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Abstract—The diffusion coefficients in molecular
systems of Lennard-Jones particles have been calcu-
lated by the molecular dynamics method in a wide
range of density and temperature of the systems.
Special attention was given to simulations of sys-
tems in the region of the vapor - liquid phase tran-
sition. In homogeneous systems a universal depen-
dence of the reduced diffusion coefficients (in relation
to the Chapman-Enskog diffusion coefficients) on den-
sity was found. Deviations from this dependence were
observed in the phase transition region with liquid
droplets in the vapor or vapor bubbles in the liquid.
The calculation results were compared with experi-
mental data on diffusion in gaseous and liquid argon.
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1 Introduction

The study of diffusion in gases and liquids always at-
tracted attention of scientists. A strict theory of diffusion,
based on the solution of Boltzmann’s equation, exists for
rarefied gases[1]. There are specific models of diffusion in
liquids, although less strict[2, 3]. Data on the diffusion
in the vapor - liquid phase transition region are lacking.
This is due to the great difficulties both in theoretical
and experimental studies of such processes. The results
of many molecular dynamics simulations from different
papers were presented in [4]. However, there are only
two papers [5, 6], in which the self-diffusion coefficients
in the vapor-liquid transition region were calculated. Un-
fortunately, the simulations were carried out with small
numbers of particles (512 or less). It is difficult to obtain
the two-phase systems at these conditions. The appear-
ance of small liquid drops in vapor and vapor bubbles in
the liquid is possible in a large system with a big number
of particles [7, 8, 9, 10]. At the same time such studies
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have great practical value for harmful impurities propa-
gation control in gases and liquids [11, 12]. In this context
the methods of direct numerical simulation of diffusion in
vapor - liquid phase transition conditions acquire special
importance.

In the present paper results of molecular dynamics calcu-
lations of the diffusion coefficients in the Lennard-Jones
system over a wide range of density and temperature are
presented. The molecular dynamics method has long
been used for the calculations of the diffusion coeffi-
cients in dense gases and liquids. Many studies are ex-
ecuted with the use of the Lennard-Jones 12-6 potential
[4, 5, 6, 13, 14, 15, 16, 17]. However, in these papers not
much attention is paid to the region of the vapor - liquid
phase transitions. In this region the formation of small
liquid drops in the vapor and vapor bubbles in the liq-
uid is possible. These phenomena influence the diffusion
coefficient of molecules in the system.

2 The calculation procedure

A calculation cell in the shape of a parallelepiped or a
cube with periodic boundary conditions is used. The
sizes of the cell and number of the particles placed in
it (from 3000 to 40 000) is chosen depending on density.
The self-diffusion coefficients in single component system
and the diffusion coefficients in binary system have been
calculated. The interaction potential is

U(r) = 4εi

(
σ12

i

r12
− σ6

i

r6

)
, r ≤ 4.5σi,

U(r) = a(r − 5σi)2 + b(r − 5σi)3, 4.5σi ≤ r ≤ 5σi. (1)

Where σi and εi are the particle diameter and the depth
of the potential respectively. The subscript i is 0 for first
kind of the particles and 1 for second kind of the particles
or 2 for the interaction potential between the particles of
the first and the second kinds. For optimization of the
calculation algorithm the potential has been cut off by the
cubic spline at r = 4.5σi. It is obvious that the particles
do not interact, if the distance between them exceeds 5σi.
For this reason the calculation cell is divided into zones
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which are identical cubic cells of the size 5σmax (here
σmax is the maximum value of σi). The interaction is
considered only between particles of adjacent zones. This
procedure reduces the operating time of the computer
program considerably.

Reduced units are used in the calculations: the distance
is r = r∗/σ0 , the temperature is T = kT ∗/ε0 , the en-
ergy is U = U∗/ε0, the density is ρ = ρ∗σ3

0 , and time
is t = t∗/σ0(ε0m0)1/2 . Here m0 is the mass of the first
kind particle. The variables labeled by an asterisk are
dimensional. The reduced parameters of the interaction
potentials for the second kind particles σ1 = 1.056 and
ε1 = 1.532 are used. The mass of the second kind particle
is 2.098. The Lennard-Jones parameters for the interac-
tion potential between the particles of the first and the
second kinds were calculated by the combination rules[1]

σ2 =
σ0 + σ1

2
, ε2 =

√
ε0ε1

This choice of the parameters is good for argon - krypton
mixture [21]. The system volume, the temperature and
the number of particles were constant during a calculation
(NVT ensemble). The binary system consists of 9900 the
first kind particles and 100 the second kind particles.

The standard method of molecular dynamics was used.
The system of N Newton’s equations was solved. For in-
tegration of the equations of motion the Verlet method
of numerical integration with step bite ∆t = 0.001 was
used. The average temperature of the system was calcu-
lated by formula Tsr = 2Ek/(3N), where N is the num-
ber of particles, Ek is the kinetic energy of all particles
Ek =

∑N
i=1 m0v

2
i /2 . After several steps (20÷100) of the

program the velocity components of each particle vx , vy

and vz are multiplied by factor
√

T/Tsr , where T is the
set temperature of the system.

The velocity autocorrelation function (VACF) of particles
F (t) is calculated by the formula

F (t) = 〈�v(0) · �v(t)〉 =
1
N

N∑
i=1

�vi(0) · �vi(t) (2)

Here �v(t) is the velocity of a particle at the time moment
t. The procedure of the calculation of F (t) is repeated
about 1350000 - 13500000 times. Then the results are
averaged.

The diffusion coefficient D is calculated by Green-Kubo
formula

D =
1
3

∫ ∞

0

F (t) dt (3)

3 Results and discussion

In the region of low density (ρ = 3.42 ·10−5÷3.48 ·10−2)
and high temperatures (T = 1 ÷ 4) the system consist
of homogeneous gas. The VACF of such a gas shows
an exponential decay, and the self-diffusion coefficients
are close to the theoretical coefficients calculated by the
formula

D0 =
3
√

πm0kT

8m0ρπσ2
0Ω(1,1)∗ (4)

according to the kinetic theory of Boltzmann - Chap-
man - Enskog. Here Ω(1,1)∗ the reduced collision-integral,
for which numerical values are reported in the book of
Hirschfelder et al. [1]

Figure 1: Snapshot of particle distribution in the cell at
ρ = 3.48 · 10−2 and T = 0.75.

Figure 2: The VACF of the particles with various Nb
parameter in the system with ρ = 3.48 · 10−2, T = 0.75.
The general VACF (—), the VACF of the particles with
Nb ≤ 2 (· · ·), the VACF of the particles with Nb > 2 (- -
-).

The phase transition is observed for the density ρ = 3.48 ·
10−2 at the temperature T = 0.75. At this state point
the system consists of a set of clusters and nanodrops,
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Figure 3: Snapshot of particle distribution in a cell at
ρ = 0.4 and T = 0.75.

Figure 4: Snapshot of particle distribution in a cell at
ρ = 0.437 and T = 0.75.

moving in the gas (see Fig. 1). The VACF of the system
consists of a sharp decrease of the initial relaxation and
a long exponential decay (see Fig. 2).

For an explanation of the complicated form of the VACF
the parameter Nbi for each particle is introduced. This
parameter shows the number of the nearest neighboring
particles within the distance r < 1.5σ0 from i − th parti-
cle, that is the degree of absorption of the i− th particle
in the drop. Hence, there is a possibility to separate the
VACF for the particles with concrete Nb parameter for
each case: for the particles inside the drop, on the drop
surface and in the gas. In Fig. 2 the VACF of particles
with the parameter Nb ≤ 2 and Nb > 2 are also shown.
In the first case the particles move mainly in the vapor
and the VACF has almost exponential time dependence.
In the second case the particles belong to clusters and
liquid nanodrops, and the VACF of the particles quickly
decays. Thus, the complicated form of the general VACF
is related to the relaxation of the velocity of the particles
moving in the vapor and in the liquid droplets.

In the region of average density (ρ = 0.1 ÷ 0.61) the
stratification of the system into vapor and liquid layers
has been observed, as well as the formation of a vapor
bubble surrounded with the liquid. Fig. 3 shows that the
system is stratified into two layers, and the flat interphase
boundary is formed. Thus the temperature decrease leads
only to decrease of the number of particles in the vapor
phase. In Fig. 4 the vapor bubble in the liquid is shown.
In this case the temperature decrease also leads to a de-
crease of the number of particles in the vapor. Further
density increase leads to the decrease of the vapor bubble
up to its total disappearance. In this case the all content’s
homogeneous liquid. The VACF of such systems is well-
known as it was investigated earlier[4]. On the basis of
our data we conclude that the Lennard - Jones system
can be in four different states depending on density and
temperature:

i The homogeneous system is observed at a low and
high density of the system or at high temperatures
(T ≥ 2);

ii Clusters and nanodrops surrounded with vapor
(Fig. 1);

iii Stratification of the system and formation of the flat
interphase boundary (Fig. 3);

iv Formation of vapor bubbles in the liquid (Fig. 4).

In Table 1 the self-diffusion coefficients of all investigated
systems are reported. The simulations show that diffu-
sion is faster in a system of type iv (ρ = 0.437 with a
vapor bubble) than in type iii system (ρ = 0.4 with a
flat interphase boundary), although the density in sys-
tem iii is lower, than in system iv. It is related to the
change of effective density of that system part in which
the diffusion mainly takes place, i.e. the effective liquid
density in system iii is greater than that in system iv,
despite of the inverse relationship of the average systems
densities. All results of self-diffusion coefficients calcula-
tions (◦ − T = 4, � − T = 3, � − T = 2, + − T = 1,
×− T = 0.75) and experimental data for argon from[18]
(�), from[19] (•) and from[20] (�) are presented in Fig. 5.

The parameters ε /k = 124K and σ = 3.418
◦
A were used

to scale the experimental data. These parameters were
obtained from experimental data on viscosity of gaseous
argon[21].

The data of molecular dynamics calculations denoted as
Dmd were reduced to the Chapman - Enskog value D0 cal-
culated by equation (4). As a result it was revealed that
the dependence of Dmd/D0 on density for all homoge-
neous systems can be approximated by the same density
dependent function at any temperature (deviation from
the curve does not exceed 3 %):
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Table 1: Data of the self-diffusion coefficient calculations.

Density ρ Temperature T Number of the particles Self-diffusion coefficient Dmd Dmd/D0

3.42 · 10−5 4 40000 1.40 · 104 1.00
3 1.12 · 104 0.99
2 8.34 · 103 1.02
1 4.4 · 103 1.02

0.75 3.17 · 103 0.99
3.43 · 10−4 4 10000 1.37 · 103 0.98

3 1.15 · 103 1.02
2 818 1.01
1 422 0.98

0.75 327 1.02
3.47 · 10−3 4 10000 137.0 0.99

3 110 0.99
2 79 0.98
1 41.1 0.97

0.75 30.8 0.97
3.48 · 10−2 4 30000 13.5 0.98

3 10.9 0.98
2 7.87 0.98
1 4.07 0.96

0.75 2.308 0.73
0.1 4 10000 4.44 0.93

3 3.59 0.93
2 2.66 0.96
1 1.23 0.84

0.75 0.463 0.42
0.4 4 3000 0.947 0.79

3 0.748 0.78
2 0.580 0.83
1 0.206 0.56

0.75 0.0715 0.26
0.437 4 3000 0.842 0.77

3 0.682 0.77
2 0.503 0.79
1 0.216 0.64

0.75 0.0774 0.31
0.61 4 3000 0.505 0.64

3 0.409 0.65
2 0.281 0.62
1 0.155 0.64

0.75 0.0669 0.37
0.782 4 6347 0.318 0.52

3 0.242 0.49
2 0.162 0.45
1 0.077 0.41

0.75 0.053 0.38
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fsd(ρ) = 1 − 0.547ρ + 0.3ρ2 − 0.574ρ3 (5)

This function is also shown in Fig. 5. If the system is
not homogeneous (T ≤ 1), its points deviate strongly
from this universal function. However, if we calculate the
effective density (ρeff ) of the system part in which the
diffusion takes mainly place and plot the ratio Dmd/D0

over ρeff , the points come closer to the universal curve.
It is necessary to stress that the ratio Dmd/D0 for the
liquid phase (ρ = 0.782) depends weakly on temperature
(see Table 1). Obviously equation (5) is not correct for
very dense systems.

The experimental data agree with the universal depen-
dence for rarefied argon[18] and for liquid argon[20] very
well. Some experimental data in the medium region
(ρ = 0.05 ÷ 0.2) of density deviate from the curve (see
Fig. 5). Probably it is due to errors of experimental pro-
cedure as the authors supposed[19]. However, it may also
be evidence of the formation of clusters and nanodroplets
in nonequilibrium conditions of the experiments.

Let’s turn to the calculation results of the diffusion coef-
ficients in the binary systems. In Fig. 6 the dependence
of the ratio D2md/D12 on the system density is shown.
D12 is the Chapman - Enscog diffusion coefficient

D12 =
3
√

2πm12kT

16m12ρπσ2
2Ω(1,1)∗ (6)

Here m12 is the reduced mass of particles. The depen-
dence of D2md/D12 on density for homogeneous systems
can be approximated by the universal density dependent
function at any temperature like Dmd/D0(5)

fd(ρ) = 1 − 0.432ρ + 0.975ρ2 − 1.717ρ3 (7)

Deviations from this dependence are connected with het-
erogeneity and formation of clusters and nanodroplets in
the system (see Fig. 7). One can see that almost all the
second kind particles are inside the nanodroplets. Spe-
cial calculations have shown that at first the clusters of
the first kind particles are formed as result of homoge-
neous nucleation and then they capture the second kind
particles.

It is necessary to stress that the ratio D2md/D12 for the
liquid phase (ρ = 0.84) depends on temperature also and
equation (7) is not correct for the liquid systems.

4 Conclusions

The diffusion coefficient calculations in Lennard-Jones
systems in a wide range of density and temperatures have
been carried out. Various structures of systems within
the vapor-liquid phase transition region have been found

Figure 5: The results of molecular dynamics calculations
(see Table 1) and experimental data for argon. The uni-
versal dependence of ratio Dmd/D0 on density (5).
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Figure 6: The results of molecular dynamics calculations
of the diffusion coefficients in the binary system. The
universal dependence of ratio D2md/D2 on density (6).
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Figure 7: Snapshot of particle distribution in a cell at
ρ = 0.1 and T = 1.
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and were investigated. An abnormal increase of the self-
diffusion coefficient is revealed with increasing density.
It is related to the change of the vapor - liquid system
structure. An explanation of the complicated form of the
VACF in the systems with phase transition is presented.
A universal dependence of the relation of diffusion coef-
ficient to theoretical Chapman - Enscog values on den-
sity for the homogeneous systems is found. The large
deviations of the diffusion coefficient for systems in the
phase transition region from the universal function are
observed. A comparison of the simulation results with
experimental data on diffusion in gaseous and liquid ar-
gon yields good agreement.
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