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Abstract—We establish weak convergence of the
Ishikawa iterates of nonexpansive maps under a vari-
ety of new control conditions and without employing
any of the properties: (i) Opial’s property (ii) Fréchet
differentiable norm (iii) Kadec-Klee property.
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1 Introduction

Let E be a real Banach space and let C' be a nonempty
closed convex subset of E. A map T : C — C is non-
expansive if | Tz — Ty| < |z —yl for all z,y € C. We
denote by F(T) the set of fixed points of T

Numerous problems in mathematics and physical sciences
can be formulated in a fixed point problem for noexpan-
sive maps.In view of practical importance of these prob-
lems, methods of finding fixed points of nonexpansive
maps continue to be a flourishing topic in fixed point the-
ory. Iterative construction of fixed points of these maps
is a fascinating field of research (see, [1, 4, 7, 9, 10]). In
1967, Browder [1] studied the iterative construction of
fixed points of nonexpansive maps on closed and convex
subsets of a Hilbert space (see also [3]).

For a map T of C into itself, we consider the Ishikawa
iteration scheme: z; € C, and

1.1
Yn = 6nTxn + (1 - ﬂn)xvu n > 1. ( )

where {ay, } and {5,,} are sequences in [0, 1].

{an =, Tyn + (1 — ap)zy,

Set

. 1
o(r) =t {1~ S+ vl ol < 1. < Lllo =l 2 v}

A Banach space E is uniformly convex if for each r €
(0,2], the number §(r) > 0.
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For a sequence, the symbol — (resp.—) denotes norm
(resp. weak) convergence. The space E is said to sat-
isfy : (i) Opial’s property [8] if for any sequence {x,}
in B, z, — z implies that limsup,_ ||z, —z| <
limsup,_,o |lzn —y|| for all y € E with y # z; (i)
Kadec-Klee property [6] if for every sequence {z,} in E,
x, — x and |lx,|| — ||z|| together imply x, — z as
n — 0.

Let S ={z € E: ||z| =1} and let E* be the dual of E,
that is, the space of all continuous linear functionals f on
E. The norm of E is : (ili) Gdteaux differentiable [10] if

t —
Lzt ty) o]

t—0 t
exists for each z and y in S and (iv) Fréchet differen-
tiable [10] if for each x in S, the above limit is attained
uniformly for y € S.

A mapping T : C — FE is demiclosed at y € E if for
each sequence {z,} in C and each v € E, x, — z and
Tx, — y imply that x € C' and Tx = y.

One of the fundamental and celebrated results in the
theory of nonexpansive maps is Browder’s demiclosed
principle[1] which states that if C' is a nonempty closed
convex subset of a uniformly convex Banach space FE,
then for every nonexpansive map T : C — E, [ — T is
demiclosed at zero, i.e., for any {z,} C C,z, — z and
(I = T)x, — 0 imply that Tz = x.

The above stated demiclosed principle has played an im-
portant role in the study of approximation of fixed points
of nonexpansive maps through weak(strong) convergence
of certain iterates.

A suitable varient of Lemma 3.1 due to Gérnicki [5] for
nonexpansive maps in uniformly convex Banach space is
as follows:

Lemma 1.1. Let C' be a nonempty bounded closed convex
subset of a uniformly convex Banach space E and let T be
a nonexpansive map of C into itself. If x, — x({z,} C
C,x € C), then there exists strictly increasing convex map
g:[0,00) — [0,00) with g(0) =0 such that

g(|lz — Tz|)) < liminf ||, — Tz,]| .
n—oo

Note that Browder’s demiclosed principle is a simple con-
sequence of Lemma 1.1.
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Tan and Xu[10] and Takahashi and Tamura[9], respec-
tively, proved the following interesting results.
Theorem A. Let C' be a nonempty bounded closed con-
vex subset of a uniformly convex Banach space E which
satisfies Opial’s condition or whose norm is Fréchet dif-
ferentiable and let T be a nonexpansive map of C' into
itself. Then the sequence {x,} given by (1.1) converges
weakly to a fived point of T provided the following con-
dition is satisfied:

(C1) Yoty an(l—an) = 00,3707, Bu(1
lim sup,, oo Bn < 1.

Theorem B. Let C' be a nonempty closed conver sub-
set of a uniformly convexr Banach space E which satisfies
Opial’s condition or whose norm is Fréchet differentiable
and let T be a nonezxpansive map of C' into itself. Sup-
pose that {x,} in (1.1) satisfies the condition:

(C2) a, € [a,1] and B, € [a,b] or a, € [a,b] and
B € 10,8] for some a,b € [0,1].

— o) < 00 and

Then {z,} converges weakly to a fixed point of 7.

Note that Tan and Xu’s result is applicable to the case:
an =1—1/nand B, = 1/n for all n > 1, while Takahashi
and Tamura’s result is applicable to the case: o, = 3, =
1/2 for all n > 1. Moreover, in both the results, the
demiclosed principle based on strong convegence of the
approximate sequence {x,, — Tz, } to 0 has been utilized.

Using Lemma 1.1, we establish weak convergence of the
Ishikawa iterates of nonexpansive maps under a variety
of new parametric control conditions and without using
any of the properties: (i) Opial’s property (ii) Fréchet
differentiable norm (iii) Kadec-Klee property.

In the sequel, we need the following lemmas.

Lemma 1.2 [11, Theorem 2]. Let r > 0 be a fized real
number. Then a Banach space E is uniformly convex if
and only if there is a continuous strictly increasing convex
map g : [0,00) — [0,00) with g(0) =0 such that for all
z,y € B [0] ={x € E: ||z| <r},

Az + (1= Nyll* < Mlzl*+(1=2) lyI*=21-N)g(llz — y)

for all X € [0,1].

Lemma 1.3 [12, Lemma 2.2]. Let g : [0,00) — [0,00)
with g(0) = 0 be a strictly increasing map. If a se-
quence {x,} in [0,00) satisfies lim, o g(z,) = 0, then
lim,, oo , = 0.

2 Weak Convergence

We establish a pair of lemmas for the development of our
convergence result.

Lemma 2.1. Let C be a nonempty closed convex subset
of a uniformly convex Banach space E. Let T': C' — C be
nonexpansive map with at least one fixed point. Suppose
{zy} is given by (1.1). Then lim,, . ||z, — p|| exists for
each p € F(T).
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Proof. For any p € F(T), utilizing (1.1), we have

llan (Tyn —p) + (1 = an)(@n — )

o [Tyn —pll + (1 — o) lzn — p

an [|Bn(Tzn —p) + (1 = Bu)(2n — p)||
+(1 = an) l|lzn — pll

(nfBn + an(l = Bp) + 1 —an) |lzn — pl
|z —pl -

[€n+1 = pll

INIAIA

This proves that {||x, —p||} is a non-increasing and
bounded sequence and hence lim,, o ||z, — p|| exists.
Lemma 2.2. Let C be a nonempty closed convex subset
of a uniformly convex Banach space E and let T be a
nonexpansive map of C' into itself with at least one fixed
point. Let {a,} and {f,} be sequences in [0, 1] and sat-
isfy one of the following three sets of conditions:

(C3): 220:1 an(l —ay) = oo, limsup,_,. Bn < 1;

(C4) : > Bu(1 = B,) = 00, liminf, o ay > 0;
(C5):0<a, <b<1,>7 a,=00,083, — 0asn— oo.

Then liminf, . ||z, — T2,|| = 0.
Proof. Let p € F(T). With the help of Lemma 1.2 and
the scheme (1.1), we have:

zni1 —21* < llen(Tyn —p) + (1 = an)(@n — )|

< an | Tyn —pl” + (1 = ) lzn — plf?
—an (1 = an)g(l|zn — Tyal)

< anllyn — ol + (1= an) |z — p|)?
_an(l - an)g(Hxn - TynH)

< anlBnllzn = pl* + (1= Ba) lzn — pII”
—Bn(1 = Bn)g(l|lzn — Tznl))]
+(1 = ap) [lzn — plI?
—an(1 = an)g(llzn — Tyall)

< e = pl* = an(1 = an)g(lzn — Tynll)

—anfn(1 = Bn)g(2n — Tn|)

From the above estimate, we have the following two im-
portant inequalities:

2 2
an(l = an)g(lzn — Tynll) < llzn — plI” = 2041 — pll
(2.1)
and

anfBn(1=Bn)g([|xn — Tan ) < [l — p”2 il SRS _pHQ'
(2.2)

Case I a,, and g, satisty (C3).

Let m > 1. Then from the inequality (2.1), we have

an(1 = an)g(llzn — Tyall) <

m
2

lz1 = pl* = @1 — plI* < 0o
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When m — oo in the above inequality, we have

Yoo an(l—an)g(||zn — Tynl|) < co. Since > 7 | ay,(1—
ay,) = 00, therefore we have liminf,, o g(||zn, — T'yn||) =
0.

From Lemma 1.3, we get that liminf, . ||z, — Tyn| =
0.

Since
|2 = Tzpl| < |lzn = Tynll + [[T2n — Tynll
< llon = Tyall + 1w — vnl
[0 = Tynll + 20 — ynll
= Hxn - Ti‘/nH + Bn |20 — Tmn” )
so we have
(1= Bn) llzn = Tan| < |lzn — Tynll-
Therefore, from liminf, . || —Tyn|| = 0 and

lim sup,,_, . Bn < 1, we deduce that
linnl}ionof |xn — Tzy]| = 0.
Case II: v, and 3, satisfy (C4).
From the inequality (2.2), we have
S Bl = B)g(llzn — Taal))
< lzy = plI* = [@ms1 — pl|* < oo

Letting m — oo, we get that > oo a,B,(1 —
Br)g(llzn — Txyl]) < oo.

Since Y>> Bn(1 Bn) = 00,

liminfy, o0 ang(f|zn — T2a|)) = 0.

therefore

That is, (liminf, e ap) (iminf, o g(|lzn — T2,)) =
0.

As liminf,, o o, > 0, therefore

liminf, o g(||zn — Txn||) = 0.
By Lemma 1.3, we get that

liTIHi%)réf |xn — Tzy] = 0.
Case III: o, and (3, satisty (C5).

Using the condition "0 < «,, < b < 1”7 in the inequal-
ity(2.1), we have

2 2
an(1 =0)g(lzn = Tynl) < llzn = plI” = [l2n41 = plI”

Summing the first m terms of the above inequality, we
have that

(1=5)>"" ang(llen = Tyal)

2 2
<lzr =pl” = l#mia = plI” < oo
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When m — oo, we get (1 —0) > 0" ang(||zn — Tynl) <
oo.  Since Y07 an = o0,  therefore
liminf, o g(||zn, — Tynl) = 0. Again from Lemma
1.3, we get that liminf, o ||zn — Tyn|| = 0.

Since [|@n = Tan| < [[@n —Tynll + B llon — Ton|| <
|2 — Tyn||+BnM for some M > 0 and §,, — 0, therefore
we get

(2.3)

liminf ||, — Tz,| = 0.

Now we prove our convergence result.

Theorem 2.3: Let C' be a nonempty closed convex sub-
set of a uniformly convex Banach space FE and let T be
a nonexpansive map of C' into itself with at least one
fixed point. Let {a,} and {8,} be sequences in [0, 1]
and satisfy one of the three sets of conditions of Lemma
2.2. Then the sequence {x,} defined by (1.1), converges
weakly to a fixed point of T.

Proof. Let wy(z,), the weak w-limit set of {x,}, be
given by:

w(rn) ={y € E:an, =y for {zy, } C{zn}}.

Since limy, o ||z, — p|| exists for each p € F(T), there-
fore the sequence {z,} is bounded.Without any loss of
generality, we can suppose that C' is bounded. This
gives that there exists a subsequence {z,,} of {x,}
such that x,, — p € wy(z,) as i — oo and vice
versa.  This shows that wy(x,) # ¢ and so by
Lemma 1.1, g(|lp—Tpll) < liminfy o0 [|[Tn, — TZn, ]| -
But liminfy_,o0 |25, — T%n,|| = 0 by Lemma 2.2. That
is, g (|l[p — T'p||) = 0. By the properties of g, we get that
lp—Tp| = 0. That is p € F(T) and hence wy(z,) C
F(T). Next, we follow Chang et. al[2]to prove the weak
convergence of the sequence. For any p € wy,(z,), there
exists a subsequence {x,,} of {z,} such that

(2.4)

Tp; — pasj— oo.

Hence from (2.4) and continuity of T, it follows that

Tx,, —p. (2.5)
Now from (1.1), (2.4) and (2.5), we get that
Yn; = (1 - ﬂm)xm + Bn, Txpn, — p. (26)

From (2.4), (2.6) and the continuity of 7', we have that
Tyn, = (Tyn, — Tn,) + Tn, = p- (2.7)
Again from (1.1) and (2.7), we conclude that

Tn;+1 = (1 - ani)xm + O‘niTyni —Dp

Continuing in this way, by induction, we can prove that,
for any m > 0,
Tn;4+m — D-
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By induction, we get that U, _o{2n,+m} con-
verges weakly to p as j — oo; in fact {z,};2,, =
Un—o{%n; +m}52, gives that z, — p as n — oo.

Remark 2.4. A comparison of Theorem 2.3 with Theo-
rem A reveals that the assumption >~ | B, (1—a,,) < 00
in Theorem A is superflous. Also, it is obvious that the
assumption (C2) in Theorem B implies (C3) — (C4).
Also Theorem A and Theorem B are established under
the Opial’s property or Fréchet differentiable norm.
Moreover, Kadec-Klee property is required in Theorem
4.1[4] to establish the weak convergence of the Ishikawa
iterates. The weak convergence theorem presented in
this paper is valid in any uniformly convex Banach space.

References

[1] F. E. Browder, Convergence of approzimates to fixed
points of nonexpansive nonlinear mappings in Ba-
nach spaces, Arch. Rational Mech. Anal.24 (1967),
82-90.

[2] S.S. Chang, Y.J. Cho, H. Zhou, Demi-closed prin-
cipal and weak convergence problems for asymptoti-
cally nonexpansive mappings, J. Korean Math. Soc.
38 (2001), No. 6, 1245-1260.

[3] J. B. Diaz, F. T. Metcalf, On the structure of the set
of subsequential limit points of successive approxima-
tions, Bull. Amer. Math. Soc.73(1967), 516-519.

[4] H. Fukhar-ud-din, A. R. Khan, Approzimating com-
mon fized points of asymptotically nonerpansive
maps in uniformly convex Banach spaces, Comput.

Math. Appl. 53 (2007), 1349-1360.

[5] J. Gornicki, Nonlinear ergodic theorems for asymp-
totically non-expansive mappings in Banach spaces
satisfying opial’s condition, J. Math. Anal. Appl.
161(1991), 440-446.

[6] W. Kaczor, Weak convergence of almost orbits of as-
ymptotically nonexpansive commutative semigroups,
J. Math. Anal. Appl. 272 (2002), 565-574.

[7] A. R. Khan, N. Hussain, [terative approzimation of
fixed points of nonexpansive maps, Sci. Math. Jpn.
54(2001), 503-511.

[8] Z. Opial, Weak convergence of the sequence of suc-
cessive approximations for nonerpansive mappings,

Bull. Amer. Math. Soc. 73 (1967), 591-597.

[9] W. Takahashi, T. Tamura, Convergence theorems for
a pair of nonexpansive mappings, J. Convex Anal. 5
(1995), 45-58.

[10) K.K.Tan, HK. Xu, Approzimatig fized points of
nonexpansive mappings by the Ishikawa iteration

process, J. Math. Anal. Appl. 178 (1993), 301-308.

ISBN: 978-988-18210-0-3
ISSN: 2078-0958 (Print); ISSN: 2078-0966 (Online)

Proceedings of the World Congress on Engineering and Computer Science 2010 Vol 11
WCECS 2010, October 20-22, 2010, San Francisco, USA

[11] H. K. Xu, Inequalities in Banach spaces with appli-
cations, Nonlinear Anal. TMA 16(12) (1991), 1127
1138.

[12] H.Y. Zhou, G. T. Guo, H. J. Hwang, Y. J. Cho,
On the iterative methods for nonlinear operator
equations in Banach spaces, PanAmer Math. J.,
14(4)(2004), 61-68.

WCECS 2010





