
 

 
Abstract— In this paper, initial boundary value problems with 
non local boundary conditions are presented. The homotopy 
perturbation method (HPM) is used for solving linear and non 
linear initial boundary value problems with non classical 
conditions. The obtained results as compared with previous 
works are highly accurate. Also HPM provides continuous 
solution in contrast to finite difference method, which only 
provides discrete approximations. It is found that this method 
is a powerful mathematical tool and can be applied to a large 
class of linear and nonlinear problem in different fields of 
science and technology 
 
Index Terms— Homotopy perturbation method (HPM), Partial 
differential equations, Initial boundary value problems,  
 

I. INTRODUCTION  

ecently, much attention has been to partial differential 
equations with non local boundary conditions, this 
attention was driven by the needs from applications 

both in industry and  sciences. Theory and numerical 
methods for solving initial boundary value problems with 
nonlocal conditions were investigated by many researchers 
see [1-10, 12-14,16-18,22-27] and the reference therein. In 
the last decade, there has been a growing interest in the 
analytical new techniques for linear and nonlinear initial 
boundary value problems with non classical boundary 
conditions. The widely applied techniques are perturbation 
methods. J.He [20] has proposed a new perturbation 
technique coupled with the homotopy technique, which is 
called the homotopy perturbation method (HPM). In 
contrast to the traditional perturbation methods. a homotopy 
is constructed with an embedding parameter 2 [01], 
which is considered as a small parameter. HPM has gained 
reputation as being a powerful tool for solving linear or 
nonlinear partial differential equations. This method has 
been the subject of intense investigation during recent years 
and many researchers have used it in their works involving 
differential equations see in [11,15]. He [19], applied HPM 
to solve initial boundary value problems which is governed 
by the nonlinear ordinary (Partial) differential equations, the 
results show that this method is efficient and simple. Thus, 
the main goal of this work is to apply the homotopy 
perturbation method (HPM) for solving linear and nonlinear 
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initial boundary value problems with nonlocal boundary 
conditions. The general form of equation is given as:  
 
డ௨

డ௧
ൌ ,ݔሺܩ ,ݐ ,ݑ

డ௨

డ௫
,
డమ௨

డ௫మ
ሻ	ܽ ൏ ݔ ൏ ܾ, 0 ൏ ݐ ൑ ܶ    (1) 

 
Subject to the initial condition: 
 
,ݔሺݑ 0ሻ ൌ ݂ሺݔሻ, 0 ൑ ݐ ൑ ܶ                      (2) 
 
And the non local boundary conditions 
 

,ሺܽݑ ሻݐ ൌ ׬ ߮ሺݔ, ,ݔሺݑሻݐ ݔሻ݀ݐ ൅ ݃଴
௕
௔

ሺݐሻ, 0 ൏ ݐ ൑ ܶ  (3) 

,ሺܾݑ ሻݐ ൌ ׬ ߰ሺݔ, ,ݔሺݑሻݐ ݔሻ݀ݐ ൅ ݃ଵ
௕
௔

ሺݐሻ, 0 ൏ ݐ ൑ ܶ  (4) 
 
Where ݂, ݃଴, ݃ଶ, ߮, ߰	are sufficiently smooth known 
functions and T is a given constant. 

II. ANALYSIS OF HOMOTOPY PERTURBATION 

METHOD 

 
To illustrate the basic ideas, let and be the topological 
spaces. If and are continuous maps of the spaces into 
, it is said that  is homotopic to if there is continuous 
map ܨ: ܺ	 ൈ ሾ0,1ሿ ⟶ ܻ such that  ܨሺݔ, 0ሻ ൌ ݂ሺݔሻ   and 
,ݔሺܨ 1ሻ ൌ ݃ሺݔሻ  for each 2 , then the map is called 
homotopy between and .  
We consider the following nonlinear partial differential 
equation: 
ܣሺݑሻ െ ݂ሺݎሻ ൌ 0, 					Ω		ݎ   (5) 
Subject to the boundary conditions 

ܤ ቀݑ,
డ௨

డఎ
ቁ ൌ 0, 	ݎ ∈ 	Γ	                                                         (6) 

Where is a general differential operator. is a known 

analytic function, Γ  is the boundary of the domain Ω and  
డ

డఎ
 

denotes directionalderivative in outward normal direction 
to Ω. The operator , generallydivided into two parts, 
and , where is linear, while is nonlinear.Using 
=+, eq. (5) can be rewritten as follows:
()+()-()=0                                            
(7) 
By the homotopy technique, we construct a homotopy 
defined as 
,ݒሺܪ :ሻ݌ Ω ൈ ሾ0,1ሿ ⟶ ܴ            (8)
Which satisfies: 
,ݒሺܪ ሻ݌ ൌ ሺ1 െ ሻݒሺܮሻ൫݌ െ ଴ሻ൯ݑሺܮ ൅ ሻݒሺܣ൫݌ െ ݂ሺݎሻ൯, ݌ ∈
ሾ0,1ሿ, 	ݎ ∈ Ω	                                                                       (9) 
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Or 
,ݒሺܪ ሻ݌ ൌ ሻݒሺܮ െ ଴ሻݑሺܮ ൅ ଴ሻݑሺܮ݌ ൅ ሻݒ൫ܰሺ݌ െ ݂ሺݎሻ൯ ൌ
0, ݌ ∈ ሾ0,1ሿ, 	ݎ ∈ Ω	                                                                     
(10) 
Where 2 [01] is an embedding parameter , 0 is an 
initial approximation of equation (5), which satisfies the 
boundary conditions. It follows from the equation (10) that 
,ݒሺܪ 0ሻ ൌ ሻݒሺܮ െ ଴ሻݑሺܮ ൌ 0    (11)
,ݒሺܪ 1ሻ ൌ ሻݒሺܣ െ ݂ሺݎሻ ൌ 0      (12) 
The changing process of from 0  to 1 monotonically is a 
trivial problem. ܪሺݒ, 0ሻ ൌ ሻݒሺܮ െ ଴ሻݑሺܮ ൌ 0is 
continuously transformed to the original problemܪሺݒ, 1ሻ ൌ
ሻݒሺܣ െ ݂ሺݎሻ ൌ 0. (13) 
In topology, this process is known as continuous 
deformation. ܮሺݒሻ െ ሻݒሺܣ  ଴ሻ andݑሺܮ െ ݂ሺݎሻ are called 
homotopic. We use the embedding parameter as a small 
parameter , and assume that the solution of equation (10) 
can be written as a power series of : 
ݒ ൌ ଴ݒ଴݌ ൅ ଵݒ݌ ൅ ଶݒଶ݌ ൅ ଷݒଷ݌ ൅⋯൅ ேݒ௡݌ ൅⋯(14)
Setting =1 we obtain the approximate solution of equation 
(5) as: 
ݑ ൌ lim௣→ଵ ݒ ൌ ଴ݒ ൅ ଵݒ ൅ ଶݒ ൅ ⋯൅ ௡ݒ ൅⋯ (15) 
The series of equation (15) is convergent for most of the 
cases, but the rate of the convergence depends on the 
nonlinear operator (). He (1999) has suggested that: 

- The second derivative of () with respect to should 
be small because the parameter may be relatively large i.e   

! 1and the norm of    ିܮଵሺ
డே

డ௨
ሻ must be smaller than one in 

order for  the series to converge. 

III. EXAMPLES 

A. Example 1  

We consider the problem 
 
ப௨

ப௧
൅

பమ௨

ப௧మ
ൌ

ப௨

ப௫
൅

பమ௨

ப௫మ
൅ ሺ4ݐଷ ൅ ଶݐ12 െ ଷݔ4 െ        (16)	ଶሻݔ12

0 ൏ ݔ ൏ 1, 0 ൏ ݐ ൏ ܶ  
With the initial condition: 

,ݔሺݑ 0ሻ ൌ ,ସݔ
ப௨

ப௧
ሺݔ, 0ሻ=0, 0 ൏ ݔ ൏ 1, 0 ൏ ݐ ൏ ܶ         (17) 

And the boundary conditions: 

,ሺ0ݑ ሻݐ ൌ ׬ ߮ሺݔ, ,ݔሺݑሻݐ ݐሻ݀ݐ ൅ ݃଴ሺݐሻ ൌ 1 ൅
ଵ

ହ

ଵ
଴  ସ           (18)ݐ

Where  ߮ሺݔ, ሻݐ ൌ
ଵ

ହ
 and ݃଴ሺݐሻ ൌ

ଶସ

ଶହ
 

,ሺ1ݑ ሻݐ ൌ ׬ ߮ሺݔ, ,ݔሺݑሻݐ ݐሻ݀ݐ ൅ ଵ݃ሺݐሻ ൌ 1 ൅
ଵ

଺

ଵ
଴  ସ           (19)ݐ

Where  ߮ሺݔ, ሻݐ ൌ
ଵ

଺
 and ଵ݃ሺݐሻ ൌ

ଶଽ

ଷ଴
 

For solving this problem, we construct HPM as follows: 

,ݒሺܪ ሻ݌ ൌ ሺ1 െ ሻ݌ ቀ
ப௩

ப௧
െ

ப௨బ
ப௧
ቁ ൅ ሺ݌

డ௩

డ௧
൅

பమ௩	

ப௧మ
െ

ப௩

ப௫
െ

பమ௩

ப௫మ
െ      

ሺ4ݐଷ ൅ ଷݐ12 െ ଷݔ4 െ ଶሻሻݔ12 ൌ 0                                  (20) 
The component vi of  (15) are obtained as follows: 
డ௩బ
డ௧
െ

డ௨బ
డ௧

ൌ 0, ଴ݒ ൌ ,ݔሺݑ 0ሻ ൌ                      (21)	ସݔ

 
ଵݒ߲
ݐ߲

൅
∂ଶݒ଴	
ଶݐ∂

െ
଴ݒ∂
ݔ∂

െ
∂ଶݒ଴
ଶݔ∂

െ ሺ4ݐଷ ൅ ଶݐ12 െ ଷݔ4 െ ଶሻݔ12

ൌ 0, 
,ݔଵሺݒ	 0ሻ ൌ 0                                                                     (22) 
 
଴ݒ∂
ݔ∂

ൌ ,ଷݔ4
∂ଶݒ଴
ଶݔ∂

ൌ ,ଶݔ12
∂ଶݒ଴	
ଶݐ∂

ൌ 0 

ଵݒ߲
ݐ߲

ൌ ଷݐ4 ൅  ଶݐ12

Hence 
ଵݒ ൌ ସݐ ൅  ଷ                         (23)ݐ4
 
డ௩మ
డ௧
൅

பమ௩భ	

ப௧మ
െ

ப௩భ
ப௫
െ

பమ௩భ
ப௫మ

ൌ 0, ,ݔଶሺݒ 0ሻ ൌ 0               (24) 

 
∂ଶݒଵ	
ଶݐ∂

ൌ ଶݐ12 ൅ ,ݐ24
ଵݒ∂
ݔ∂

ൌ 	
∂ଶݒ଴
ଶݔ∂

ൌ 0 

ଶݒ߲
ݐ߲

ൌ െ12ݐଶ െ  ݐ24

 
Then, we have 
ଶݒ ൌ െ4ݐଷ െ  ଶ                         (25)ݐ12
 
For the next component: 
ଷݒ߲
ݐ߲

൅
∂ଶݒଶ	
ଶݐ∂

െ
ଶݒ∂
ݔ∂

െ
∂ଶݒଶ
ଶݔ∂

ൌ 0, ,ݔଷሺݒ 0ሻ ൌ 0 

 
ଷݒ ൌ ଶݐ12 ൅ ,ݐ24 ସݒ ൌ െ24,ݐ			(26)                 
And so on, we obtain the approximate solution as follows: 
ݑ ൌ lim

௣→ଵ
ݒ ൌ ଴ݒ ൅ ଵݒ ൅ ଶݒ ൅ ⋯൅ ௡ݒ ൅⋯ 

 And this leads to the following solution 
,ݔሺݑ ሻݐ ൌ ସݔ ൅  ସ                   (27)ݐ
We can, immediately observe that this solution is exact. 
 

B. Example 2 

Consider the following nonlinear reaction-diffusion 
equation: 
ப௨

ப௧
െ

డమ௨

డ௫మ
ൌ ଶݑ െ ሺ

డ௨

డ௫
ሻଶ		0 ൏ ݔ ൏ 1, 0 ൏ ݐ ൏ ܶ       (28) 

 
Subject to the initial condition 
,ݔሺݑ 0ሻ ൌ ݁௫			0 ൏ ݔ ൏ 1,            (29) 
And the boundary conditions: 

,ሺ0ݑ ሻݐ ൌ ׬ ߮ሺݔ, ,ݔሺݑሻݐ ݐሻ݀ݐ ൅ ݃଴ሺݐሻ ൌ ݁ଵା௧
ଵ
଴       (30) 

With  ߮ሺݔ, ሻݐ ൌ 1 and ݃଴ሺݐሻ ൌ ݁௧ 
,ሺ1ݑ ሻݐ ൌ ׬ ߰ሺݔ, ,ݔሺݑሻݐ ݐሻ݀ݐ ൅ ଵ݃ሺݐሻ ൌ

ଵ

ଶ

ଵ
଴ ݁ଵା௧       (31) 

With  ߰ሺݔ, ሻݐ ൌ
ଵ

ଶ
 and ଵ݃ሺݐሻ ൌ

ଵ

ଶ
݁௧ 

Solving the equation (28) with the initial condition (29), 
yields: 
డ௩బ
డ௧
െ

డ௨బ
డ௧

ൌ 0, ଴ݒ ൌ ଴ݑ ൌ ݁௫	  
          
ଵݒ߲
ݐ߲

െ ሺ
଴ݒ∂
ݔ∂

ሻଶ െ
∂ଶݒ଴
ଶݔ∂

െ v଴
ଶ ൌ 0, ଵݒ ൌ ,	௫݁ݐ ,ଵሺxݒ 0ሻ ൌ 0	 

 
ଶݒ߲
ݐ߲

െ ሺ
ଵݒ∂
ݔ∂

ሻଶ െ
∂ଶݒଵ
ଶݔ∂

െ vଵଶ ൌ 0, ଶݒ ൌ
ଶݐ

2!
݁௫	,	 

And we can deduce the remaining components as: 
 

ଷݒ ൌ
௧య

ଷ!
݁௫, . . , ௡ݒ ൌ

௧೙

௡!
݁௫	,,            (32) 

 
Using equation we get : 
 

,ݔሺݑ ሻݐ ൌ ݁௫	ሺ1 ൅
ݐ
1!
൅
ଶݐ

2!
൅
ଷݐ

3!
൅ ⋯൅

௡ݐ

݊!
൅ ⋯ሻ	 

 
And finally the approximate solution is obtained as : 
,ݔሺݑ ሻݐ ൌ ݁௫ା௧                     (33) 
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C. Example 3 

Consider the problem 
 
ப௨

ப௧
ൌ

ଵ

଺
ቀݔଶ

డమ௨

డ௫మ
൅ ଶݕ

డమ௨

డ௬మ
൅ ଶݖ

డమ௨

డ௭మ
ቁ 	0 ൏ ,ݔ ,ݕ ݖ ൏ 1, 0 ൏ ݐ ൏ ܶ				 

(34) 
Subject to the initial condition: 
 
,ݔሺݑ ,ݕ ,ݖ 0ሻ ൌ  ଶ         (35)ݖଶݕଶݔ
And the boundary conditions 
 
,ሺ0ݑ ,ݕ ,ݖ ሻݐ ൌ ׬	 ׬ ׬ ,ሺݑ ,ݔ ,ݕ ,ݖ ݖ݀ݕ݀ݔሻ݀ݐ ൅ ݃ଵ

ଵ
଴

ଵ
଴

ଵ
଴ ൌ

ଵ

ଶ଻
݁௧, ݃ଵ ൌ 0	    

 

,ሺ1ݑ ,ݕ ,ݖ ሻݐ ൌ ׬	 ׬ ׬ ,ሺݑ ,ݔ ,ݕ ,ݖ ݖ݀ݕ݀ݔሻ݀ݐ ൅ ݃ଶ
ଵ
଴

ଵ
଴

ଵ
଴ ൌ

ଵ

ଶ଻
݁௧ ൅

ଵ

ଶ
ଶ݃			,ݐ ൌ

ଵ

ଶ
   ݐ

,ݔሺݑ 0, ,ݖ ሻݐ ൌ ׬	 ׬ ׬ ,ሺݑ ,ݔ ,ݕ ,ݖ ݖ݀ݕ݀ݔሻ݀ݐ ൅ ݃ଷ
ଵ
଴

ଵ
଴

ଵ
଴ ൌ

ଵ

ଶ଻
ሺ݁௧ ൅ 1ሻ,

݃ଷ ൌ
ଵ

ଶ଻
	   

,ݔሺݑ 1, ,ݖ ሻݐ ൌ ׬	 ׬ ׬ ,ሺݑ ,ݔ ,ݕ ,ݖ ݖ݀ݕ݀ݔሻ݀ݐ ൅ ݃ସ
ଵ
଴

ଵ
଴

ଵ
଴ ൌ

ଵ

ଶ଻
ሺ݁௧ ൅ 3ሻ,

݃ସ ൌ
ଵ

ଽ
	   

,ݔሺݑ ,ݕ 0, ሻݐ ൌ ׬	 ׬ ׬ ,ሺݑ ,ݔ ,ݕ ,ݖ ݖ݀ݕ݀ݔሻ݀ݐ ൅ ݃ହ
ଵ
଴

ଵ
଴

ଵ
଴ ൌ

ଵ

ଶ଻
݁௧ ൅

ଵ

଺
,

݃ହ ൌ
ଵ

଺
						    

,ݔሺݑ ,ݕ 1, ሻݐ ൌ ׬	 ׬ ׬ ,ሺݑ ,ݔ ,ݕ ,ݖ ݖ݀ݕ݀ݔሻ݀ݐ ൅ ݃଺
ଵ
଴

ଵ
଴

ଵ
଴ ൌ

ଵ

ଶ଻
݁௧ ൅

ଵ

ହ
,ݐ

݃ଵ ൌ
ଵ

ହ
    (36)   	,ݐ

 
 As above,  we get the components  of  (15): 
డ௩బ
డ௧
െ

డ௨బ
డ௧

ൌ 0, ଴ݒ ൌ  ଶ                  (37)ݖଶݕଶݔ

 
ଵݒ߲
ݐ߲

െ
1
6
ቆݔଶ

߲ଶݒ଴
ଶݔ߲

൅ ଶݕ
߲ଶݒ଴
ଶݕ߲

൅ ଶݖ
߲ଶݒ଴
ଶݖ߲

	ቇ ൌ 0, ,ݔଵሺݒ 0ሻ ൌ 0 

ଵݒ߲
ݐ߲

ൌ
1
6
ሺ2ݔଶݕଶݖଶ ൅ ଶݖଶݕଶݔ2 ൅ ሻ	ଶݖଶݕଶݔ2 ൌ  ଶݖଶݕଶݔ

ଵݒ ൌ ଶݖଶݕଶݔ
ݐ
1!

 

ଶݒ߲
ݐ߲

െ
1
6
ቆݔଶ

߲ଶݒଵ
ଶݔ߲

൅ ଶݕ
߲ଶݒଵ
ଶݕ߲

൅ ଶݖ
߲ଶݒଵ
ଶݖ߲

	ቇ ൌ 0, ,ݔଶሺݒ 0ሻ ൌ 0 

ଶݒ߲
ݐ߲

ൌ
1
6
ሺ2ݔଶݕଶݖଶ ൅ ଶݖଶݕଶݔ2 ൅ ݐሻ	ଶݖଶݕଶݔ2 ൌ  ݐଶݖଶݕଶݔ

ଶݒ ൌ ଶݖଶݕଶݔ
ଶݐ

2!
 

 
ଷݒ߲
ݐ߲

െ
1
6
ቆݔଶ

߲ଶݒଶ
ଶݔ߲

൅ ଶݕ
߲ଶݒଶ
ଶݕ߲

൅ ଶݖ
߲ଶݒଶ
ଶݖ߲

	ቇ ൌ 0, ,ݔଷሺݒ 0ሻ ൌ 0 

ଷݒ߲
ݐ߲

ൌ
1
6
ሺ2ݔଶݕଶݖଶ ൅ ଶݖଶݕଶݔ2 ൅ ሻ	ଶݖଶݕଶݔ2

ଶݐ

2!

ൌ ଶݖଶݕଶݔ
ଶݐ

2!
 

ଷݒ ൌ ଶݖଶݕଶݔ
ଷݐ

3!
 

And we deduce the general form of vn as follows : 
௡ݒ߲
ݐ߲

െ
1
6
ቆݔଶ

߲ଶݒ௡ିଵ
ଶݔ߲

൅ ଶݕ
߲ଶݒ௡ିଵ
ଶݕ߲

൅ ଶݖ
߲ଶݒ௡ିଵ
ଶݖ߲

	ቇ

ൌ 0, ,ݔ௡ሺݒ 0ሻ ൌ 0 
௡ݒ߲
ݐ߲

ൌ
1
6
ሺ2ݔଶݕଶݖଶ ൅ ଶݖଶݕଶݔ2 ൅ ሻ	ଶݖଶݕଶݔ2

௡ିଵݐ

ሺ݊ െ 1ሻ!

ൌ ଶݖଶݕଶݔ
௡ିଵݐ

ሺ݊ െ 1ሻ!
 

௡ݒ ൌ ଶݖଶݕଶݔ
௧೙

௡!
                 (38) 

 
Hence, the approximate solution is given by: 
,ݔሺݑ ,ݕ ,ݖ ሻݐ ൌ lim

௣→ଵ
ݒ ൌ ଴ݒ ൅ ଵݒ ൅ ଶݒ ൅⋯൅ ௡ݒ ൅⋯ 

Now, the solution of (34) when ! 1  reduces to : 

,ݔሺݑ ,ݕ ,ݖ ሻݐ ൌ ଶሺ1ݖଶݕଶݔ ൅
	ݐ
1!
൅
	ଶݐ
2!
൅
ଷݐ	

3!
൅ ⋯൅

௡ݐ

݊!
൅ ⋯ሻ 

 
And the solution in a closed form is given by: 
,ݔሺݑ ,ݕ ,ݖ ሻݐ ൌ  ଶ݁௧                              (39)ݖଶݕଶݔ
 

D. Example 4 

As a last example, consider the following problem: 
௧௧ݑ ൌ ሺିݑଵݑ௫ሻ௫ሻ		0 ൏ ,ݔ ,ݕ ݖ ൏ 1, 0 ൏ ݐ ൏ ܶ					              (40) 
With the initial condition 

,ݔሺݑ 0ሻ ൌ
ଵ

ሺଵା௫ሻమ
, ,ݔ௧ሺݑ 0ሻ=0,               (41) 

 
And the boundary conditions: 

,ሺ0ݑ ሻݐ ൌ ׬ ߮ሺݔ, ,ݔሺݑሻݐ ݐሻ݀ݐ ൅ ݃଴ሺݐሻ ൌ 1 ൅ ,ݐ0.5
ଵ
଴     

With  ߮ሺݔ, ሻݐ ൌ 1 and ݃଴ሺݐሻ ൌ 0.5 

,ሺ1ݑ ሻݐ ൌ ׬ ߰ሺݔ, ,ݔሺݑሻݐ ݐሻ݀ݐ ൅ ଵ݃ሺݐሻ ൌ 1 ൅ ݐ0.125
ଵ
଴    

With  ߰ሺݔ, ሻݐ ൌ 0.25	and ଵ݃ሺݐሻ ൌ 0.875 
 
According to the HPM, we have: 

,ݒሺܪ ሻ݌ ൌ ሺ1 െ ሻ݌ ቀ
డమ௩

డ௧మ
െ

డమ௨బ
డ௧మ

ቁ ൅ ሺ݌
பమ௩	

ப௧మ
െ

డ

డ௫
൬ቀିݒଵ

డ௩

డ௫
ቁ൰ ൌ

0 (20) 
By equating the terms with the identical powers of , yields 

଴݌ :		
డమ௩బ
డ௧మ

െ
డమ௨బ
డ௧మ

ൌ 0,
డమ௩బ
డ௧మ

ൌ 0, ଴ݒ ൌ
ଵ

ሺଵା௫ሻమ
	          (43) 

ଵ݌ :			
߲ଶݒଵ
ଶݐ߲

െ
߲
ݔ߲

൭൬ݒ଴ିଵ
଴ݒ߲
ݔ߲

൰൱ ൌ 0, ,ݔଵሺݒ 0ሻ 	ൌ 0,		 

߲ଶݒଵ
ଶݐ߲

ൌ
2

ሺ1 ൅ ሻଶݔ
	 

 

ଵݒ ൌ
ଶݐ2

2! ሺ1 ൅ ሻଶݔ
 

 

ଶ݌ :			
߲ଶݒଶ
ଶݐ߲

െ
߲
ݔ߲

൭൬ݒଵିଵ
ଵݒ߲
ݔ߲

൰൱ ൌ 0, ,ݔଶሺݒ 0ሻ 	ൌ 0,		 

 
߲ଶݒଶ
ଶݐ߲

ൌ
2

ሺ1 ൅ ሻଶݔ
							⟹ ଶݒ ൌ

ଶݐ2

2! ሺ1 ൅ ሻଶݔ
 

 
ଶݒ ൌ  ଵݒ
We then obtain the exact solution: 

,ݔሺݑ ሻݐ ൌ
ଵା௧మ

ሺଵା௫ሻమ
                          (44) 
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Table 1   Example 1 

݄௫ ൌ
ଵ

ଵ଴
	 , ݄௧ ൌ

ଵ

ଶହ଴
	,   

௘௫ݑ௛௣௠ 3-iterates              หݑ                   ௘௫ݑ                 ௜ݔ െ  ௛௣௠หݑ
0.0               2.56ൈ 10ିଶ        -1.92000 ൈ 10ିଷ                 0.0224 
0.1              0.0001                 -9.2 ൈ 10ିହ                        8.0ൈ 10ି଺ 
0.2              0.0016                1.584    ൈ 10ିଷ                   1.6ൈ 10ିହ 
0.3             0.0081                 7.908ൈ 10ିଷ                       1.92ൈ 10ିସ 
0.4             0.0256                 2.5408ൈ 10ିଶ                     1.92ൈ 10ିସ 
0.5             0.0625                 6.2308ൈ 10ିଶ                     1.92ൈ 10ିସ 
0.6             0.1296                 0.12941                               0.00019 
0.7             0.2401                 0.23991                               0.00019 
0.8             0.4096                 0.40941                               0.00019 
0.9             0.6561                 0.65591                               0.00019 
1.0            1.0                        0.99981                               0.00019 
 
 

 
Variation of ݑ௛௣௠=ݔସ ൅ ସݐ െ  ଶfor different values of x and tݐ12
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Table 2   Example 2 

݄௫ ൌ
ଵ

ଵ଴
	 , ݄௧ ൌ

ଵ

ଶହ଴
	,   

௜ݔ ௘௫ݑ௛௣௠ 5-iterates              หݑ                   ௘௫ݑ                    െ  ௛௣௠หݑ
0.0                 1.004                        1.004                                 0 
0.1                 1.1096                      1.1096                               0 
0.2                 1.2263                      1.2263                               0 
0.3                 1.3553                      1.3553                               0 
0.4                 1.4978                      1.4978                               0      

0.5             1.6553               1.6553                       0 
0.6                  1.8294                     1.8294                               0 
0.7                  2.0218                     2.0218                               0 
0.8                  2.2345                     2.2345                               0 
0.9                  2.4695                     2.4695                               0 
1.0                  2.7292                     2.7292                               0 
 

 

                                                                                                          
 
 
 
 
 
 

 
Variation of ݑ௘௫ ൌ ସݔ ൅  for different values of x and t	ସݐ
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
Varition of approximate solution for different values of x and t 
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Table 3           Example 3 

              ݄௫ ൌ ݄௬ ൌ ݄௭ ൌ
ଵ

ଵ଴
, ݄௧ ൌ

ଵ

ଶହ଴
 

௘௫ݑ௛௣௠       5-Iterates      หݑ                  ௘௫ݑ           ௜ݖ       ௜ݕ   ௜ݔ െ  ௛௣௠หݑ
0    0         0              0                      0                                      0 
0.1 0.1 0.1    1.004×10ି଺   1.004×10ି଺                                  0 
0.2 0.2 0.2    6.4257×10ିହ 6.4257×10ିହ                                0 
0.3 0.3 0.3    7.3192×10ିସ  7.3192×10ିସ                               0 
0.4 0.4 0.4    4.1124×10ିଷ  7.1124×10ିଷ                               0 
0.5 0.5 0.5    1.5688×10ିଶ  1.5688×10ିଶ                               0 
0.6 0.6 0.6    4.6843×10ିଶ  4.6843×10ିଶ                               0 
0.7 0.7 0.7   0.11812            0.11812                                        0 
0.8 0.8 0.8   0.26319            0.26319                                        0 
0.9 0.9 0.9   0.53357            0.53357                                        0 
1.0  1.0 1.0  1.004                1.004                                            0        
 
 
 

 
 
 
 
Variation of approximate solution for different values of x , y and z for 
t=0.004 
 
 
 
 
 
 
 
 

IV. CONCLUSION 
 

In this paper, we have made a detailed study of homotopy 
perturbation method. For this, we discussed in length its 
applications in solving various diversified initial boundary 
value problems with non local boundary conditions. This is 
employed without using linearization, discretization, 
transformation or restrictive assumptions. The results 
demonstrate the stability and convergence of the method, the 
obtained solutions are shown graphicllay. . Moreover, the 
method is easier to implement than the traditional 
techniques. It is worth mentioning that the technique and 
ideas presented in this paper can be extended for findng the 
analytic solution of  the obstacle, unilateral and contact 
problems which arise in mathematical and engineering 
sciences. 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Table 4   Example 4 

݄௫ ൌ
ଵ

ଵ଴
	 , ݄௧ ൌ

ଵ

ଶହ଴
	,   

௘௫ݑ௛௣௠ 3-iterates                          หݑ                ௘௫ݑ                 ௜ݔ െ  ௛௣௠หݑ
0.0               1.0                      1.0                                                0.0 
0.1               0.82646              0.82645                                      0.00001 
0.2               0.69446              0.69444                                      0.00002 
0.3               0.59173              0.59172                                      0.00001 
0.4               0.51021              0.51020                                      0.00001 
0.5               0.44445              0.44444                                      0.00001 
0.6               0.39063              0.39063                                      0.0 
0.7               0.34603              0.34602                                      0.00001 
0.8               0.30865              0.30864                                      0.00001 
0.9               0.27701              0.27701                                      0.0 
1.0                0.25                   0.25                                            0.0 
 
                                                          

 
 
Variation of approximate solution for different values of x and t 
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