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Optimal Thresholds for Stochastically
Deteriorating Systems

A.Raza and V. Ulansky

Abstract— We consider the analytical modeling of a
condition-based monitoring for a system which is subject to
degradation over time. The system condition is described by a
monotonically increasing stochastic process that can be
observed at discrete times by means of imperfect inspections. In
addition to the critical threshold, for each time point of
inspection a replacement threshold is introduced. The decision
rule when checking system suitability for use in the upcoming
time interval is considered. The expressions for the
probabilities of correct and incorrect decisions when checking
system suitability are derived with considering the results of
previous inspections. A specific deterioration process is used to
illustrate the proposed general expressions for the probabilities
of correct and incorrect decisions. To determine the optimal
threshold at each time of inspection, it is proposed to use
criteria such as the maximum a posteriori probability criterion,
minimum Bayes risk criterion and minimum total error
probability criterion. A numerical example illustrates the
efficiency of the proposed approach.

Index Terms—Condition based maintenance, suitability
checking, decision rule, optimal replacement threshold

I. INTRODUCTION

CONDITION—based maintenance (CBM) is a type of
maintenance wherein maintenance decisions depend on
the information obtained from the condition monitoring
(CM). Obviously, CM is preferred among other maintenance
techniques in cases where system deterioration can be
measured and where the system enters the failed state when
at least one state parameter deteriorates beyond the level of
functional failure. Condition-based maintenance allows to
assess the system state via continuous monitoring or
inspections at discrete times. The growing interest about CM
is evident from the large number of studies related to various
mathematical models and optimization techniques. Most of
the existing mathematical models of CM with inspections at
discrete times can be classified into two groups: models of
CM with perfect inspections and models of CM with
imperfect inspections. The latter is the subject of this study.
Maintenance models with imperfect inspections usually
consider two types of errors: “false positives” (false alarms)
with probability a and “false negatives” (i.e. non-detecting
of failure) with probability B; for example [1]. Such models
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are not CBM models because in reality the error
probabilities are not constant coefficients but depend on
time and the parameters of the deterioration process.
Moreover, such models depend on the results of previous
multiple inspections, as shown in [2, 3]. Therefore, we
analyze only those studies in which the probabilistic
indicators of the inspection errors depend on the
deterioration process parameters. In [2], CBM policies with
imperfect operability checks are analyzed. The probabilities
of four possible correct and incorrect decisions when
checking system operability are considered. The proposed
expressions depend on the deterioration process parameters
and the results of previous inspections. In [4], the result of a
measurement includes the original deterioration process
along with a normally distributed measurement error. Based
on this model, a decision rule was analyzed and optimal
monitoring policies were found. The same approach was
used in [5] to include measurement error in a Wiener
diffusion process-based degradation model. A similar
approach was used in [6] to find the likelihood for more than
one inspection. A simple extension to the Bayesian updating
model was proposed, such that the model can incorporate the
results of inaccurate measurements. In [7], the threshold-
type policy introduced for the maintenance action. If the
system deterioration stage is less than the minimal threshold,
no maintenance is conducted; if the system deterioration
stage is found to be between the minimal threshold and the
major threshold, than minimal maintenance is carried out;
and major maintenance is performed if the system
deterioration stage is larger than the major maintenance
threshold. The model is based on a stochastic Petri net. In
[8], an optimal replacement policy is considered when the
state of system is unknown but can be estimated based on the
observed condition. A proportional hazards model is used to
represent the system's degradation. The optimization of the
optimal maintenance policy is formulated as a partially
observed Markov decision process, and the problem is
solved using dynamic programming. In [9], the analytical
model is developed for condition-based imperfect
inspections of a stochastically deteriorating single-unit
system. The system condition is described by a stochastic
process with monotonically decreasing realizations. The
analytical expressions for the probabilities of correct and
incorrect decisions are derived. However, the proposed
model does not consider the results of previous inspections.
In this study, we consider a stochastically and
continuously deteriorating system whose state is described
by one parameter and monitored through imperfect
inspections. The system state parameter is assumed to be a
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stochastic  process  with  monotonically  increasing
realizations. When the system state parameter exceeds its
functional failure level FF, the system passes into the failed
state and corrective replacement is necessary. The system
state is inspected at discrete instants of time. When checking
the system state parameter, errors are possible due to the
imperfection of the measuring equipment. Each system
rejected by the results of inspection is replaced by a new
one. Currently, when checking the operability of a one-
parameter system the following decision rule is used: if z(t)
< FF, the system is judged operable and allowed for
intended use in the interval (tx, tx«1), K =1, 2, ..., otherwise
(i.e. when z(ty) > FF) the system is judged inoperable and
beyond repair, where z(t) is the measured value of the
system state parameter at time t.. When optimizing this
decision rule, different criteria such as, criterion of minimum
Bayes risk, criterion of maximum a posteriori probability
and criterion of minimum total error probability are used.
Each of these criteria is expressed through the probabilities
of a “false failure” a(ty) and an “undetected failure” P(tx),
which are computed for the time point tx by using equations
described in previous studies, for example, in [10].
Therefore, when optimizing the decision rule by using the
probabilities o(tc) and B(ts) the behavior of the system state
parameter in the interval (tx, tw+1) is not considered. Indeed, if
the operable system was falsely rejected at time point ty, then
this decision would be correct if the system further failed in
the interval (t, tw1). Analogically, the decision that the
operable system at time point tx was judged as operable
would be wrong if this system further failed in the interval
(t, t1). Thus, when determining the decision rule and
probabilities a(tx) and B(tk), considering the behavior of the
system state parameter in the coming interval of operation is
necessary.

In this study, we propose a mathematical model for
calculating the probabilities of correct and incorrect
decisions while considering the behavior of the system in the
interval between inspections and the results of previous
inspections. The proposed approach allows determining the
optimal threshold PF¢ (PFx < FF) at time of inspection tx (k
=1, 2, ...). This will obviously reduce the probability of a
functional failure in the intervals between inspections and
improve the economic efficiency of the maintenance policy.

Il. THE SPACE OF EVENTS

Let the state of a system be determined by the values of
one parameter X(t), which is a stochastic process with
monotonically increasing realizations. A system is inspected
at successive times tx (k =1, 2, ...) under an infinite horizon
planning, where to = 0. Denote the result of measuring the
parameter X(t) at time t, as

Z(t,)= Xt )+Y (). 1)

where Y(ty) is the measurement error of the system state
parameter at time t.. We assume further that X(ts) and Y(t)
are independent random variables.

A typical realization of the stochastic process X(t)
measured at time ty is shown in Fig. 1.
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Fig. 1. Realisation of the stochastic process X (t) measured at time point tx
with error yk having the probability density function @(y«).

We introduce the following decision rule when checking
the system condition at time tx. If z(ty) < PFy, the system is
judged as suitable over the interval (tx, tk1). If z(t) > PFy,
the system is judged as unsuitable and not allowed to be
used over the interval (t, tk+1). Thus, this decision rule is
aimed at rejection of any system that is unsuitable for use in
the next interval of operation.

Based on this decision rule two maintenance policies are
possible. If PF¢ < Z(t) < FF, the preventive replacement or
repair is conducted. If Z(t) > FF, the corrective replacement
of the system is performed. Any type of replacement leads to
a complete renewal of the system, i.e. after replacement the
system becomes as good as new.

From the perspective of the system suitability for use in
the interval (t, txs1), when checking the parameter X(t) at
time t = tx , one of the following mutually exclusive events
may appear:

Hl it )= X )< FFﬂ{(k]Z(ti)< PFJ},

i=1

{

Holt bt )= {X(tk+l)< FFNZE,)> Pka{kﬁz(tik PFi},
{
{

mmz ()< PFJ}, @

Hsmtkﬂ):{X(tk)z FFﬂmz(tik PFJ},

Hﬁ(ﬁtkﬂ):{x(tk)z FFNZ,)> Pka{ﬁz(tik PF},

i=1

where Hl(tl,tk;tm) is the joint occurrence of the

following events: the system is suitable for use over the
interval (tx, t+1) and judged to be suitable when checking at

time points ty,..., t; Hz(tl,tk;tk+l) is the joint occurrence of

the following events: the system is suitable for use over the
interval (t, t+1), judged as suitable at time points ty,..., tk1
and judged as unsuitable when checking at time point t;

Hs(tl,tk;tk+1) is the joint occurrence of the following
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events: the operable at time ti system fails up to the time t.1
and when checking the system at time points ti,..., t it is

judged as suitable; H4(t11tk;tk+1) is the joint occurrence of

the following events: the operable at time tx system fails up
to the time tw1; when checking the system at time points
t1,..., ta it is judged as suitable and at time point tc the

system is judged as unsuitable; H5(t1,tk;tk+1) is the joint

occurrence of the following events: at time point tx the
system is inoperable and judged as suitable when checking

suitability at time points t,..., t; HG(tl,tk;tm) is the joint

occurrence of the following events: at time point tc the
system is inoperable; when checking suitability at time
points ti,..., t.1 the system is judged as suitable and at time
point t the system is judged as unsuitable.

Returning to Fig. 1, we find the following sequence of

events occurred at times t,t,.,;, respectively: Hl(tl;tz),

ce Hl(tl’tk ;tk+1)’ H4(t1vtk+1§tk+2)-

I1l. THE PROBABILITIES OF CORRECT AND INCORRECT
DECISIONS

Let us determine the probabilities of the events

Hi(tl,tk;tk+1), i=16. By the theorem of multiplication of

probabilities for the event Hl(tl,tk ;tkﬂ), we have

P{Hl(ti’tk;tkﬂ)}: P{X (tk+1)< FF}X
3)
P{ﬁz(ti)< PF|X (t,..) < FF},

where P{X (tk+1)< FF} is the a priori probability of an
operable state of the system at time point tw: and

P{F]Z(ti)< PFi|X(tk+l)< FF} is the  conditional
=1

probability of judging the system suitable at time points t;,
..., tc under the condition that the system will not fail up to
time tis1.

The probability P{X (tk+1)< FF} is determined as

follows:

FF

P{X (tk+1 )} = I f (Xk+l )dxk+l , 4)

—00

where f(xk+1) is the a priori probability density function
(PDF) of the system state parameter X(t) at time t = ty..
From the monotonicity property of X(t), it follows that the
probability P{X(t«1)} is the reliability function.

The  conditional probability  of the  event

{(k]z(ti)< PR |X (t.1) < FF} is determined by integrating
i=1

the conditional PDF q{ﬁ|x(tk+1)< FF} of the random
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variables Z(ty), ..., Z(t) on the area of the system suitability,
ie.

P{hz(ti)< PF[X (t.) < FF} =

i=1

®)

PF, PR

[ ol z X .) < FF fdzd,.

Since X(t) and Y(t) are independent random variables,
the conditional PDF q{zl,zk|x(tk+l)< FF} is the

convolution of functions f{ﬁ|x(tk+l)< FF} and

cD(yl, yk), where f{xl, xk|X(tk+1)< FF} is the conditional
PDF of X(t) at times ti, ..., t on condition that
X(tk+1)< FF and cD(yl, yk) is the joint PDF of the random

variables Y(ty), ..., Y(t).

Further, we assume that the measurement errors are
independent. In practice, the condition of independence of
random variables Y(t1), ..., Y(t) is usually adopted because
the correlation intervals of the measurement errors are
considerably smaller than the intervals between inspections.
Therefore,

Kk

..y, )=] [o(y) (6)

i=1

and
L FEOFE
Q22X () < FF f= [ ] 000X (40) < FF

()

k

[Te(z - x Jdxdx,.

i=1

Substituting (7) in (5) gives

P{Gz(tik PEYX (t.0) < FF} _

TFJE f {RV (tk+1) <FF }{ﬁ Ti¢(zi =X )dzi :I X (8)

-0 —00 i=l o

dx,dx, .

Further, by making the change of variables yx = zx - Xk in
(8), we obtain
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z(t)<PF|X(t,)<FF
i -

©)

PF,—X;

T T bt )< e T Jotnn

-0 - i=l

The conditional PDF f{xl,xk|x(tk+l)< FF} is
determined by the Bayes formula for continuous random
variables

FF

I f (Xl’ Xk+1 Xk+1

{Xlixk|x(k+l)< FF} FF !
'[ f (Xk+l )dxk+1

—00

(10)

where f(xl, Xk+1) is the joint PDF of random variables

X(t2), ..., X(tks1).
Substituting (10) in (9) results in

P{@Z(ti)< PEYX (t1)< FF} _

11)
FF FF kK PR-x
I _[ (Xl' Xk+l{H j¢ Yi dy. dX1ka+l
— FF I -
f (Xk+l )ka+l

—00

Finally, substituting (4) and (11) in (3), we find the
probability of the event H, \t;,t, ;t, .,

P{Hl(ﬁ tk+1)}:
12)

k PFi-X

T T (Xl,xm){l_[ Iqo(yi)dyi}M-

-0 -0 =l

The probabilities of the events Hz(tl,tk;tk+1),

HG(tl,tk;tm) are derived analogically to the probability

P{Hl(tl,tk;tkﬁ)}. After long mathematical manipulations,
we obtain the following expressions:

FF FF

P{Hz(mtkﬂ)} ,[ I (Xl’xk+l) _[(0 Vi )y, x

PR —x

—00 —00
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k-1 PFi=x
{H '[(o(yi)in}XmkaW (13)
i
P{H3(mtk+l)}=
(14)
wFE FF PF,—x;
[]-] f(leXk+1)|:ﬁ [oly )dyi}dxldxm,
FF—0 - i1 o
wFE  FF
PAH. (0 bt )f= [ [ 700 xe) x
FF-o —oo
k-1 PFi—X;
f Pk dy{l_[ I co(yi )dyi}dxldxm, (15)
PR =X, =l _»
P{Hs(tl k+1)} TZ_lffFU)EIF j;(k ;)If(xl,xk)
(16)
PF,—X;
11 ot 2.
i1
P{He(mtm)} TE_:lFIFmFIF jp(k J)Jf(xl,xk)
17

k-1 PFR—X
I oy, )y, {H Joly, )dyi}dxldxk-

PF X, i<l o

IV. DETERMINATION OF OPTIMAL THRESHOLDS

The problem of determining the optimum value of the
replacement threshold PF¢ (k = 1, 2, ...) depends on the
selected optimization criterion.

Consider some optimization criteria. The maximum a
posteriori probability criterion, when deciding on the system
suitability in the interval (tx, t«1), is formalized as follows:

(t,)< PF } (18)

Kk
PRC" = max P{X (t,..)< FF
k i=1

where PF’™ is the optimal value of the replacement
threshold PFy when checking system suitability at time point

t and P{X(tk+l)< FF

k
ﬂZ(ti)< PFi} is the a posteriori
i=1

probability of the system suitability in the interval (tx, tx+1) ,
which is determined as
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P{X(tk+l)< == iﬁlz(ti)< PFi} _
(19)
Plu i)l
T ebon ] 11 To0uoy, s

The criterion of minimum Bayes risk can be formulated as
follows:

PE? = n;gkn {Cla(mtm)Jf C26<t1,Ttk+1)}' (20)

where a(tl,tk;tk+l) and B(tl,tk;tk+1) are the probabilities

of the “false failure” and “undetected failure” when checking
system suitability at time tx, respectively, and C; and C, are
the losses due to the “false failure” and “undetected failure”,

The  probabilities a(tl’tk;tk+l) and

respectively.

B(tl,tk ;tm) are found as

0‘(tl’_tk;tkﬂ): P{Hz(ﬁtku)}' (21)

Bl titen)= PIH (it J+ PR  Eot ) @2

The criterion of minimum total error probability is
represented as

F)Fkopt = rgéf‘ {a(tl’tk ;tk+l)+ B<mtk+1)}' )

V. EXAMPLE OF DETERIORATION PROCESS MODELING

Assume that the deterioration process of a one-parameter
system is described by the following monotonic stochastic
function:
X(t)=a, + At (24)

where ap and vy are the deterministic parameters of the
system deterioration process, and A; is the random rate of
degradation defined in the interval from 0 to o with known
PDF wy(ai). It should be pointed out that (24) represents a
wide class of degradation models. For example, a linear
regressive model analyzed in [11] is a special case of (24).

Using the change of variables method described in
previous studies, for example, in [12-14], we derive the PDF

f (xl, XM) as follows:

f(xl’xk+l): L \I{m}(

R
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K Y
X. - .
H X1 —| @ +m , (25)
i=1 tiy

where 3(+) is the delta function.

Substituting (25) in (12)-(17), after certain mathematical
manipulations we obtain the following analytical formulas
for calculating the probabilities of correct and incorrect
decisions when checking system suitability at time ti:

(FF-a)/tly | k PR—(ag+rt))

JwTT [y ay, [dr, @s)

0 i=1 —o0

P{Hl(ﬁtm)}:

(FF-a)/ti,y | k1 PR—(ag+At))

PIH. 0 it ) - [l E[ [y )y, [x

0 Ii ) (27)
]E(D(yk)dykd)\‘v
PR —(ap+At))

(FF-3)/tt | | PR—~(ag+it))

I v I ffﬂ(yi)dyi di, (28)

(i [

P{HS(ﬁtkﬂ)}:

(FF-a0)/t} | k1 PR—(ag+ht)

J‘\I/Ob H _[CD(Yi )dyi X

(FF-a)ftiy L= =

P{H 4 (ﬂ ty )}:
(29)

J(”(yk )dka}"

PR —(ap+At))

x K PF—(agtt))

[w) TT  [ely)dy; jdr, o)

(FF-a)/tf [ =

P{HS(mtku)}:

k1 PR—(agt))

P{H 6 (ﬁtkﬂ)}: T‘I’OL J.(/’(yi )dy; [x

(FF-a,)/ty | =L —o0

(1)

I?(yk )dykdx'

PR —(3g+Mt])

It is easily seen that the sum of the probabilities (26)-(31)
is equal to

0

Ju(dr=1.

0

(32)
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VI. NUMERICAL EXAMPLE

Radar transmitter is the most expensive part in a radar
system. In practice, it is very important to provide failure
prediction of radar transmitter using CBM. According to
[11], if the output voltage of radar transmitter exceeds the
threshold FF = 25 kV, a corrective maintenance is required.
Based on the data given in [11], the radar voltage is well
approximated by the stochastic deterioration process (24)
with the following parameter values: a;=19.645 kV; vy =0.8;
E[A1]=0.025 kV/h; o[A1]=0.012 kV/h, where E[A;] and
o[A1] are the mathematical expectation and standard
deviation of the random variable A:. Assume that A; and Y
are normal random variables. Moreover, E[Y] = 0 and o[Y] =
0.1kVv.

Let us determine the optimal thresholds PRy (k=1, 2, ...)
by the criterion of minimum total error probability. The plot
of optimal threshold value versus time of inspection is
shown in Fig. 2. As seen, the optimal threshold value
increases with increasing inspection time, which is due to the
increase of mathematical expectation of the random process
(24) with time. Assuming k = 4, t4 = 400 h and ts = 500 h,
the plot of the total error probability versus threshold PF4 is
shown in Fig. 3. As seen, the optimal threshold value is
24.13 kV and (o + B)min = 0.013. Note that if PFi = FF = 25
kV (i=1, ..., 4), the total error probability is 0.103. Thus,
the use of the optimal replacement thresholds significantly
reduces the total error probability.

Optimal thrashold value (PE,)

0 100 200 300 400 300 600 TOO
Time of inspection, t, (h)

Fig. 2. Optimal threshold value versus time of inspection tk (k= 1, ..., 7).

Total error probability

02

[

0.07 f’/
0.01 \\/

24 24,
Thrashold valee, PFy

(=]
[FE)
[
(5]
LA
LA
b2
[}

Fig. 3. Total error probability versus threshold PF4 when t4 = 400 h, ts =
500 h, PF1=22.75 kV, PF2 = 23.6 kV, and PF3 = 23.9 kV.
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VIl. CONCLUSION

In this study, we have derived the equations for the
probabilities of correct and incorrect decisions when
checking suitability of a stochastically deteriorating system,
which is periodically inspected by imperfect measuring
equipment. Proposed expressions also consider the decisions
taken at the previous inspections. The problems have been
formulated for determining the optimal replacement
thresholds by the criteria of maximum a posteriori
probability, minimum Bayes risk and minimum total error
probability. The proposed general expressions for the
probabilities of correct and incorrect decisions have been
illustrated by the derivation of the probabilities for a
monotonically increasing stochastic process. In the
numerical example, the effectiveness of the proposed
approach to the determination of the optimal replacement
thresholds has been illustrated.
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