| %! p+y+9o
o NP, P Xyt o, B, P, X,

(61)

2
CY, (0 =B, nY,() [_Z q, xi(t)]— Y,(0) 17 V(0 - Y,(1) 5

(62) 0,2 n+y+38 (73)
d 2 o, By P, X+ a,m Py p, X
VO8O S X (0|0 s Ry, = R

(63)
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Finally, we find the general solution for the basic
reproductive numbers for the S"I"R model according with:

@y N Pyp g R =u1nﬁgp1X0+u§ntngu
LE S TI 0.2 p+y+b

P _ s nkp g R _U*lﬂﬁleroJrunﬂElszu
01T T Y vt 6 0,1 L+v+ 6
I

Xﬂ[ﬁ%} By

Y T N

IV. CONCLUSIONS

We finally obtain two theorems which can help us to
demonstrate that CAS+MR are important tools for solving
problems in every situation that mathematics could model. The
theorems are useful to make strategies to fight against
epidemic diseases in the future biological dangers.

Due to use CAS, in our case “Maple 117, we can proceed to
solve the mathematical problem and we can obtain results very
fast that without them could take us too much time.

The use of CAS+MR can help in teaching and learning the
mathematics to engineering, whose don’t have time and need
to give quickly solutions. It can be implemented in engineer
programs.
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