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An Algorithm for the Circle-packing Problem via
Extended Sequence-pair with Nonlinear
Optimization
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Abstract—The circle-packing problem is a problem of pack- in a restricted neighbor. In addition, there exist unsearchable

ing circles into a two dimensional area such that none of |ocation of circles. These facts mean above methods cannot
them overlap with each other. The authors have proposed SPC assure global optimization.

(Sequence-pair for circle packing), a method of representing Apart f the circle- i bl ..
relative location of circle pairs, which is an extended version part from tne circie-packing problem, many promising
of sequence-pair for rectangles. The authors have proposed algorithms have been proposed for the rectangle packing
also a method of obtaining an approximate solution of the problem. There are two main streams in the existing rectangle
circle-packing problem, where all constraints are replaced by packing algorithms; locating sequentially rectangles and lo-
approximate linear inequalities. This method does not always cating via relative position. The boundary method [6] belongs

give an optimal solution; sometimes the solution obtained is to the f h the S . thod 71 bel
even infeasible. In the present paper, we propose a new method o the former, whereas the Sequence-pair method [7] belongs

using nonlinear programming. to the latter.
It is a natural extension to apply these methods to the

circle-packing problem. As previously mentioned, most of

the existing methods of the circle packing are based on
sequentially locating. That is, these methods are classified
I. INTRODUCTION into the extension of the boundary method, which cause the

HE circle-packing problem is a problem of packingab_(l?ve d'ﬁ('jcurl]t'e(sj'_ﬁ_ " lati ition f
circles into a two dimensional area such that none of '© &V0! the difficulties, we can use relative position for

them overlap with each other. This problem is NP-hard afg® circle packing problem rather than sgquen_tial Iocating.
has a wide variety of application, e.g., fiber packing in a tugg!€ authors proposed SPC (Sequence-pair for circle packing)

or transportation of pipes by a ship, since they are equival 13 a me_thO‘?' of representing re_latlve location of C|_rcle
to the problem of packing rigid cylinders pairs, which is an extended version of sequence-pair for

One idea of solving the circle-packing problem is t(gectangles. SPC can represent any location of circles and

formulate the problem as a nonlinear programming proble ?ﬁ not require any s_pr)r(]amal fhearch techm((qjuel if the sf;ﬁpg
and solve it by some nonlinear optimization solver. This is a € aréa IS convex. 1he authors proposed aiso a metho

ideal method, because it assures the exact optimal solut nobtaining an approximaFe solution of the circle-paqking
especially if the given circles are of the same size [1]. If t foblem, where all constraints are replaced by approximate

sizes of the circles are not the same, however, the constra FRS"’“ inequalities. This method, however, does not always

are often very complex, and obtaining the optimal solutioHVe an optimal solution; sometimes the solution obtained is

in practical computational time is almost impossible [5]. evar;r;réf:aiﬁttllheé resent paber. we examine and imorove the
Thus, it is widely considered to be practical to obtain a ' P paper, P

guasi-optimal solution rather than the exact optimal solutioraethOd. n our former resgarch [8]. We first propose a met.hod
obtaining an exact optimal solution of the circle-packing

for the case that the sizes of the circles are not the same. . LT ) .
o e Problem by a nonlinear optimization technique using the SPC
Most of the existing methods are based on heuristic search Lo
X o code. We also compare several approximation methods and
that locates circles sequentially; some of them are followe

b : ; . ; vestigate more efficient search. Thus we show that our
y relocation via beam search or simulated annealing [ . . .
31, [4], [5]. arch method gives an exact optimal solution.

Each of the above methods. however, has its own diffi This paper constitute as follows: in section 2 we introduce

) ) SPC for circle representation; in section 3 we propose
culty; some of them are only applicable to the case that the . . . Lo .
: an algorithm using nonlinear optimization to obtain dense

. . . : a;?a‘?dkmg solution from SPC code; in section 4 we report the
some of them require different search technique according’as . . . :

cOmputational result; in section 5 we conclude and discuss
the shape of the area. Also, most of the above methods seqreh o ated topics

Index Terms—circle-packing, Sequence-pair, linear program,
nonlinear program
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Fig. 1. Grid representation and location of circles corresponding SPC

(132456; 214635) Fig. 2. Angled; ;: the angle of the line passing through the centers of the

circlesi,j

—3 5 of obtaining the most dense location of circles is that of
V(e = 2)? + (Yo —)* > (ra + 7). () nonlinear optimization. Fig. 1(b) shows the most dense
In order to represent relative location of circle pairs by twipcation of circles corresponding SPC (132456; 214635).
sequences of circle names, we adopt SPC (Sequence-pair for
circle packing). We denote an SPC @, ,I'_), wherel', A. Linear approximation of constraints
andI'_ are sequences of circles. Given an SPC, the relativeSince we are going to search the optimal location of circles
location of circles are determined as follows: by simulated annealing as is often done for Sequence-pair,
o If two circles appear in the same order i, Wwe have todecode SPC as quick as possible. Thus, we obtain
and I'_, i.e., both T, and I'_ are of the form an approximate optimal location corresponding the given

(...,a,...,b,...;...,a,...,b,...), then centers of cir- SPC by linear programing solver by expressing constraints
clesa andb satisfy with linear inequality.
Let us denote by, ; the angle of the line passing through
TaSTp, (2)  the centers of circlesad j and thez axis, as shown in Fig.
Ya<Yp- (3) 2. Using this notation, we can translate constraints (2), (3),

« If two circles appear in the opposite order in. (4), and (5) with (1) as

and I'_, i.e., bothT, and I'_ are of the form (1o +1p) cos(bap) > xp — T4, (6)
(..o,ay...,b,..5...,b, .. a,...) then centers of cir- (o 4+ 75) si0(00) > Yp — Ya- )

clesa andb satis
b Note that if circlesa and b appear in the same order in

o<y, 4) ryandl_, ie., (...,a,...,b,...;...,a,...,b,...), then
Ya>Yp- (5) 0<0,, < 73;if circles a andb appear in the reverse order
inTyandl'_,ie.,(...,a,...,b,...;...,b,...,a,...), then

It is possible to transform the relative location among.z < ¢, < 0.
circles by the abovd’, andI'_ to a grid representation Now we approximate trigonometric function by piecewise
in the same way to synthesize the relative location amofigear function in order to apply linear programming. The
rectangles in sequence-pair representation through obligyes is as follows. Le®; satisfy0 < 6 < z.
grid [7]. A grid representation of SPC is a rotated form by 1) When0 < 6 < 6, we replacesiné by following
45 degrees clockwise of the oblique grid for a sequence-pair. equation 18)- -
An example of the grid representation for an SPC (132456;
214635) is shown in Fig.1(a). fi(0) =a1-0+ 5, (8)
Suppose a vertex in the grid representation is the origin 2) Whend, < 6 < T, we replacesind by following
of z and y axes. Then centers of circles corresponding to equation (9). -2
vertices in the first (second, third, or fourth) quadrant are in
up-right (up-left, down-left, or down-right, respectively) of f2(0) = az -0+ Bs. )
the center of the circle. Thus, from Fig.1(a), we can see Fig 3 shows an instance of approximation sbfi 6 with
that the centers of circles 5 and 6 are up-right, the center — T
of circle 3 is up-left, and the centers of circles 1 and 2 are |n order to select appropriate approximation we introduce

down-left of circle 4. _ _ ~a 0-1 variable. For example, the above (8) and (9) are
SPC can represent any location of circles. In a siMiypressed as

lar way as sequence-pair we can obtain from any SPC
the corresponding consistent constraints of relative location M-P+6—6, >0,
among circles. Unlike sequence-pair, however, we have to M-1-P)+ fi(0) —ay -0 — 51 >0,
make elaborate computation of mathematical optimization M-(1=P)=fi(0)+a1-0+ B >0,
in order to obtain the most dense location of circles, since M-(P—1)46,—0>0
x and y direction of the constraints of relative location ! =7

corresponding to an SPC. Especially the constraint (1) that M-P+ f5(0) —az-0— 2 >0,
prevents overlapping of circles is nonlinear, our problem M-P—fo(0)+as-0+ 52 >0,
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Fig.4. The case that constraints for the pair of cireles are not necessary

where all constraints are replaced by approximate linear
N L inequalities. This method, however, does not always give a
= < < = . . . . .
where P = 1 implies0 < 6 < 6y, and P = 0 implies 6, < feasible solution. In this section we propose an algorithm

0 < 3. Also, Mis a sufficiently .Iarge number. In the Sam%smg nonlinear optimization to remove the defects of the
way we can approximaies 6 as linear constraints. If we Use, ove approximation

more 0-1 variables, we can approximate nonlinear function
by linear constraints with the range of variable into more . ) o
than two subsets, to obtain more accurate approximationA- Circle packing by nonlinear optimization

In the present paper we call the way of dividing uniformly Since existing nonlinear optimization algorithms require
the range of variable as division. When the numbet, of considerable amount of computational time as compared as
division grows, the approximation will be more accurate, blinear optimization, we first search by simulated annealing
at the same time the number of constraints becomes large andlinear approximation. This does not always a feasible

computational time required grows larger. solution, so next we execute nonlinear optimization, which
removes infeasibility and will give a nearly optimal solution
B. Elimination of redundant constraints in practical computational time.

When for three circlesa, 3, and v such that SPC Itis known that appropriate initial solution will accelerate
(v, By i a0, By ,,...)  or  SPC nonlinear optimization algorithm. Thus, after linear approx-

(vt By i Yy By, ) satisfies imation search we do not make use of only the SPC code
but also the coordinate data of location of circles.
Ta + Ty S\/(Ta +1g)2 4+ (rg +1y)2, As mentioned before, different circles do not overlap in an

SPC representation yields constraints (2), (3), (4), (5), and
()} By transforming these constraints, we have constraints
(7) and (6). We call the former constraint (A) and the latter

c&pstraint (B). We tried two types of nonlinear optimization

both under constraint (A) and under constraint (B) and
compared.

then constraints for the pair of circles~ are not necessary,
because these constraints are transitive result of those
the pair of circlesy, 5 and those for the pair of circles, .
Therefore, we can eliminate these redundant constraints
make the computational time short.

IIl. CIRCLE PACKING IN SPCBY NONLINEAR
OPTIMIZATION IV. COMPUTATIONAL EXPERIMENT

The authors proposed a quick method of obtaining anAs an experiment we carried out our circle packing
approximate optimal solution of the circle-packing problengalgorithm. As for linear optimization solver we used CPLEX
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Fig. 7. Circle packing in a rectangle by approximation 1 and nonlinedtig. 8. Circle packing in a rectangle by approximation 2 and nonlinear
optimization ((a) packing density 77.91%, (b) packing density 79.81% optimization ((a) packing density 84.06%, (b) packing density 79.96%)

12.4 and as for nonlinear optimization we used quasi Newton
method. Our computational environment includes CPU (Intel
Core i7-2600 @ 3.4 GHz) and memory of 4 GB.
The neighborhood of search by simulated annealing in O
SPC was obtained by random selection from the following
three operations:
1) choose two circles at random and exchange the position
inT_;
2) choose two circles at random and exchange the position
@)
(b)

inT'y;
3) choose two circles at random and exchange the position
both inT'; and inT"_.

As for the linear approximation of trigonometric function
mentioned in 2.1, we tried two types of approximation as we
have done in our former research [8]. Fig.5 and Fig.6 show
these two types of approximation. Note that there results
small overlap among circles by approximation 2, because
sine curve is approximated a little small.

A. Circle packing by nonlinear optimization

In order to evaluate the performance of our algorithm we
tried to pack circles in a rectangle and an equilateral triangle.
1) Circle packing in a rectangle with fixed widifi': Let
us consider circle packing in a rectangle with fixed witith g. 9. Circle packing in an equilateral triangle by approximation 1 and

This problem is known as strip packing problem. Constraingsniinear optimization ((a) packing density 77.915%, (b) packing density
are 79.819%

ri <z < W —ry,
re <y < H—ri, and Fig. 8(b) a location obtained by nonlinear optimization
with packing density 79.96% where again Fig. 8(a) is used as
for every circlei and the objective function if7 to be an initial solution. We can observe that in Fig. 7(b) redundant
minimized. Problem instances were taken from benchmagkace resulted by approximation 1 is removed and in Fig.8(b)
CODP: SY2. overlap of circles resulted by approximation 2 is removed.
Fig. 7(a) shows a location by approximation 1 with pack- 2) Circle packing in an equilateral triangleLet us con-

ing density 77.91%, and Fig. 7(b) a location obtained byder circle packing in an equilateral triangle. Constraints are
nonlinear optimization with packing density 79.81% where

Fig. 7(a) is used as an initial solution. Fig. 8(a) shows a ri <yi < V3w —2ry,
location by approximation 2 with packing density 84.06%, ri <yi < —V3xi—2r +Y, (10)
ISBN: 978-988-19253-1-2 WCECS 2013
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TABLE |
COMPARISON OF CONSTRAINTYA) AND CONSTRAINTS (B)
(CIRCLE-PACKING FOR A RECTANGLE APPROXIMATION 1)

[ approximationl [ constraintA) [ constraints(B) ]

82.77 79.96 79.96
84.02 81.69 81.67
81.61 78.81 cannotsolve
81.48 79.31 cannotsolve
76.81 75.72 75.72

(unit:second)

TABLE I
COMPARISON OF CONSTRAINTYA) AND CONSTRAINTS(B)
(@) (CIRCLE-PACKING FOR A RECTANGLE APPROXIMATION 2)
[ approximation2 ][ constraintsA) [ constraints(B) |
77.92 79.82 cannotsolve
74.39 77.16 77.16
75.56 76.81 cannotsolve
69.04 72.68 cannotsolve
65.47 67.34 cannotsolve

(unit:second)

that failed in obtaining feasible solution by constraints (B).
This comes from the fact that quasi Newton method some-
times fails when the initial solution is not adequate.

(®) V. CONCLUSIONS

Fig. 10. Circle packing in an equilateral triangle by approximation 2 and In the_ presenF paper vye_pro_pos_ed a circle pa_cklng algo-
nonlinear optimization ((a) packing density 81.78%, (b) packing densifjthm using nonlinear optimization in order to avoid overlap

80.51%) of circles and redundant space which remained pending in
our former research [8].

. . N L Computational experiments show that our algorithm gives
for .ea.ch circles, anq the objective function i§” to be dense and feasible packing in a rectangle and an equilat-
minimized. Problem instances were taken from benchma({,ﬁjlI triangle. We compared several ways of approximation

CODP: SY2. . S X )
. . L . followed by nonlinear optimization on packing density and
Fig. 9(a) shows a location by approximation 1 with paCkc'omputational efficiency.

Ir?(?nltijneen;rlt)(; Zi?ﬁ?gfi)c’)nar\:\gthﬁgéci(ig) Z;g;"’t‘tm;g %lgt()ijn\zﬁe?y Remained problems left for further research are more effi-
P, 5(a) ispused e an initigl solugtion. Figy. 1d(a) shows Cailent algorithms, packing various fo.rms of objects iqcluding
location by approximation 2 with packing density 81.78%,|rcles: and rectangles, and three dimensional packing.
and Fig.10(b) a location obtained by nonlinear optimization
with packing density 80.51% where again Fig.10(a) is used
as an initial solution. Similar result of the difference of!l E.G. Birgin and J.M. Gentil: New and improved results for packing

. . K . . . identical unitary radius circles within triangles, rectangles and strips,
approximation is observed as in the case of packing in a Computers and Operations Researtiol. 37, pp. 1318-1327, 2010.

rectangle. [2] H. Wang, W. Huang, Q. Zhang and D. Xu: An improved algorithm
for the packing of unequal circles within a larger containing circle,

. . . European Journal of Operational Researctol. 141, pp. 440-453,
B. Evaluation on approximation 2002.

The above results of circle packing in a rectangle and & D: Zhang and A. Deng: An effective hybrid algorithm for the problem
. . . . of packing circles into a larger containing circl€omputers and
equilateral triangle suggest that the way of approximation operations Research/ol. 32, pp. 1941-1951, 2005.

and the type of constraints yield different packing densitj4] H. Akeb, M. Hifi, and R. M'Hallah: A beam search algorithm for the
Therefore we have to investigate the best combination of circular packing problemComputers and Operations Research, Vol 36,

o= ) pp. 1513-1528, 2009.
approximation and constraint. [5] C.O. Lépez and J.E. Beasley: A Packing unequal circles using formu-

For circle packing in a rectangle we tried several search lation space searctComputers and Operations Research, Vol 40, pp.

: na : < 1276-1288, 2013.
of simulated annealing with various temperature and time, 2, 20"l U s NAGAO, Takashi KAMBE, Isao SHIRAKAWA

where constraints (A), (B) and approximation 1, 2 for initial * ang Kunihiro CHIHARA: A Method for Rectangle Packing Problem,
solution of SPC code and circle location were used. Problem The Institute of Electronics, Information and Communication Engineers

- . Vol 97(137), pp. 159-166, 1997.
InSt.anceS were .taken from benchmark CODP: .SYZ' Lé H Murata., K. Fujiyoshi, S. Nakatake and Y. Kajitani: VLS| Module
Fig. 11 and Fig. 12 show results of the experiment. Ther€ pjacement Based on Rectangle-Packing by the SequenceHFRE,

is no difference on approximation 1 and 2. In the final Trans. CAD, Vol. 15, No. 12, pp. 1518-1524, 1996.

i i ; ; i8] S. Morinaga, H. Ohta and M. Nakamori: A Method for Solving Circle-
location, however, approximation 2 gives the best solgtloW. Packing Problem by Using Extended Seqence-Jie 26th Workshop
Tgbles. L, II,. Il and IV show result§ of the_ comparison  on Circuits and Systems, pp. 489-494, 2013.
with constraints (A) and (B). Constraints (A) is better thaf®] Wenqi Huang: packomania, www.packomania.com, 02 July 2013.

constraints (B) in all instances. Also, there are some instances
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COMPARISON OF CONSTRAINTYA) AND CONSTRAINTS (B)
(CIRCLE-PACKING FOR AN EQUILATERAL TRIANGLE, APPROXIMATION

TABLE Il

1)
[ approximationl [ constraints/A) [ constraints(B) ]
81.79 80.52 80.52
81.16 79.59 79.59
75.61 74.04 74.04
70.17 69.04 69.04
62.05 61.00 61.00
TABLE IV

COMPARISON OF CONSTRAINTYA) AND CONSTRAINTS (B)
(CIRCLE-PACKING FOR AN EQUILATERAL TRIANGLE, APPROXIMATION

(unit:second)

2)
[ approximation2 ][ constraints/A) [ constraints(B) ]
74.17 76.64 76.64
74.34 75.47 75.47
73.33 75.40 75.40
66.48 69.05 69.05
67.77 70.91 70.91

90

(unit:second)
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Fig. 11. Relation between the result of circle-packing in a rectangle by
linear optimization and that by nonlinear optimization from SPC codes
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triangle by linear optimization and that by nonlinear optimization from SPC
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