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Abstract— It has been reported that Internet Protocol (IP)
packet traffic exhibits self-similarity or long range dependence
(LRD) and causes the degradation of switch performance.
Therefore, it is crucial for an appropriate buffer design of a
switch. In this paper, we investigate the packet loss behavior of
the asynchronous switch under self-similar variable length
packet traffic by modeling it as MMPP /M /1/K queueing
system wherein MMPP (Markov-Modulated Poisson Process) is
fitted by equating the variance of MMPP and that of
self-similar traffic. MMPP model is already validated one to
emulate the self-similar characteristics. We investigate the
packet loss probability against system parameters, traffic
parameters and fitting parameters. Numerical results show that
analysis presented in this paper is useful in dimensioning the
switch.

Index Terms — MMPP, queueing system, self-similar traffic,
packet loss probabilities, Quality of Service (QoS), computation
complexities.

I. INTRODUCTION

Seminal studies reveal that IP packet traffic in both
Ethernet and Wide Area Network (WAN) tends to be bursty
in many time-scales [1-3]. This bursty traffic can be
characterized mathematically as self-similar or long range
dependent (LRD). Earlier results have shown that LRD
traffic has an ill affect on the performance of network nodes
such as routers or switches. Since the switch buffer will
overflow easily under bursty traffic, it is worthy to consider
the influence of self-similar traffic while designing the
network. Most of the proposed parsimonious self-similar
models are asymptotic in nature; hence they are less effective
in analyzing the queueing based performance measures when
the buffer size is small. Self-similar traffic modeled by
Markovian Arrival Process (MAP) has been proposed to
emulate self-similarity over the desired time-scales [4, 5].
These works involve Markov Modulated Poisson Process

( 2% -MMPP), which is a superposition of d 2-state
Interrupted Poisson Processes (IPPs) and a Poisson process.
MMPP is fitted by equating the second order statistics of

Manuscript received March 26, 2009.

Malla Reddy Perati is with the Department of Mathematics, Kakatiya
University, Warangal, AP, INDIA. 506009 , Ph: +91-870-2461425 Fax:
+91-870-2438800 , e-mail: mperati@yahoo.com

L. P. Rajkumar is with the Department of Mathematics, Kakatiya University,
Warangal, AP, INDIA. 506009 e-mail: lp raj8@yahoo.com

D Mallikarjuna Reddy is with the Department of Mathematics, Kakatiya
University, Warangal, AP, INDIA. e-mail: mallik_doodipala@yahoo.com
K Sampath Kumar is with TATA Consultancy Services Ltd, Synergypark,
Hyderabad - 19, AP, INDIA. e-mail : sampath.katherasala@tcs.com

ISBN: 978-988-17012-0-6
ISSN: 2078-0958 (Print); ISSN: 2078-0966 (Online)

resultant MMPP and that of self-similar traffic over desired
time-scales. MMPP is a particular case of MAP and IPP is a
particular case of MMPP. These models are computationally
tractable; therefore they are more suitable models especially
at shorter buffer depth.

Deeper understanding of the switch behavior is necessary,
because switch is the critical component in providing Quality
of Service (QoS) guarantee in internet. In [5], first, switch is
modeled as MMPP /D /1/K queueing system and then the
impacts of time-scale and Hurst parameter (H) on the

packet loss probability are investigated by means of both
analytical and simulation results, wherein the MMPP is
generated so as to match the variance of self-similar traffic
over specified time-scales. From [5], it is found that
generalized variance based fitting is robust on queuing
behavior in terms of time-scale and number of components
(d)in superposition. In general, switches could be divided

into two categories based on their operation modes: slotted
synchronous and un-slotted asynchronous. When the
switches are operated under slotted synchronous mode,
packets need to be aligned before entering the switch and
involves the cost of packet synchronous. On the other hand,
asynchronous network could let the packets enter without
alignment. Since IP packets are, in general, variable in
length, switch is required to possess the ability to switch the
variable length packets. Hence the concern about
asynchronous variable length packet traffic is increasing.
Therefore, performance analysis of switch by means of
MMPP /D /1/K queueing system wherein service time is
deterministic may not be appropriate. In the paper [6], switch
with the variable length packet traffic is modeled as
MMPP /M /1/K system wherein service time is exponential.
That is, packet length is assumed to follow exponential
distribution to make the performance analysis of switch
handling self-similar traffic with variable length packets. In
the said paper, MMPP emulating self-similar traffic is
modeled as superposition of four IPPs and a Poisson process.
It is illustrated in the paper [7] that superposition of four
two-state MMPPs suffices to model the second order
self-similar behavior over several time-scales. In the
present paper, first, two MMPPs emulating self-similar
traffic are fitted by taking the superposition of three IPPs
and four IPPs (that is 0 =3 and 4), respectively, and then
queueing analysis is made for the comparison of these cases
by means of simulation results.

The rest of the paper is organized as follows. In section II,
we first, overview the definitions of self-similar processes
and MMPP. We then present the computational complexity
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and the analytical results of MMPP/M /1/K system in
section III. In section IV, we present some numerical results
pertaining to packet loss probability of MMPP/M /1/K
queueing system and illustrate the effects of parameters such
as Hurst parameter, traffic intensity, number of components
in superposition and time scales. Finally some conclusions
are given in section V.

Il. SELF-SIMILAR TRAFFIC AND MARKOV MODULATED
PoI1SSON PROCESS (MMPP)

The definition of exact second-order self-similar processes
is given as follows. If we consider X as a second -order

stationary process with variance o’ , and divide time axis
into disjoint intervals of unit length, we could
define X = {X,/t=1,23....... } to be the number of points

(packet arrivals) in the t" interval. A new sequence
XM = (X™ where

the original sequence in M non-overlapping blocks. Then
the process X is defined as an exact second order
self-similar process with the Hurst parameter,H =1- 3/2,

if var(X™)=c’m”’,vym=>1. (1)
Now we present the fundamentals of MMPP. MMPP is a
doubly stochastic process in which arrival rate is given by

A[J,], where J,,t > 0 isan M -state Markov process. The
arrival rate can therefore take on only M values,

namely A,,4,,...... A

» A - It is equal to /11- whenever the

Markov process is in the state |, 1< j <m. The MMPP is
fully parameterized by the infinitesimal generator Q of the
Markov process and the vector 4 = (4, 4,,......, 4, ) of the
arrival rates. Let A be the diagonal matrix with A i = A s

1< j <m. In the case of two states, Q and A are given as

follows:

- ¢ |40
Q{cz —cj’ A{o Aj' @

The mean arrival rate A of MMPP is given by A = ;Ae s
where ; is the stationary probability vector of Q, i.e.
;Q = 0,7;6 =lande=[1, 1, 1...1] " is an all -1 column
vector with designated dimension. If we let N, , t >0, be the

number of arrivals in (0, t], for the stationary MMPP, the
Mean of N, is

E[N,]= %t 3)
The Variance of N, is
e 25644 266 (A—4)
B S ey’ 0

[1 _e*(cl +C) )l] .
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The interesting feature of MMPP is that a superposition of
MMPPs is still MMPP.

111. MMPP/M/1/K QUEUEING SYSTEM

Asynchronous switch with self-similar variable length
packet input traffic is modeled as MMPP/M /1/K queuing
system. In MMPP/M /1/K system, the packets arrive
according to the MMPP of states M and is characterized by
the matrices Q, A , where Q, A are mxm matrices. The
service time is exponential with service rate ¢z . Let D, ,
k>0 denotes  the matrix of order mxm whose (i, j)

element is the probability that given departure at time 0,
which left at least one packet in the system and the process is
instate i , the next departure occurs when the arrival process

in j , and during that service time there were k arrivals.

Then D, satisfies the following equation:

ZDka — ﬂj‘e[QfA+AZ]Xe7‘LIXdX (5)
k=0 0

ie.Y D,z = u(ul —(Q-A+Az))

k=0
k
ie.3 D, 2" :#22£Q—A+Azj ,
k=0 k=0 H

(6)

where | is the unit matrix of designated dimension. Now we
compute the D, s by extending the methodology [8, 9] from

the deterministic service time distribution to the exponential
service time distribution. Fork =0 in (6), we have

D, = | | +i(Q;A] : ™
r=0

For ILn>1, let T(nl) be the coefficient of 7' in

ﬂz(Q —A+Az
7,
side of (6).

n
J , N" term of the series on right hand

From (6), we have

T =" [Q;Aj T(1,2):/,122

n
T(n,D) =,uz(Q_Aj , T(n,1)=0,ifl >n+1, and
U

T(n,)+T(n,2)z+T(n,3)z° AT D +

T(nn+1)2" = 22 (Q_A”‘Zj .
7,
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— A
Multiplying both sides by ﬂ{QA-i—AZ] , wWe obtain where p = —, traffic intensity, and A is the mean arrival
y7i

TN +T(N2)z+T(N,3)2> +...+T(n,Hz"" rate of MMPP and is given by 4 = 7Ae.
Q-A+ Azj
U

= Now we shall discuss the computational complexity of the

stationary probability vector V = (7,7 ..... Y ) of the
TM+L)+T(M+1,2)Z+...... o

Equating the coefficients of like powers of Z , we obtain, transition probability matrix P following the method [11].

A The matrix P is in canonical form of M /G/1 system. The
T(n+11)=T(n,D) ﬂz [Q_} stationary probability vector is given by
i

—

y =[0,0,0....0,1][1 = P,]"", where | is the unit matrix

T(N+1,2)=T(n,2)’ (Q_Aj +T(n,)u’ A , of appropriate dimension and P, is the matrix P in which the
# last column is replaced by [-1,—1,—1,........ O]T.
Q-A A Multiplying the permutation matrix S by (I — P,), where
T(n+l,q)=T(n,q),u2(ﬂ]+T(n,q—l)y2ﬂ 01 0 .. 00
qeN. S 0o 0 |1 0 0
) =

From (6), we have 0 00 0 1

» I 0 0 0 0
D, =Y T(k,s+1), s=12,.. (9)

k=s

) ] and the product can be put in the following form
We compute the matrices D, s using the recurrence formulae

(7) - (9). Now we consider the embedded Markov chgin S(1-P)= {A B }
{L(n),J(n)/n>0}at the departure epochs of the queueing ! C D

system  MMPP/M/1/K on the state space Dimensions of the blocks of matrices A,B,C and D are
S={(b,)/0<b<K-Ll<i<mj, where L(n) denotes (kK _pmx(K-1)m,(K-mxm,mx(K-)m and mxm ,
buffer occupancy and J(n) denotes the state of MMPP. Then  regpectively. Using Schur-Banachiewicz formula for the
the pertaining embedded Markov chain has transition inverse of block matrices leads to

probability matrix:
GD, GD, .. GD,, GE,, (S(1-P )" = {Al + F]A"F —EA}‘}’
D, D, .. Dy, Eq -ATF A
P = 0 Dy Dy Bz > where A=D—-CA™'B, the Schur complement of A
'0. .0' D; E; E=A"'B, and F=CA™'. The stationary probability
D, E, vector is the last row of the matrix (A" —A™'F) since

- - (1-P)"'=(S(1-P))'s. The matrix A is non-singular, if
(10)

A is non-singular. The matrix A is upper triangular Toeplitz

4 o i matrix whose inverse is easy to compute. The computation

where G =(A-Q)'A, consisting of conditional complexity to compute its inverse is of the order
i 2.3 . .

probabilities that system is not busy and E, = Z D, . O((K 2)"m ) The computation complexity to compute

k=i F is of the order O((K—2)2 m3). The computation

Let y, ., (0<k<K-1) be an Ixm vector whose  qnlexities to compute FB and A'F are of the same

i"™ element is the stationary conditional probability that the ~order and equals to O((K -2)m’ ) Therefore, overall

number of packets in the system is k and the state of complexity to compute the stationary probability vector is

underlying arrival process is in I at an arbitrary time. The O((K -2ym’ )
packet loss probability (PLP) as given in the paper [10] is

. IV. NUMERICAL RESULTS
PLP=1- K—ll — Y€ , (11) In this section, we present some numerical results of
P packet loss probability and investigate its behavior in terms

of traffic intensity, time-scale, Hurst parameterH , and d .
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First, transition rate matrix Q and arrival rate matrix A of

MMPP are fitted according to the generalized variance based
method [5] for the self-similar traffic pertaining to the values

H =0.7,0.8,0.9, variance &> = 0.6, arrival rate 1 =1 over
the time-scales [10%,10°],[10%,10°],and [10%,107] as in

the paper [5]. Next, the stationary probability vector Y is

computed by using the method discussed in earlier section,
and then packet loss probability is computed against traffic
intensity using (11). Numerical calculations are performed
using MATLAB and are compared with that of published
tool SIRIUS ++ in [12], for the validation of MATLAB
program. The difference between these two analytical results
is found to be very small. These validated analytical results
are compared with the simulation results of self-similar
traffic. Self- similar traffic is generated by using ad-hoc
discrete event simulator (DES) using raw C++ code. We use
aggregated multiple sub-streams, each consisting of
alternative Pareto-distribution on/off periods. The Pareto
distribution is heavy-tailed distribution with the probability

a

al
density function f (X) = (X =b) has the degree of

Xa+l ’

parameter) H - C=%) | where

self-similarity (Hurst

a(=1.6) is a shape parameter, and b (= 4000) is a location
parameter. Results are depicted in Figs.1-4. For all the cases,
variance ¢, arrival rate 4 of the traffic and buffer depth

K are assumed to be 0.6, 1 and 10, respectively [5]. Fig.1
depicts packet loss probability as a function of traffic

intensity over three time-scales [10°,10°],[10*,10°], and

10

+[1DQ mS] |
—+— 10 10)
—&— et |

Facket Loss Probahility
=
T

5 0% 07 0% u.l
Traffic Intensity

Fig.1. Variation of Packet Loss Probability with Traffic

Intensity when H=0.7 and d=4.

ey i
045 045

I i
08 0 g 08 09

[10%,107]. Parameter settings for Fig.1 are H =0.7 and

d = 4. From the Fig.1, it is clear that as time-scale increases
PLP decreases as in the papers [5, 8]. Fig.2. depicts the
variation of packet loss probability as function of traffic

intensity over the time-scale [10°,107] for various H . In
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the Fig.2, solid line represents analytical results whereas
dotted line represents simulation results. It is clear from the
figure that the difference between analytical results and
simulation results is small. Also, packet loss probability
increases as self-similarity increases. In the case of Fig.3,
packet loss probability is computed against traffic intensity

for H=0.7,0.8,0.9, over the time-scales [10%,10°] and
[10%,107] , when d = 4. Fig. 3 infers that as self-similarity
(H) and traffic intensity increase PLP increases. When
(H) is greater, the values pertaining to [10%,107] are
greater than that of [10?,10° ]. However, when H = 0.7, the

discrepancy is not seen. This indicates that time-scale matters
when H is greater. Fig.4. depicts the packet loss
probability as a function of traffic intensity over the
time-scale [10?,107] for the cases d =3 and 4. From Fig.4,
we could conclude that it suffices to superpose four IPPs as in
[5, 7]. From the above results, we can conclude that four IPP
components over a larger time-scale are enough to model the
self-similar traffic. In all the above cases, we observe that
packet loss probability becomes large as p is getting larger.

This tendency agrees with our intuition.

--------------- ——H-07
|+ Simulation, R=0.7
A —4—H=08
24 Simulation, H=08
..... o
' Simulation, H=0.3

Facket Loss Frobability
=

i i i
04 05 0k 07 08 09 1
Traffic Intensity

i0* i ‘

Fig.2. Variation of Packet Loss Probability with Traffic
Intensity over the Time-Scale [102,107] when d=4.

V. CONCLUSIONS

In this paper, the asynchronous switch with the self-similar
variable length packet traffic is modeled as MMPP /M /1/K
system, and then the loss behavior of said queuing system is
investigated, where MMPP is generated so as to match the
variance of self-similar traffic over a time-scale. In this
model, service time distribution is considered as exponential
rather than deterministic, since IP packets are, in general,
variable in length. Our numerical results reveal that
time-scale and number of components in fitting (d ) do have
impact on packet loss probability. Packet loss probability
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increases as H and p increase. Based on the analysis

presented in this paper, one could select the appropriate
time-scale in the generalized variance based fitting method
[5] to meet the QoS requirement. This kind of analysis is
useful in dimensioning the switch under self-similar variable
length packet traffic.

——H=0.7 {107 1]
—+—H=D A 100 10]
—&—H=03 107 10]
—E—H=0.7 (1% 107]
—— H= g {107 1]

10210

H=0.9 [10° 107)

Facket Loss Probability

06
Traffic Intensity

H 04

Fig.3. Variation of Packet Loss Probability with Traffic
Intensity and H when d =4.

10°

—+— Analytical,d=4 §

©— Analytical,d=3 [|
— -+~ Simulation

Packet Loss Probability

Traffic Intensity

Fig. 4.Variation of Packet Loss Probability with Traffic
Intensity Over the Time-Scale [10%107] when d=3, 4 for
analytical results and when H=0.7
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